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Abstract
We review some basic theory of étale cohomology, building up to the cohomology of curves. We then

define a Weil cohomology theory and state that étale cohomology is an example.
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1 Basics of Étale Cohomology
In this section, we review some basic properties of étale cohomology, mostly to convince the audience that
they are not too hard. For the most part, we follow [Del77].

1.1 Sheaf Theory
We are going to need to establish a little more sheaf theory.

Definition 1 (étale site). Fix a schemeX. Then the (small) étale siteXét is given by the category of étale
morphisms Y → X, where the coverings are given by collections {Ui → U}i of étale morphisms (over
X) such that the union

⊔
i Ui → U is surjective.

Definition 2 (étale sheaf). Fix a scheme X. Then an étale sheaf is a presheaf F on Xét satisfying the
following sheaf condition: for any étale covering {Ui → U}i, we have that F(U) is the equalizer of the
diagram ∏

i

F(Ui)
∏
i,j

F(Ui ×U Uj).
prj

pri
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1.1 Sheaf Theory 1 BASICS OF ÉTALE COHOMOLOGY

Remark 3. All our sheaves will be sheaves of abelian groups.

Example 4 (constant). Fix an abelian groupA. Then we may define the constant sheafAX onX by send-
ing any étale open subset p : U → X to

Γ(U,AX) := MorTop(U,A),

whereA has been given the discrete topology. We can see that this is a sheaf because Γ(U,AX) factors
through π0(U), which then allows us to check the sheaf condition by hand.

Example 5 (kernels). For any morphism ϕ : F ′ → F of étale sheaves on X, we may define the kernel
presheaf by sending an étale open subset U of X to

kerϕ(U) := ker(F ′(U)→ F(U)).

An argument with the Snake lemma shows that kerϕ succeeds at being an étale sheaf.

Example 6. Suppose X is the point Spec k for a field k; set Gk := Gal(ksep/k) for brevity. Then there
is a functor Sh(Xét) → Mod(Gk) given by F 7→ F(ksep), where we are using the fact that the covering
Spec ksep → Spec k is étale. In fact, this functor is an equivalence: its inverse functor takes a continuous
Gk-module S to the étale presheaf F which sends some étale covering SpecL → Spec k (and note we
may as well assume that L/k is separable) to

F(SpecL) := SGal(L/k).

It is not hard to check that this is actually a sheaf and that the functors we have defined are inverse
equivalences.

In general, we have two general techniques to build sheaves: sheafification and descent. Let’s begin with
sheafification.

Definition 7 (sheafification). Fix a schemeX. For any étale presheafF onX, we define the presheafF+

on X on some étale open subset U of X by

F+(U) := colim
cover {Ui→U}

{
(si)i ∈

∏
i

F(Ui) : si|Ui×UUj = sj |Ui×UUj for all i, j

}
.

We call (−)++ the sheafification.

Remark 8. One can view the large collection of tuples (si)i as Ȟ0(U,F). Thus, if F is a sheaf, then we
see that the canonical map F → F+ is a natural isomorphism.

Remark 9. If F is a presheaf, it turns out that F+ is a separated presheaf, meaning that the canonical
map

F(U)→
∏
i

F(Ui)

is monic for any covering {Ui → U}. Further, if F is a separated presheaf, then F+ is a sheaf. This
explains why (−)++ is the sheafification.
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1.1 Sheaf Theory 1 BASICS OF ÉTALE COHOMOLOGY

The largest source of our sheaves will come from “faithfully flat descent.” In hopes of not being bogged
down in commutative algebra, we content ourselves with only the application we need.

Theorem 10 (faithfully flat descent). Fix a schemeX. Define the functor (−)ét : QCoh(XZar)→ PSh(Xét)
given by sending a quasicoherent sheaf F on Xét to the étale presheaf Fét defined by sending the étale
open subset p : U → X to

Γ(U,Fét) := p∗F(U).

Then (−)ét is fully faithful and has image in Sh(Xét).

Remark 11. In fact, the essential image is given by “quasicoherent” étale sheaves.

Example 12. If Y → X is a commtative group scheme over X, then Y defines a quasicoherent Zariski
sheaf over X and hence an étale sheaf over X. For example, taking Y = Gm,X defines the étale sheaf

Γ(U,Gm) = Γ(U,O×U ).

There is a similar étale sheaf µn for any positive integer n ≥ 1 given by the schemeX×Z Z[T ]/ (Tn − 1);
on U , it outputs the nth roots of unity inO×U .

Remark 13 (Kummer). Fix a schemeX and a positive integer n for whichm ∈ Γ(X,O×X). Then we claim
that the sequence

1→ µn → Gm
n→ Gm → 1

is exact. Exactness on the left can be commuted on the level of presheaves by Example 5. Lastly, for
surjectivity on the right, we note that a section u ∈ O×U (U) for some étale a�ne open subset U → X
admits a lift in Gm at the étale open subsetU ′ := SpecOU [T ]/ (Tn − u). In particular,U ′ → X continues
to be étale over X because the polynomial Tn − u is separable!

As with Zariski sheaves, we will get quite some utility out of the ability to take fibers.

Definition 14 (étale fiber). Fix some étale presheaf F on a scheme X. Given a geometric point x ↪→ X,
an étale open neighborhood is an étale open subset U → X such that x factors through U . We then
define the fiber

Fx := colim
étaleU→X

x∈U

Γ(U,F).

Remark 15. We claim that some étale sheaf F on X vanishes if and only if all its stalks vanish. Indeed,
the stalks vanishing implies that Γ(F , U) = 0 for any su�ciently small étale open neighborhood of X,
which implies F+ = 0 and hence F = 0 because F is a sheaf.

Proposition 16. Fix a scheme X. A sequence

0→ F ′ → F → F ′′ → 0

of étale sheaves on X is exact if and only if the fibers

0→ F ′x → Fx → F ′′x → 0

is exact for every geometric point x ↪→ X.
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1.2 Cohomology: Starting Calculations 1 BASICS OF ÉTALE COHOMOLOGY

Proof. For the forward direction, exactness on the left follows because taking global sections is left-exact
by Example 5 (and the fact that directed colimits commute with limits). Lastly, the fact that Fx → F ′′x is
surjective can be checked by using the fact that F → F ′′ is epic on the skyscraper sheaf at x.

For the reverse direction, it is enough to note that taking kernels and cokerenls commute with taking
fibers, which follows in the case of cokernels because taking sheafification commutes with taking fibers, by
the construction of the sheafification. �

1.2 Cohomology: Starting Calculations
It turns out that Sh(Xét) has enough injectives. In the sequel, we want access to two derived functors.

Definition 17 (étale cohomology). Fix a schemeX. Then the functor Γ(X,−) is left-exact by Example 5,
so we may define the étale cohomology functors

H•(Xét;−) : Sh(Xét)→ Ab

as the right-derived functors R•Γ(X,−).

Definition 18 (pushforward). Fix a morphism f : X → Y of schemes. Then we define the pushforward
f∗ : PSh(Xét)→ PSh(Yét) by

f∗F(−) := F(X ×Y −).

Remark 19. If F is an étale sheaf, then the sheaf condition on X directly implies the sheaf condition
for f∗F on Y . Furthermore, by checking on sections, we see that f∗ is exact on presheaves and hence
left-exact on sheaves by Example 5.

Remark 20. As with Zariski sheaves, one can show that f∗ admits an exact left adjoint

f∗G(U) :=

(
colim

U↪→(X×Y V )
F(V )

)++

.

As usual, the exactness of f∗ is seen on stalks.

Example 21 (skyscraper). If i : {x} ↪→ X is the inclusion of a point, then we can take sheavesF on {x} to
the “skyscraper” sheaves i∗F onX. One can use these skyscraper sheaves to show thatXét has enough
injectives in the same way as for Zariski sheaves.

Definition 22 (higher pushforward). Fix a morphism f : X → Y of schemes. Then we define the higher
pushforwards as the right-derived functors

R•f∗ : Sh(Xét)→ Sh(Yét).

Remark 23. Exactly as for Zariski sheaves, one can show that Rif∗F is the sheafification of

U 7→ Hi(X ×Y U,F).

For example, this follows by a consideration of δ-functors because R•f∗ is a universal δ-functor [Har77,
Proposition 8.1].

To show that we can actually compute these groups sometimes, let’s give some easier calculations.
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1.3 Cohomology: Curves 1 BASICS OF ÉTALE COHOMOLOGY

Example 24 (Galois cohomology). Suppose thatX is a point Spec k, and setGk := Gal(ksep/k) for brevity.
Then Example 6 provides an equivalence of categories

Sh(Xét) ∼= Mod(Gk),

and one can see that taking global sections on the left corresponds to taking Galois invariants on the
right. Thus, étale cohomology corresponds to Galois cohomology. For example, H1((Spec k)ét,Gm) = 0
by Hilbert’s theorem 90.

Example 25. IfX is a smooth proper irreducible variety over an algebraically closed field k, then we can
compute the global sections asOX(X) = k, so

H0(Xét,Gm) = k×.

Lemma 26. Fix a scheme X. Then
H1(Xét,Gm) = Pic(X).

Proof. The idea is that an invertible sheaf is a Gm-torsor, and one expects H1(Xét, G) to classify G-torsors
over X up to isomorphism. Let’s make this expectation more explicit.

One can show that H1(Xét,Gm) can be computed via Čech cohomology, which means that H1(Xét,Gm)
is the colimit of the groups

Ȟ1({Ui → X}i,Gm) =

ker

(∏
ij

OUij
(Uij)

× →
∏
i,j,k

OUijk
(Uijk)×

)

im

(∏
i

OUi
(Ui)

× →
∏
i,j

OUij
(Uij)

×

) ,

where the colimitis being taken over étale coverings {Ui → X}i. (Here, Uij = Ui ×X Uj and Uijk = Ui ×X
Uj ×X Uk.) Now, given an invertible étale sheaf L, we can produce an element of the above colimit by fixing
some étale covering {Ui → X}i trivializing L with given trivializations ϕi : L|Ui

→ OUi
. Then the scalars

{cij}i,j defined by composing the isomorphisms

OUij
= OUi

|Uj
∼= L|Ui

|Uj
= L|Uj

|Ui
∼= OUj

|Ui
= OUij

produce an element in the numerator of Ȟ1({Ui → X}i,Gm). It turns out that the denominator is exactly
given by the trivial étale invertible sheaves, so we conclude that the colimit H1(Xét,Gm) classifies invertible
étale sheaves up to isomorphism.

It now remains to check that the group of invertible étale sheaves up to isomorphism is isomorphic to
the group of invertible Zariski sheaves up to isomorphism. For this, it is enough to show that there is an
equivalence of full subcategories from invertible Zariski sheaves to invertible étale sheaves, for which we
use the functor of Theorem 10. This functor is already fully faithful, and it sends invertible Zariski sheaves
to invertible étale sheaves.

Lastly, to see that it is essentially surjective, we must use some descent. Note that any invertible étale
sheaf is quasicoherent and this already of the form Lét for some quasicoherent Zariski sheaf L. To check
that L is Zariski-locally trivial, it is enough to take any étale open covering {pi : Ui → X}i and note that
L|Ui

being trivial implies that L|p(Ui) is trivial because being trivial can be checked after faithfully flat base
change! �

1.3 Cohomology: Curves
Our present goal is to show the following.
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1.3 Cohomology: Curves 1 BASICS OF ÉTALE COHOMOLOGY

Theorem 27. Fix a smooth projective irreduible curve X over an algebraically closed field k. Then

Hi(Xét,Gm) =


k× if i = 0,

PicX if i = 1,

0 if i ≥ 2.

Let’s explain why we should care.

Corollary 28. Fix a smooth projective irreducible curve X over an algebraically closed field k. Then for
any positive integer n which is nonzero in k,

Hi(Xét, µn) =


µn if i = 0,

Pic0(X)[n] if i = 1,

Z/nZ if i = 2,

0 if i ≥ 3.

Proof. In degree 0, this follows because the nth roots of unity in k× is everything in µn. For the remaining
calculations, we apply Theorem 27 to the Kummer exact sequence

1→ µn → Gm
n→ Gm → 1

of Remark 13. Indeed, because the map n : k× → k× is surjective, the long exact sequence shows that
Hi(Xét, µn) = 0 for i ≥ 3, and in lower degrees, the seequence

0→ H1(Xét, µn)→ Pic(X)
n→ Pic(X)→ H2(Xét, µn)→ 0

is exact. We now compute H1(Xét, µn) and H2(Xét, µn) separately.

• In degree 1, we see that any element in the kernel n : Pic(X) → Pic(X) must be in degree 0, so
H1(Xét, µn) is also the kernel of n : Pic0(X)→ Pic0(X). Of course, this is just Pic0(X)[n], as desired.

• In degree 2, we note that there is an isomorphism Pic0(X) ⊕ Z → Pic(X) by sending 1 ∈ Z to any
divisor in PicX of degree 1. Now, we can compute the cokernel of n : Pic(X) → Pic(X) on each of
Pic0(X) and Z separately. Well, because Pic0(X) is the Jacobian of X and hence an abelian variety
and hence a divisible group (over the algebraically closed field k), we see that the cokernel on Pic0(X)
vanishes. Lastly, the cokernel of n : Z→ Z produces the desired Z/nZ. �

Remark 29. If X(C) is a smooth projective irreducible curve over C of genus g, then Betti cohomology
tells us to expect

H0(X,Z/nZ) =


Z/nZ if i = 0,

(Z/nZ)2g if i = 1,

Z/nZ if i = 2,

0 if i ≥ 3.

Thus, Corollary 28 explains that we are getting the correct Betti numbers on finite coe�cients! (Namely,
Pic0(X)[n] ∼= (Z/nZ)2g because Pic0(X) is an abelian variety of dimension 2g.)

We now embark on the proof of Theorem 27. By Example 25 and Lemma 26, it remains to show vanishing
in high degrees. To this end, we will require the following rather annoying algebraic input.

Lemma 30. Fix a profinite groupG and a discreteG-moduleM . Suppose that Hi(H,M) = 0 for i ∈ {1, 2}
for all closed subgroups H ⊆ G. Then Hi(G,M) = 0 for all i > 0.

6



1.3 Cohomology: Curves 1 BASICS OF ÉTALE COHOMOLOGY

Proof. By realizing profinite group cohomology as a colimit, it is enough to handle the case whereG is finite.
We show this in cases.

1. If G is cyclic, this holds because Hi(G,−) is 2-periodic for i ≥ 1.

2. Suppose G is solvable. In this case, we induct on |G|, where the previous step handles the base case.
Now, for the inductive step, we are granted a normal subgroup H ⊆ G for which G/H is cyclic. We
would like to show that Hi(G,M) = 0 for all i ≥ 1, so fix an injective resolution M → I• of M , and we
would like to show that this is injective after taking G-invariants. We will take H-invariants first and
then take (G/H)-invariants afterwards.
Note ResGH has an exact left adjoint IndGH , so ResGH sends injectives to injectives, so M → I• is in fact
an injective resolution for M viewed as an H-module. Thus,

MH →
(
IH
)•

continues to be an exact resolution for MH because Hi(H,M) = 0 for all i ≥ 1 by the inductive hy-
pothesis. In fact, the modules IH continue to be injective because (−)H = HomZ[H](Z,−) has an exact
left adjoint given by − ⊗Z[G] Z, so the above is an injective resolution of G-modules! Accordingly, we
can take its G-invariants to compute cohomology, so we find that

Hi(G,M) = Hi
(
G/H,MH

)
for all i. Accordingly, Hi

(
G/H,MH

)
= 0 for i ∈ {1, 2}, and the same works for any subgroup of G/H,

so we conclude by the inductive hypothesis.

3. Lastly, we work in the general case. Let Gp be a Sylow p-subgroup for each prime p, and we note that
the solvable case above shows that Hi(Gp,M) = 0 for all primes p and i ≥ 1. Thus, for each i ≥ 1, the
composite

Hi(G,M)
Res→ Hi(Gp,M)

CoRes→ Hi(G,M)

vanishes; but this composite is multiplication by [G : Gp], so multiplying by [G : Gp] kills Hi(G,M).
Taking the greatest common divisor of all [G : Gp] as p varies verifies that Hi(G,M) = 0. �

Proposition 31 (Tsen). Fix an algebraically closed field k, and let K be an extension of trasncendence
degree 1. Then, for each i ≥ 2, we have

Hi((SpecK)ét,Gm) = 0

Proof. By Lemma 30 and Hilbert’s theorem 90 (as in Example 24) shows that we only have to handle i = 2.
Quickly, let’s explain how to reduce this to an algebra problem. By Example 24, we see that cohomology on
the point SpecK corresponds to Galois cohomology ofGK := Gal(Ksep/K), so we are interested in showing
that the Galois cohomology group H2(GK ,K

×
) vanishes. Luckily, this group is understood to classify central

simple algebras overK up to equivalence, where two central simple algebrasA andB are equivalent if and
only if there are integers m and n for which Mm(A) ∼= Mn(B).

Thus, it remains to classify central simple algebras over K. This is done in two steps.

1. We show that K is “C1,” meaning that any homogeneous polynomial f ∈ K[x1, . . . , xn] of degree
d < n admits a nonzero solution. For this, we will use Riemann–Roch; let X be the smooth proper
curve over k with function field K, and let g be the genus of X. Fix a basepoint x0 ∈ X and a positive
integer r to be made large later. Then evaluation of f defines a map

f : Γ(X,OX(rx0))→ Γ(X,OX(drx0)).

We are on the hunt for a root of f , which may as well come from Γ(X,OX(rx0)). For r large enough,
we see that {

dim Γ(X,OX(rx0)) = r − g + 1,

dim Γ(X,OX(drx0)) = rd− g + 1,

7



1.3 Cohomology: Curves 1 BASICS OF ÉTALE COHOMOLOGY

in which case the induced map
f : An(r−g+1)

k → Ard−g+1
k .

Now, the fiber over 0 (which is nonempty because it contains 0) has dimension at least (rd− g + 1)−
n(r− g+ 1) (indeed, this can be seen on the level of transcendence degrees of residue fields), which is
positive and hence nonzero for r large enough.

2. Given thatK isC1, we now complete the proof. By the theory of central simple algebras (in particular,
by Wedderburn’s theorem), it is enough to show that any division algebra D over K is in fact isomor-
phic to k. Now, it is known that D ⊗K K is isomorphic to Mr(K) for some positive integer r, so one
may define a “reduced norm” N: D → K given by

N(a) := detK(a⊗ 1).

It turns out that N does not depend on the choice of isomorphism D ⊗K K ∼= Mr(K), which one can
show (for example) by the Skolem–Noether theorem.
In fact, once we giveD as basis overK (which notably requires r2 elements), we find that N is a homo-
geneous polynomial of degree r by its definition. However, it has no nonzero roots: any a ∈ D× has
N(a) 6= 0 because N(a) N(1/a) = 1. Thus, we must have dimK D ≤ deg N, so r2 ≤ r, so r = 1. �

We are now ready to prove Theorem 27

Proof of Theorem 27. By Theorem 27. By Example 25 and Lemma 26, it remains to show vanishing in high
degrees, it remains to show that Hi(Xét,Gm) = 0 for i ≥ 2. Let j : η ↪→ X be the generic point of X. The
idea is to consider the short exact sequence

0→ Gm → j∗Gm
div→

⊕
closed ix : x↪→X

(ix)∗Z→ 0

of étale sheaves on X. Let’s quickly explain where the maps come from and why this sequence is exact.

• The map Gm → j∗Gm is induced on sections: given some étale open subset U ↪→ X, we see that U
must be one-dimensional, and we are mappingOU (U)× intoK(U)×. This description allows us to see
that this map is injective, so our sequence is exact at Gm.

• The map div is also induced on sections: given some étale open subset U ↪→ X, we send f ∈ K(U)×

to its valuations at each given closed point of U . This description again allows us to see that this map
is surjective: given any finite set of closed points S ⊆ U , we need to exhibit some f ∈ K(U)× with
prescribed valuations at each point in S. By shrinking U , we may assume that U is not proper and
hence a�ne, and we may further assume that the primes inS are principal (because Dedekind domains
localize to factorial domains). Then such a function f can be found by considering the fraction field
K(U).

• Lastly, we should check that our sequence is exact in the middle. We may once again do this on sec-
tions: on any étale open subset U ↪→ X, this amounts to the statement that any f ∈ K(U)× with no
poles or zeroes must come fromOU (U)×. This follows from the algebraic version of Hartog’s lemma.

The long exact sequence will now be complete the proof as soon as we show that Hi(Xét, j∗Gm) = 0 and
Hi(Xét, (ix)∗Z) = 0 for i ≥ 1.

• We show that Hi(Xét, (ix)∗Z) = 0 for i ≥ 1. In fact, we will show that

Hi(Xét, (ix)∗Z)
?
= Hi({x},Z)

for any i, from which the claim follows from Example 24 because x = Spec k, and k is algebraically
closed.

8



1.4 Base Change Theorems 1 BASICS OF ÉTALE COHOMOLOGY

To show the claim, we compute on injective resolutions: give Z ∈ Sh({x}ét) an injective resolution
Z→ I•. Because ix is a closed embedding, we see that

(ix)∗Z→ (ix)∗I•

is also a resolution; namely, exactness can be checked on stalks. However, (ix)∗ as an exact left adjoint
(ix)∗, so it sends injectives to injectives, so this is actually an injective resolution. Thus, we may use the
resolution (ix)∗I• to compute cohomology, but its global sections are just given by the global sections
of I•, and the result follows.

• We show that Hi(Xét, j∗Gm) = 0 for i ≥ 1. Once again, we will actually show that

Hi(Xét, j∗Gm)
?
= Hi({η},Gm)

for all i, from which the result will follow from Proposition 31.
We once again show this on the level of injective resolutions: choose an injective resolution I• ofGm ∈
Sh({η}ét). Then j∗ still sends injectives to injectives because it has an exact left adjoint, so the argument
of the previous point will allow us to conclude as soon as we know that

0→ j∗Gm → j∗I0 → j∗I1 → · · ·

is actually exact. For this, we must check that Rij∗Gm = 0 for all i ≥ 1, which we will do on stalks.
Because X is a smooth curve, it is enough to only consider the stalks at closed points x ∈ X. But by
Remark 23, the stalk at some geometric point x ∈ X is the sheafification of the presheaf

U 7→ Hi(U ×X η,Gm),

which vanishes by Proposition 31 because U ×X η is a disjoint union of fields K of transcendence
degree 1 over k. �

Remark 32. The end of the argument can be recast into a particularly simple application of the Leray
spectral sequence. In order to avoid technicalities, we have not given this argument. See [Del77, Sec-
tion III.3]

1.4 Base Change Theorems
Having done a little work with étale cohomology, we allow ourselves to state some big theorems of étale
cohomology, without any proofs. In particular, we are morally obligated to record a statement of the Proper
base change theorem.

Theorem 33 (Proper base change). Fix a pullback square as follows.

X ′ X

S′ S

g′

f ′ f

g

For any torsion étale sheaf F on X, the natural map

g∗R•f∗F → R•(f ′)∗((g
′)∗F)

is an isomorphism if f is proper.

9



2 WEIL COHOMOLOGY THEORIES

Remark 34. Let’s construct the natural map in degree 0: note ((g′)∗, (g′)∗) forms an adjoint pair, so there
is a unit map id → (g′)∗(g

′)∗, which produces a map f∗ → f∗(g
′)∗(g

′)∗, but f∗(g′)∗ = g∗(f
′)∗, so we

complete the construction of the map upon using the adjunction ((g′)∗, (g′)∗) again.

Example 35. The key case of the theorem occurs when S′ is a single point s ↪→ S so thatX ′ is a fiberXs.
In this case, we can see that Theorem 33 amounts to saying that

(R•f∗F)s = H•(Xs,F),

which intuitively means that the higher pushforward interpolates cohomology of the fibers.

Remark 36. There is also a base change theorem where F is instead assumed be smooth. Unsurpris-
ingly, this is referred to as the Smooth base change theorem.

We are not going to do anything with base change today, but it is worth noting that it allows us to make
sense of cohomology with proper supports.

Definition 37. Fix a separated scheme X which is of finite type over a field k. Then Nagata’s theorem
provides a compactificatio i : X ↪→ X. For any torsion étale sheaf F on X, we define the cohomology
with proper supports as

H•c(Xét,F) := H•(X ét, i∗F).

Indeed, checking that this definition is well-defined requires Theorem 33.

2 Weil Cohomology Theories
It will be worth our time to encode everything we expect to be true for a good cohomology theories, and it
then turns out that étale cohomology provides an example of such a theory. In essence, we are asking for a
formalism of a cohomology theory, which is known as a Weil cohomology theory. Approximately speaking,
a Weil cohomology theory is a cohomology theory with the minimum amount of data to prove the Lefschetz
trace formula without too much pain. Our exposition here follows [SP, Tag 0FFG]. Throughout, we freely
use facts about intersection theory and Chow groups because the author is too ignorant to provide a suitable
review of these notions; everything we need can be found in [Ful98].

2.1 The Data
Throughout, we fix a base field K and a coe�cient field F . We require charF = 0, but we do not require K
to be algebraically closed. These hypotheses will not be repeated!

Notation 38. LetP(K) denote the category of smooth projective varieties overK, with morphisms given
by regular maps.

Here is the data we will be working with.

10



2.1 The Data 2 WEIL COHOMOLOGY THEORIES

Definition 39 (Weil cohomology datum). A Weil cohomology datum consists of the following data.

• A one-dimensional F -vector space F (1).

• A contravariant functor H• from P(K) to the category of Z-graded commutative F -algebras. We
will write the product as a cup ∪.

• For X ∈ P(K) of equidimension d, there is a trace map
∫
X

: H2d(X)(d)→ F .

• For X ∈ P(K), there is a cycle class map clX : CHi(X) → H2i(X)(i), which is required to be a
group homomorphism.

Frequently, we will call H• alone the Weil cohomology datum, leaving the other inputs implied.

In short, F (1) is the Tate twist, H• are the vector spaces one usually remembers with Weil cohomology
theories,

∫
X

keeps track of Poincaré duality, and clX relates cohomology to geometry.
In order to keep us thinking “cohomologically,” we use some special notation.

Notation 40. Fix a Weil cohomology datum H• over K with coe�cients in F .

• For any F -vector space V , we write V (n) := V ⊗F (1)⊗n. Here, negative exponents denote duals.

• If f : X → Y is a regular map, we let f∗ : H•(Y )→ H•(X) denote the induced ring homomorphism.

Remark 41. In the sequel, we may note that f ∗ (α ∪ β) = f∗α ∪ f∗β without comment: indeed, this
follows because f∗ is a ring homomorphism! Similarly, we may use the fact that (g ◦f)∗ = f∗ ◦g∗, which
follows because the functor H• is contravariant.

Let’s explain what makes our Weil cohomology datum for étale cohomology.

Definition 42 (`-adic cohomology). Fix a smooth projective variety X over a field k. For each prime `
coprime to char k, we define the `-adic cohomology as

lim Hi((Xk)ét,Z/`•Z)⊗Z Q.

In the sequel, we will abbreviate this group to Hi
`(X).

Remark 43. Note Hi
`(X) is a Galois representation: any σ ∈ Gal(ksep/k) induces a pullback σ∗ : Xksep →

Xk
sep and thus a morphism on cohomology.

Thus, we see that we are going to take our ground field F to be Q`. We should go ahead and explain what
Q`(1) is.

Definition 44 (Tate twist). Fix a schemeX. Then we define the Tate twist Z/nZ(1) := µn and extend our
definition to Z/nZ(d) for any d ∈ Z additively. Then we define

Z`(d) := limZ/`•Z(d).

Remark 45. It may look likeZ`(d) andZ` are the same, and indeed, they are isomorphic as vector spaces.
However, Z` has the trivial Galois action while Z`(1) has a “twisted” Galois action!

Next, we construct the cup product Hr
`(X) ⊗ Hs

`(X) → Hr+s
` (X). The easiest way to do this is via Čech

11
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cohomology: given some étale open cover {Ui → X}i and sheaves F and G, we get a pairing∏
i0,...,ir

F(Ui0···ir )⊗
∏

j0,...,js

G(Uj0···js)→
∏

i0,...,ir+s

(F ⊗ G)(Ui0···ir+s
)

by sending f ⊗ g to (f ∪ g)i0···ir+s
:= fi0···ir ⊗ gir···ir+s

. One can check that this descends to cohomology and
produces a Q`-algebra structure on H`(X).

It remains to construct the trace map and cycle class maps. These are significantly more technically
involved, so we will largely skip them. Indeed, it is not infrequent that constructing the trace map and esta-
bilishing its basic properties is about equally hard as proving Poincaré duality (which we will talk more about
later). However, we mention that one can use Poincaré duality to construct the cycle class map as follows:
given an irreducible subvariety Z ⊆ X where X has equidimension d and Z has equidimension r, we can
compose the restriction

H2d−2r
` (X)(d− r)→ H2d−2r(Z)(d− r)

with the trace
∫
Z

to produce a functional on H2d−2r
` (X)(d − r). Poincaré duality will tell us that such func-

tionals amount to the data of an element in H2r(X)(r), which turns out to be our cycle class map!

Remark 46. There is another way to construct the cycle class map is to use Chern classes, which amounts
to the data of a map

c1 : Pic(X)→ H2(X)(1).

For example, such a map gives us the data for the mp CHi(X)→ H2(X)(1). But we may multiplicatively
extend c1 to all vector bundles, and then cycle classes can somehow be found inside vector bundles.

Now, a Weil cohomology datum is going to be required to satisfy many axioms. Before going further, let’s
summarize them.

• We need a Künneth formula to ensure that products of varieties go to products in graded algebras.

• We need Poincaré duality, for example to define pushfowards. This adds some coherence to the cycle
class maps.

• To add some geometric input to the picture, we need some coherence of our cycle class maps.

• Lastly, we will need another axiom to ensure that, for example, H is only supported in nonnegative
indices.

2.2 The Künneth Formula
Let’s begin with the Künneth formula.

Definition 47 (Künneth formula). Fix a Weil cohomology datum H• over K with coe�cients in F . Then
H• satisfies the Künneth formula if and only if it satisfies the following for all X,Y ∈ P(K).

(a) Künneth formula: the map
H•(X) ⊗ H•(Y )→ H•(X × Y )

α ⊗ β 7→ pr∗1 α ∪ pr∗2 β

is an isomorphism of graded F -algebras. We may write α� β := pr∗1 α ∪ pr∗2 β.

(b) Fubini’s theorem: if X and Y have equidimension d and e, respectively, then∫
X×Y

(α� β) =

∫
X

α ·
∫
Y

β

for any α ∈ H2d(X)(d) and β ∈ H2e(Y )(e).

12
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Remark 48. It is worth recalling the grading on the tensor product of two graded vector spaces: if V and
W are Z-graded vector spaces, then (V ⊗W ) has a grading given by

(V ⊗W )n =
⊕
i+j=n

Vi ⊗Wj .

In particular, we see that satisfying the Künneth formula implies that there is a canonical isomorphism⊕
i+j=n

Hi(X)⊗Hj(Y )→ Hn(X × Y ).

It is worth noting that the Künneth formula has good functoriality properties.

Lemma 49. Fix a Weil cohomology datum H• over K with coe�cients in F satisfying the Künneth for-
mula. Given morphisms f : X → X ′ and g : Y → Y ′ in P(K), we have

(f × g)∗ = f∗ ⊗ g∗.

Proof. Note that these are both automatically ring maps H•(X ′×Y ′)→ H•(X×Y ). By the Künneth formula,
it is enough to check this on elements of the form α � β = pr∗1 α ∪ pr∗2 β, where α ∈ H•(X) and β ∈ H•(Y ).
Well, we note

(f × g)∗ pr∗1 α = f∗α,

and similarly (f × g)∗ pr∗2 β = g∗β. Combining completes the proof. �

2.3 Poincaré Duality
We now move on to Poincaré duality.

Definition 50 (Poincaré duality). Fix a Weil cohomology datum H• over K with coe�cients in F . Then
H• satisfies Poincaré duality if and only if it satisfies the following for allX ∈ P(K) of equidimension d.

(a) Finite type: we have dimF Hi(X) <∞ for all i ∈ Z.

(b) Poincaré duality: for each index i, the composite

Hi(X)×H2d−i(X)(d)
∪→ H2d(X)(d)

∫
X→ F

is a perfect pairing of vector spaces over F .

Remark 51. Notably, our definition allows cohomology to be supported in negative degrees! We will
remedy this later in Lemma 76 when we have a full definition of a Weil cohomology theory.

An important feature of Poincaré duality is that it lets us define the pushforward.

Notation 52. Fix a Weil cohomology datum H• overK with coe�cients in F satisfying Poincaré duality.
If f : X → Y is a regular map of smooth projective varieties of equidimensions d and e respectively, we
define the index-i pushforward

f∗ : H2d−i(X)(d)→ H2e−i(Y )(e)

as the transpose of the pullback f∗ under Poincaré duality.

13
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Remark 53. Explicitly, given α ∈ H2d−i(X)(d), then f∗α ∈ H2e−i(X)(e) is defined as the unique element
such that ∫

X

(f∗β ∪ α) =

∫
Y

(β ∪ f∗α)

for all β ∈ Hi(Y ). For example, if α ∈ H2d(X)(d), we may choose β = 1 to see that
∫
X
α =

∫
Y
f∗α.

Remark 54. The pushforward construction is functorial: given maps f : X → Y and g : Y → Z, we check
that (g ◦f)∗ = g∗ ◦f∗. Well, we already know that (g ◦f)∗ = f∗ ◦ g∗ by functoriality of H•, so this follows
by taking the transpose along Poincaré duality.

Remark 55. If dimX = dimY , then f∗ preserves the grading. Further, we can undo the twisting to see
that f∗ becomes a graded linear map f∗ : H•(X)→ H•(Y ).

We know that f∗(α ∪ β) = f∗α ∪ f∗β. We would like a similar way to compute f∗ on products. This is not
quite possible, but one can do something.

Lemma 56 (Projection formula). Fix a Weil cohomology datum H• overK with coe�cients in F satisfy-
ing Poincaré duality. If f : X → Y is a regular map of smooth projective varieties of equidimensions d
and e respectively, then

f∗(f
∗β ∪ α) = β ∪ f∗α

for each α ∈ H2d−i(X)(d) and β ∈ Hj(Y ).

Proof. We unravel the definition, following Remark 53. Indeed, for any β′ ∈ Hi−j(X) has∫
X

f∗β′ ∪ (f∗β ∪ α) =

∫
Y

β′ ∪ (β ∪ f∗α)

by definition of f∗α. �

Remark 57. This projection formula is expected on the level of cycles: for α ∈ CH(X) and β ∈ CH(Y ),
one has f∗(f∗β · α) = β · f∗α for any proper map f : X → Y .

Lemma 58. Fix a Weil cohomology datum H• over K with coe�cients in F satisfying the Künneth for-
mula and Poincaré duality. Given X,Y ∈ P(K) which are equidimensional of dimensions d and e re-
spectively, then

pr2∗(α� β) =

(∫
X

α

)
β

for any α ∈ H2d(X)(d) and β ∈ H•(Y )(e).

Proof. It is enough to consider the case where β is homogeneous, so say β ∈ H2d−j(Y )(e). Then we must
check that ∫

X×Y
pr∗2 β

′ ∪ (α� β)
?
=

∫
Y

β′ ∪
(∫

X

α

)
β

for any β′ ∈ Hj(Y ). Well, β′ ∪ (α� β) = α� (β′β), so this follows from the Künneth formula. �
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2.4 Cycle Coherence
Our last collection of coherence assumptions on H• is for the cycle class maps.

Definition 59 (cycle coherence). Fix a Weil cohomology datum H• overK with coe�cients inF satisfying
Poincaré duality. Then H• satisfies cycle coherence if and only if it satisfies the following.

(a) Pullbacks: if f : X → Y is a regular map of smooth projective varieties, then clX(f !β) = f∗ clY (β)
for any β ∈ CH•(Y ).

(b) Pushforwards: if f : X → Y is a regular map of smooth equidimensional projective varieties, then
clY (f∗α) = f∗ clX(α) for any α ∈ CH•(X).

(c) Cup products: given α, α′ ∈ CH•(X), we have clX(α · α′) = clX(α) ∪ clX(α′).

(d) Non-degeneracy: we have
∫

SpecK
clSpecK([SpecK]) = 1.

We now have enough axioms to start proving some results, so let’s give a name for our current stopping
point.

Definition 60 (pre-Weil cohomology theory). Fix a Weil cohomology datum H• overK with coe�cients
in F satisfying Poincaré duality. Then H• is a pre-Weil cohomology theory if and only if H• satisfies the
Künneth formula, Poincaré duality, and cycle coherence.

As we start to move into proving things, it is worth keeping track of the following idea.

Idea 61.! To prove something about all Weil cohomology theories, one proves something “motivic” (i.e.,
“geometric”) and then does linear algebra.

We will point out the various places we use motivic input; typically, one can see it as where we apply anything
about cycle class maps. As an example, let’s compute the cohomology of the point.

Example 62. Fix a pre-Weil cohomology theory H• overK with coe�cients in F . Then the cohomology
ring H•(SpecK) is supported in degree 0, and∫

SpecK

: H0(SpecK)→ F

is an isomorphism of algebras over F .

Proof. Our pieces of motivic input will be that SpecK × SpecK = SpecK and that [SpecK] · [SpecK] =
[SpecK] in CH0(SpecK).

Note SpecK × SpecK ∼= SpecK, so dimF H•(SpecK × SpecK) = dimF H•(SpecK). Thus, the Künneth
formula requires dimF H•(SpecK) ∈ {0, 1}. However, the non-degeneracy part of cycle coherence forces
H0(SpecK) 6= 0, so we conclude dimF H•(SpecK) = 1. Now, Poincaré duality tells us that dimF Hi(X) =
dimF H−i(X) for all i ∈ Z, so H• must be supported in degree 0.

It remains to show that
∫

SpecK
: H0(SpecK) → F is an isomorphism of algebras. This map is cer-

tainly an F -linear map of one-dimensional F -vector spaces, so it takes the form a 7→ a
∫

SpecK
1 where

1 ∈ H0(SpecK) is the unit. It thus su�ces to check that
∫

SpecK
1 = 1. Well, cycle coherence requires∫

SpecK
clSpecK([SpecK]) = 1, so we would like to show clSpecK([SpecK]) = 1. For this, we note that

[SpecK] · [SpecK] = [SpecK],

so cycle coherence forces clSpecK([SpecK]) ∈ {0, 1}, and zero it is not permitted by non-degeneracy. �
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Corollary 63. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . If X ∈ P(K), then
clX([X]) = 1.

Proof. Let pX : X → SpecK be the structure map. Then we have some motivic input [Y ] = p∗Y ([SpecK]), so
cycle coherence tells us that

clY ([Y ]) = p∗Y (clSpecK([SpecK])),

from which clY ([Y ]) = 1 follows by Example 62. �

We can also check that our cohomology is su�ciently nontrivial.

Proposition 64. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . If X ∈ P(K) is
nonempty, then H0(X) 6= 0.

Proof. Throughout, for Y ∈ P(K), the structure morphism is denoted by pY : Y → SpecK. The proof has
two steps.

1. We show that H•(X) 6= 0 if X is nonempty and irreducible. It su�ces to show that H• has some
nonzero functional, for which we use points. Because X is smooth, it has a closed point x ∈ X
with residue field κ(x) finite and separable over K; let i : {x} → X denote the inclusion. Then (pX ◦
i) : {x} → SpecK is given by the inclusion K ↪→ κ(x), from which we can compute

(pX)∗i∗[x] = [κ(x) : K] · [SpecK].

(At the level of intersection theory, one can see this by passing to the algebraic closure, whereupon x
splits into [κ(x) : K] distinct geometric points.) This provides our geometric input. Then cycle class
coherence and Corollary 63 show that

(pX)∗(clX(i∗[x])) = [κ(x) : K].

BecauseF has characteristic 0, we see that the right-hand is nonzero, so clX(i∗[x]) 6= 0, so H0(X) 6= 0.

2. We reduce to the irreducible case. Suppose X is nonempty, and let X ′ ⊆ X be an irreducible compo-
nent. We would like to show that 1 6= 0 in H•(X). Well, there is a ring map H•(X)→ H•(X ′) given by
the inclusion, so it is actually enough to check that 1 6= 0 in H•(X ′). This has been done in the previous
step. �

Example 65. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . Then H•(∅) = 0.

Proof. For anyX ∈ P(K), our geometric input is that ∅×X = ∅, from which the Künneth formula requires

dimF H•(∅) · dimF H•(X) = dimF H•(∅).

Now, we choose X to be nonempty of dimension at least 1 (for example, X = P1
K ), then Proposition 64

shows H0(X) 6= 0, from which Poincaré duality yields dimF H•(X) ≥ 2. Plugging this in to the above equality
gives H0(X) dimF H•(∅) = 0, from which the result follows. �

In the sequel, we will also want more general control over unions.
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Proposition 66. Fix a pre-Weil cohomology theory H• overK with coe�cients inF . GivenX,Y ∈ P(K),
let i1 : X → X t Y and i2 : Y → X t Y denote the canonical inclusions. Then the map

H•(X t Y )→ H•(X) × H•(Y )
γ 7→ (i∗1γ , i∗2γ)

is an isomorphism.

Proof. If X = ∅ or Y = ∅, then the other inclusion is an isomorphism, and there is nothing to do. Let the
given map be denoted i. Ultimately, the di�culty in this proof arises from the fact that there is no canonical
inverse map, so we will have to apply various tricks to put ourselves in situations where we have approxi-
mations.

Quickly, we note that i is a product of algebra maps and hence an algebra map, so the main content
comes from checking that this is a bijection. We will check injectivity and surjectivity, both in steps. Let’s
start with injectivity.

1. We show that i is injective if X and Y are equidimensional with dimX = dimY . This hypothesis will
be used to allow us to think of pushforwards along i1 and i2 at the level of the full graded vector spaces,
as in Remark 55. In particular, we will show that

γ
?
= i1∗i

∗
1γ + i2∗i

∗
2γ

for any γ ∈ H•(X t Y ); injectivity follows because this shows that (α, β) t i1∗α + i2∗β is a one-sided
inverse for i.
By the projection formula (Lemma 56), it is enough to check that

1
?
= i1∗1 + i2∗1,

from which one can apply γ ∪ −. Well, by Corollary 63, this is equivalent to asking for

clXtY ([X t Y ]) = i1∗ clX([X]) + i2∗ clY ([Y ]),

We now see that this has motivic input given by the equation [X t Y ] = [X] + [Y ], from which the
result follows after using cycle coherence.

2. We show that i is injective in the general case. This will require a geometric trick. Given X and a
positive integer d > dimX, we will construct X ′ of dimension d for which there is an embedding
jX : X → X ′ and a projection qX : X ′ → X such that qX ◦ jX = idX . If we choose d to exceed
max{dimX,dimY } and apply the same construction to Y , then we can conclude as follows. The dia-
grams

X t Y X, Y H•(X t Y ) H•(X)×H•(Y )

X ′ t Y ′ X ′, Y ′ H•(X ′ t Y ′) H•(X ′)×H•(Y ′)

(qXtqY )∗ q∗Yq∗X
qXtqY qX qY

commute (the right diagram is induced from the left by functoriality), and the bottom row of the right
diagram is injective by the previous step. Now, q• ◦ i• = id•, so i∗• ◦ q∗• = id∗•, meaning that the vertical
q∗•s in the right diagram are all injective. Thus, the diagonal morphism of the right diagram is injective,
so its top morphism is injective as well.
It remains to construct X ′. Decompose X into irreducible components {X1, . . . , Xn}, and we note
that the smoothness ofX implies that its irreducible components are connected components as well.
Thus, X = X1 t · · · tXn, allowing us to define

X ′ :=
(
X1 × Pd−dimX1

K

)
t · · · t

(
Xn × Pd−dimXn

K

)
.

Choosing a point of the projective spaces gives an inclusionX ↪→ X ′, and there is an obvious projection
X ′ � X by getting rid of the projective spaces.

17



2.4 Cycle Coherence 2 WEIL COHOMOLOGY THEORIES

We now turn to the surjectivity. It would be wonderful if the one-sided inverse in the first step also showed
surjectivity (even in the case dimX = dimY ), but this only works once we know that the maps H•(X tY )→
H•(X) and H•(X t Y )→ H•(Y ) are surjective. We will have to expend some e�ort for this.

3. Suppose that there is a morphism f : Y → X. Then we show that the map i∗1 : H•(X t Y ) → H•(X)
is surjective. Indeed, the inclusion i1 : X ⊆ X t Y admits a section s : X t Y → X by sending all of Y
along f . Thus, s ◦ i1 = idX , meaning i∗1 ◦ s∗ = id∗X , so i∗1 is surjective.

4. We show that the map i∗1 : H•(X t Y ) → H•(X) is always surjective. This requires a trick: all objects
among F -vector spaces are faithfully falt, so we may check surjectivity after applying − ⊗ H•(Z) for
any Z. By the Künneth formula, we see that we are reduced to checking if

i∗1 : H•((X × Z) t (Y × Z))→ H•(X × Z)

is surjective. In light of the previous step, we are tasked with finding Z such that there is a map (Y ×
Z) → (X × Z). Well, X is nonempty and smooth, so it has some closed point x ∈ X with separable
residue field κ(x); then there is a map Yκ(x) → Xκ(x) given by mapping all of Y to x.

5. We show that the map i is surjective. We are not going to use an assumption like dimX = dimY ;
instead, we interface directly with eX := cl[XtY ]([X]) and eY := cl[XtY ]([Y ]).
By the previous step, the map i∗1 : H•(X t Y ) → H•(X) is surjective, as is i∗2 by symmetry. Thus, it
su�ces to show that i surjects onto elements of the form (i∗1γ, i

∗
2δ). Well, we claim that{

i∗1(eX ∪ γ + eY ∪ δ)
?
= i∗1γ,

i∗2(eX ∪ γ + eY ∪ δ)
?
= i∗2δ.

Indeed, because i∗1 and i∗2 are ring homomorphisms, it is enough to note that i∗1eX = eX and i∗1eY = 0
by cycle coherence for the first equality, and i∗2eX = 0 and i∗2eY = eY by cycle coherence for the second
equality. �

Remark 67. IfX and Y are equidimensional with dimX = dimY , then the first step shows that there is
a canonical inverse given by

(α, β) 7→ i1∗α+ i2∗β.

Importantly, these pushforwards really only make sense in the equidimensional case!

Corollary 68. Fix a pre-Weil cohomology theory H• overK with coe�cients inF . SupposeX,Y ∈ P(K)
are equidimensional of dimension d. For any α ∈ H2d(X t Y )(d), we have∫

XtY
α =

∫
X

i∗1α+

∫
Y

i∗2α.

Proof. By Remark 67, we see that α = i1∗i
∗
1α+ i2∗i

∗
2α. Thus, for example, we compute

∫
XtY i1∗i

∗
1α is∫

XtY
(1 ∪ i1∗i∗1α) =

∫
X

(1 ∪ i∗1α),

which is
∫
X
i∗1α. Adding together a similar computation for i∗2α completes the argument. �

As an application, we can now fairly easily compute the cohomology of multiple points.

Example 69. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . Suppose X ∈ P(K)
is zero-dimensional. Then H•(X) is supported in degree 0, and H0(X) is a separable algebra over F of
dimension equal to the degree of X → SpecK. Further,

∫
X

: H0(X)→ F is the trace.
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Proof. For psychological reasons, we quickly reduce to the case whereX is a closed point. By decomposing
X into irreducible components (which are connected components by smoothness) and using Proposition 66,
it su�ces to show the various claims in the case thatX is irreducible (indeed, the conclusion is closed under
taking disjoint unions). Thus, we may assume that X is irreducible.

Because X is zero-dimensional, the structure morphism X → SpecK is finite, so X is a�ne; we write
X = SpecL. Because X is smooth and hence étale, we see that L must be a finite-dimensional separable
algebra overK. In fact, Lmust be a field extension ofK becauseX is irreducible. LetM be a Galois closure
of the separable extension L/K. Roughly speaking, the idea of the proof is to run all of our checks after
extending up to M . We proceed in steps.

1. We explain how to base-change to M . Well, there is an isomorphism

L ⊗M →
∏

σ∈HomK(L,M)

M

a ⊗ b 7→ (σ(a)b)σ

becauseL/K is separable. This translates into the motivic inputX×SpecM =
⊔
σ∈HomK(L,M) SpecM ,

which induces an isomorphism

H•(X) ⊗ H•(SpecM)→ H•(SpecM)HomK(L,M)

α ⊗ β 7→ (σ∗α ∪ β)σ

by the Künneth formula and Proposition 66.

2. We check that H•(X) is concentrated in degree 0, and H0(X) is an algebra over F of dimension equal
to the degree of the structure morphism X → SpecK. (Note that this degree is [L : K].) Well, taking
dimensions on both sides of the last map in step 1 (and noting dimF H•(SpecM) ≥ dimF H0(SpecF ) >
0 by Proposition 64), we find that

dimF H•(X) = dimF H0(X) = [L : K].

The needed claims follow.

3. We check that H0(X) is separable over F . Well, H0(Y ) is faithfully flat over F because it is a finite-
dimensional separable algebra over F by what we already know. Further, separability can be checked
after a faithfully flat extension, so checking the separability of H0(X) over F can be seen by checking
the separabiility of

H0(X)⊗H0(Y ) = H0(Y )HomK(L,M)

over H0(Y ), which is now clear.

4. We show that
∫
X

: H0(X) → F is the trace. The main point is to compare the traces on X × SpecM
and

⊔
σHomK(L,M) SpecM . Fix some α ∈ H0(X), and we would like to compute

∫
X
α. On one hand,

Lemma 58 gives
∫
X
α = pr2∗(α� 1), but alternatively one can see via our explicit isomorphism that

pr2∗(α� 1) =
∑

σ∈HomK(L,M)

σ∗α.

Indeed, for any β ∈ H•(SpecM), we see
∑
σ

∫
SpecM

(β ∪ σ∗α) =
∫
X×SpecM

pr∗2 β ∪ (α � 1), where we
have used Corollary 68. It remains to check that α 7→ σ∗α amounts to the full set of homomorphisms
H0(X)→ F . Well, upon choosing some map ι : H0(SpecM)→ F , we see that there is an isomorphism

H0(X) ⊗ F → F
HomK(L,M)

α ⊗ β 7→ (τ(σ∗α) ∪ β)σ

which completes the proof because H0(X)⊗F is supposed to be isomorphic to FHom(H0(X),F ) via this
sort of map. �
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Corollary 70. Fix a pre-Weil cohomology theory H• overK with coe�cients in F . GivenX ∈ P(K) and
some zero-dimensional cycle Z ⊆ X, we have

deg[Z] =

∫
X

clX([Z]).

Proof. We may adjust Z so that it is smooth divisor. Letting i : Z → X denote the inclusion, we get the
motivic input that [Z] = i∗[Z], so clX([Z]) = i∗1 by Corollary 63 and cycle coherence. It follows that∫

X

clX([Z]) =

∫
Z

1

by Remark 53. We now use Example 69 to compute the right-hand side: because
∫
X

: H0(Z) → F is the
trace, its evaluation on 1 is the dimension dimF H0(Z), which we know to be the degree ofZ → SpecK. This
completes the proof. �

2.5 Fixing H0

Now that we’ve done work with our pre-Weil cohomology theories, let’s introduce our last axiom.

Definition 71 (Weil cohomology theory). Fix a pre-Weil cohomology theory H• overK with coe�cients
in F . Then H• is a Weil cohomology theory if and only if the induced map

H0(Spec Γ(X,OX))→ H0(X)

is an isomorphism for all X ∈ P(K).

Remark 72. Let’s explain where this map comes from. There is a natural map X → Spec Γ(X,OX); for
example, this exists already on the level of locally ringed spaces, though one could alternatively define it
by gluing together maps on a�ne open subschemes. However, we must check Spec Γ(X,OX) ∈ P(K):
certainly Γ(X,OX) is some finite-dimensionalK-algebra, so the issue is separability. For this, we base-
change to K, noting

Γ(X,OX)K = Γ(XK ,OXK
)

because cohomology is stable under base change. The right-hand side is a product of fields becauseXK

is still a proper variety, so it follows that Γ(X,OX) is separable and hence smooth over K.

It is certainly desirable to have H0(Spec Γ(X,OX)) → H0(X) be an isomorphism. Let’s explain some of its
applications.

Lemma 73. Fix a Weil cohomology theory H• overK with coe�cients inF . For anyX ∈ P(K) of equidi-
mension d, the space H2d(X)(d) is generated by classes of points as an H0(X)-module.

Proof. If X = ∅, there is nothing to do, so we assume that X is nonempty. By Proposition 66, we may
assume thatX is irreducible. DefineL := Γ(X,OX) for brevity; becauseX is irreducible, L is a field, and we
know that it is finite separable over K.

Now, for each closed point x ∈ X (which we assume to have residue field κ(x) to be separable over L),
let i : {x} → X, and we would like to check that the class clX([x]) ∈ H2d(X)(d) generates as a module over
H0(X) = H0(SpecL). Quickly, note that clX([x]) = i∗1 by Corollary 63 and cycle coherence. As such, we
want to show that the map H0(X) → H2d(X)(d) given by α 7→ (α ∪ i∗1) is surjective. Now, Lemma 56
explains α ∪ i∗1 = i∗i

∗α, so we might as well show that the map i∗ : H0({x})→ H2d(X)(d) is surjective.
Continuing, it is enough to check that the transpose i∗ : H0(X)→ H0({x}) is injective. Now, let p : X →

SpecL be the canonical projection, and then p∗ : H0(SpecL)→ H0(X) is an isomorphism! Thus, it is enough
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to show that i∗p∗ : H0(SpecL)→ H0({x}) is injective. There are a few ways to conclude, but here is one using
Example 69: it is enough to check injectivity after faithfully flat base change, so we may check injectivity after
tensoring with the separable K-algebra H0(SpecM), where M is some Galois closure of Lκ(x)/K. Then
both H0(SpecL) and H0({x}) split up into products of H0(SpecM), from which the injectivity follows. �

Remark 74. It turns out that the conclusion of the lemma also implies that H0(Spec Γ(X,OX))→ H0(X)
is an isomorphism, but we will not need this. We refer to [SP, Tag 0FI0].

Lemma 75. Fix a Weil cohomology theory H• over K with coe�cients in F . If f : X → Y is a finite map
of equidimensional varieties of dimension d with Y geometrically irreducible, then f∗f∗ = (deg f).

Proof. We begin with a couple reductions.

• It is enough to check that f∗f∗ = (deg f) on homogeneous elements of H•(Y ), and in fact, it is enough
to merely check equality of traces on elements in H2d−i(Y )(d). Indeed, to check that f∗f∗β = (deg f)β
for any β ∈ H2d−i(Y )(d), Remark 53 explains that it is enough to check∫

X

f∗β′ ∪ f∗β ?
=

∫
Y

β′ ∪ (deg f)β

for all β′ ∈ Hi(Y ). This now follows by applying
∫
Y
◦(f∗f∗) = (deg f)

∫
Y

to β′ ∪ β ∈ H2d(Y )(d); in
particular, recall

∫
Y
◦f∗ =

∫
X

by Remark 53.

• We show that it is enough to check the equality
∫
X
◦f∗ = (deg f)

∫
Y

on the image of clX : CHd(Y ) →
H2d(Y )(d). Because Y is geometrically irreducible, we see that Γ(Y,OY ) = K (this can be checked af-
ter passing to the algebraic closure), so H2d(Y )(d) is isomorphic to H0(Y ) (by Poincaré duality), which
is isomorphic to H0(SpecK) (because this is a Weil cohomology theory), which is simply F (by Exam-
ple 62). It is thus enough to check the result at a single vector in H2d(Y )(d), such as the class of a point
(which is nonzero by Lemma 73).

As such, our “motivic” input will come from checking
∫
X
◦f∗ = (deg f)

∫
Y

on classes of points: because f is
finite, any q ∈ Y has

f∗[q] =
∑

p∈f−1({q})

mp · [p],

where mp is a multiplicity satisfying
∑
pmp[κ(p) : K] = deg f . Then passing this through clX (and using

cycle coherence), followed by applying
∫
X

(and Corollary 70) completes this check. �

Lemma 76. Fix a Weil cohomology theory H• over K with coe�cients in F . For any X ∈ P(K) of di-
mension d, the graded algebra H•(X) is supported in degrees [0, 2d].

Proof. By Proposition 66, it is enough to check this in the case that X is irreducible. Then X has equidi-
mension d, so Poincaré duality implies that it is enough to show that H•(X) is supported in nonnegative
degrees.

We will show that H•(X) is supported in nonnegative degrees by an awkward contraposition: we will
show that any pre-Weil cohomology theory H• admitting some Y ∈ P(Y ) with H•(Y ) supported at a neg-
ative index must fail to be a Weil cohomology theory. By replacing Y with Y × Y and using the Künneth
formula, we may assume that H−2n(Y ) 6= 0 for some n > 0. We now set X := Y × PnK , so the Künneth
formula gives

H0(X) =
⊕
i∈Z

Hi(Y )⊗H−i(PnK)
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For example, H0(X) contains the summands H0(Y ) ⊆ H0(X) and H−2n(Y )⊗H2n(PnK), so

dimF H0(X) > dimF H0(Y ).

(Note H2n(PnK) is nonzero by Proposition 64 and Poincaré duality.) However, Γ(X,OX) = Γ(Y,OY ): a global
section is a map toA1, and the only mapsPnK → A1 are constants anyway. Thus, it is impossible to have both
H0(X) ∼= H0(Γ(X,OX)) and H0(Y ) ∼= H0(Γ(Y,OY ))! �

2.6 The Lefschetz Trace Formula
We have now cobbled together enough of a theory of Weil cohomology. Let’s work towards an application:
the Lefschetz trace formula. After everything we’ve done, this proof is purely formal. Our exposition follows
[Mil13, Section 25].

Given a regular map f : X → X, the Lefschetz trace formula computes the intersection number Γf ·∆ in
terms of cohomology. Thus, our proof will begin by understanding the graph Γf .

Lemma 77. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . For any regular map
f : X → Y of equidimensional projective varieties and β ∈ H•(Y ), we have

pr1∗
(

clX×Y ([Γf ]) ∪ pr∗2 β
)

= f∗β.

Proof. Our motivic input is that [Γf ] = (idX , f)∗([X]), by definition. Then cycle coherence and Corollary 63
shows clX×Y ([Γf ]) = (idX , f)∗1. Thus, the projection formula (Lemma 56) implies

pr1∗(clX×Y ([Γf ]) ∪ pr∗2 β) = pr1∗(idX , f)∗(idX , f)∗ pr∗2 β.

Functoriality reveals this is f∗β. �

Lemma 78. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . For equidimensional
X ∈ P(K) with d := dimX, let {eij}1≤j≤βi

be a basis of Hi(X) for each i; further, choose a dual basis
{e∨2d−i,j}1≤j≤βi of H2d−i(X)(d) so that

∫
X

(e∨2d−i,j ∪ eij′) = 1j=j′ for each j and j′. Then any regular map
f : X → X admits a decomposition

clX×X([Γf ]) =
∑
i∈Z

1≤j≤βi

f∗eij � e∨2d−i,j .

Proof. Note that the e∨2d−i,js exist by Poincaré duality. Now, the Künneth formula tells us that Hd(X ×
X)(d) =

⊕
i∈Z Hi(X)⊗H2d−i(X)(d), so clX×X([Γf ]) admits some decomposition

clX×X([Γf ]) =
∑
i∈Z

1≤j≤βi

αij � e∨2d−i,j ,

whereαij ∈ Hi(X) is some class. We would like to showαij = f∗eij . To extract out the needed coe�cients,
we need to cup with a basis vector and apply the pairing. As such, we compute

pr1∗
(

clX×X([Γf ]) ∪ pr∗2 eij
)

=
∑
i∈Z

1≤j≤βi

pr1∗
(
αij � (e∨2d−i,j ∪ eij)

)
,

which collapses down to αij by Lemma 58 and construction of the e∨2d−i,js. We now complete the proof by
recognizing the left-hand side as f∗eij by Lemma 77. �
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Example 79. Taking f = idX shows that the diagonal ∆ ⊆ X ×X has a decomposition

clX×X([∆]) =
∑
i∈Z

1≤j≤βi

eij � e∨2d−i,j .

Remark 80. It may appear that Lemma 78 needs some finiteness condition like Lemma 76, but our proof
actually shows that all but finitely many of the f∗eij are allowed to vanish.

We are now ready for the proof.

Theorem 81 (Lefschetz trace formula). Fix a Weil cohomology theory H• over K with coe�cients in F .
For equidimensional X ∈ P(K) and endomorphism f : X → X, we have

deg([Γf ] · [∆]) =

2d∑
i=0

(−1)i tr
(
f∗; Hi(X)

)
.

Proof. This proof is essentially a direct computation. By Corollary 70, we see that

deg([Γf ] · [∆]) =

∫
X×X

clX×X([Γf ]) ∪ clX×X([∆]),

where we have quietly also used cycle coherence. We now fix a basis {eij}ij of H•(X) and a dual basis
{e2d−i,j}ij of H2d−•(X) as in Lemma 78. Then Lemma 78 (and a reversed Example 79) allows us to compute
this as

deg([Γf ] · [∆]) =
∑
i,i′∈Z

1≤j,j′≤βi

∫
X×X

(
f∗eij � e∨2d−i,j

)
∪
(

(−1)i
′
e∨2d−i′,j′ � ei′j′

)
.

By expanding out α� β = pr∗1 α ∪ pr∗2 β and rearranging, we may rewrite the right-hand side as

deg([Γf ] · [∆]) =
∑
i,i′∈Z

1≤j,j′≤βi

(−1)i+ii
′
∫
X×X

(f∗eij ∪ e∨2d−i′,j′) � (e∨2d−i,j � ei′,j′),

which by the Künneth formula is

deg([Γf ] · [∆]) =
∑
i,i′∈Z

1≤j,j′≤βi

(−1)i+ii
′
∫
X

(f∗eij ∪ e∨2d−i′,j′)
∫
X

(e∨2d−i,j ∪ ei′,j′).

Now, the right-hand integral is 1i=i′1j=j′ by construction of our dual basis, so we are left with

deg([Γf ] · [∆]) =
∑
i∈Z

1≤j≤βi

∫
X

(f∗eij ∪ e∨2d−i,j).

Because technically {eij}j and {(−1)ie∨2d−i,j}j are the dual bases with
∫
X

(eij ∪ (−1)ie∨2d−i,j′) = 1j=j′ , we
see that the right-hand integral collapses down to (−1)i tr(f∗; Hi(X)). This completes the proof upon using
Lemma 76 to restrict the sum to i ∈ [0, 2d]. �

Remark 82. Technically, this argument works for pre-Weil cohomology theories, provided we sum over
all i ∈ Z instead of i ∈ [0, 2d].

Let’s apply some of the theory we built to do one last calculation.
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Example 83. Fix a pre-Weil cohomology theory H• over K with coe�cients in F . Then

Hi(P1
K) =


F if i = 0,

F (−1) if i = 2,

0 else.

Proof. The main claim is that dimF H•(P1
K) = 2. Quickly, let’s explain why the main claim completes the

proof. Certainly H0(P1
K) 6= 0 by Proposition 64, so H2(P1

K)(1) 6= 0 by Poincaré duality as well, which provides
the lower bound dimF H•(P1

K) ≥ 2. If we were to have equality, then we must have H•(P1
K) = H0(P1

K) ⊕
H2(P1

K), and H0(P1
K) = F and H2(P1

K)(1) = F become forced.
We now prove the main claim. It remains to show dimF H•(P1

K) ≤ 2. Technically, Theorem 81 will not be
enough for our purposes because the Euler characteristic includes a−dimF H1(X) term. Our motivic input
is that the cycle class [∆] in P1

K ×P1
K is equal to pr∗1[∞] + pr∗2[∞], where∞ ∈ P1

K is a point at infinity. Indeed,
consider the function f : P1 × P1 → P1 given by f(x, y) := x − y. Then f has zero-set given by ∆ and poles
given by {∞} × P1

K and P1 × {∞}, so

div f = pr∗1[∞] + pr∗2[∞]−∆

must be a trivial divisor class. We conclude that

clP1
K×P1

K
([∆]) = clP1

K
([∞]) � 1 + 1 � clP1

K
([∞]).

Now, Example 79 shows that the left-hand side has no expression in terms of fewer than dimF H•(X) total
pure tensors, so we concldue that dimF H•(X) ≤ 2! �
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