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THEME 1
ARITHMETIC PROGRESSIONS

it looked like only a hop, skip, and jump on the map, but the drive took
six hours

—Merriam-Webster Dictionary, [Mer23]

1.1 January 18

Here we go.

1.1.1 House-Keeping

We're teaching analytic number theory. Here are some notes.

We will be referencing [Dav80] mostly, but we will do some things that Davenport does not do. For
example, we will discuss the circle method, for which we refer to [Dav05].

We will assume complex analysis, at the level of Math 185. We will use some Fourier analysis, but
we will discuss the relevant parts as we need them. Of course, because this is number theory, we will
assume some algebra, such as characters on abelian groups.

There is a website here, which includes a list of topics. Notably, there is a website for a previous version
of the course.

Grading is still up in there, as is the syllabus. Tentatively, grading will be as follows: by around the
middle of the semester, there will be a list of recommended papers to read. Then we will write a 2-6-
page report and present it to Professor Zhang. We will not have problem sets.

Tentatively, office hours will be 90 minutes before lecture on Monday and Wednesday, in Evans 813.

We should all write an email to Professor Zhang to introduce ourselves; for example, say what you're
looking forward to in the course.

1.1.2 Facts about Dirichlet Series

In this first part of the course, we will be moving towards the following result.
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Theorem 1.1 (Dirichlet). Fix nonzero integers a, ¢ € Z such that gcd(a, ¢) = 1. Then there exist infinitely
many primes p such that p = a (mod q).

The statement of Theorem 1.1 is purely elementary, but the standard proof uses complex analysis.
The functions we will do analysis on are generalizations of the Riemann ¢ function, defined as

WK

((s) =

1
ne

Il
—

n

which converges absolutely for s € C such that Re s > 1. Indeed, we can show this.

Proposition 1.2. Let f: N — C denote a sequence of complex numbers such that |f(n)| = O (n?) for

some o € R. Then the series .
f(n
D(s) == Z ;L—S)
n=1

converges absolutely for s € C such that Res > o + 1. Thus, D(s) defines a holomorphic function in
this region.

Proof. We are given |f(n)| < Cn? for some C' > 0. Thus, showing the absolute convergence is direct: note
i f(n)
n=1 °

n
which converges because Re(s) — o > 1.
We can now convert absolute convergence to uniform convergence of the partial sums {D,,},en of D,
from which Lemma A.15 will finish. Fix some compact subset D C U, and we want to show D,, — D
uniformly on D. Because D is compact, there exists sqg € D with minimal Re so; define oy ;= Re so. Now, the

series -
Z |f(”)\
noo
n=1

> 1
<C Z nRe(s)—o”’
n=1

converges by our absolute convergence.
As such, forany e > 0, select N such that ng > N implies

3 i,

n>no

Thus, forany s € Cand ng > N, we see

/ f
<Y s ¥ <
n>n n>ng

0

which is what we wanted. [ |

It follows from Proposition 1.2 that ((s) defines a holomorphic function on Re s > 1.

1.1.3 The Euler Product

The following factorization is due to Euler.

Definition 1.3 (multiplicative). Let f: N — Cbe afunction. Then f is multiplicativeif and only if f(nm) =
f(n)f(m) forany n,m € Nsuch that ged(n,m) = 1.
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Proposition 1.4. Let f: N — C be a multiplicative function such that |f(n)| = O (n?). Forany s € C
such that Res > o + 1, we have

Saqp (318

pprime \ k=0

In fact, the product converges absolutely and uniformly on compacts.

Proof. Fixs € Cwith Res > o+ 1. Roughly speaking, this follows from unique prime factorization in Z. For
and N and M to be fixed later, define

M-1 k
row= T 32 00)
p<N k=0 p

and define Py o analogously. Define Ay is to be the set of integers n such that the prime factorization of
n includes primes less than N each to a power less than M, and define Ay o analogously. Note Ay s is a
finite set, so the distributive law implies

Pyy = Z %

nEAN M

To begin, we fix N and claim

NEAN, oo

Note Py oo = limps—so0 Pn,ar, SO We fix some M > 0 and compute

pa- ¥ L)y e v

NEAN, co NEAN oo \AN, M n¢AN M

Now, the smallest n such that n ¢ Ay s is at least 2M 5o we see

fn)

nS

Pyar— . @SZ

NEAN, oo n>2M

)

which now vanishes as M — oo because >~°7 ; f(n)/n® converges absolutely by Proposition 1.2. This com-
pletes the proof of the claim.
We now send N — oo to finish the proof. Forany N > 0, we use the claim to note

1|

nS

DI DY

’I’L¢AN,OO ’I’L¢AN,OO

Pr.oo — Z_:l fﬁ;)

Now, we note that the smallest n ¢ Ay o is at least N because any n < N has a prime factor less than N,

SO
Py -3 W< 5
n=1

n>N
and now we see that the right-hand side goes to 0 as N — oo because Y~ | f(n)/n® converges absolutely
by Proposition 1.2. The equality follows.

fn)

ns |’
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It remains to show that the product converges absolutely and uniformly on compacts. We use Proposi-
tion A.25. Indeed, fix some compact D C {s: Res > o + 1}. Now, we want to upper-bound

F*) _ <~ f0")
pk:s pt pks

ap(s) = -1+ Z
k=0

on D. Well, let o9 denote the (achieved!) minimum of the continuous function Re: D — R, and note that
oo > o+ 1. Now, f(n) = O (n?) promises some constant C such that | f(n)| < Cn? for all n. Thus, we see

0o k
lap(s)| < Z ! (p )

pk:s
Notably, the geometric series converges because p?~7° < p=! < 1. However, this finishes our check of
absolute convergence by Proposition A.25 because

o—0 = 1
> Cpr < c; s

p prime

0 pka' pU—UO
S CZ koo =C- 1 < Cp °.
k=1 p

— po—o0

converges because og — o > 1. |

Corollary 1.5. We have

Proof. By Proposition 1.4, we see

=TI (ipi)— ==t

pprime \ k=0 p prime
which is what we wanted. |

We can now use Corollary 1.5 to give a proof of the infinitude of primes.

Theorem 1.6. There are infinitely many primes. In fact,

Z 1:Jroo.

p prime p

Proof. Throughout the proof, s will be a real number greater than 1. The key estimate is to note

1 > 1
((s) = —2/ ¥ dr = — ,
() nz::lns 1 1-s

which goes to +oo as s — 1. In particular, log ¢(s) — +ooas s — 1T.
The last ingredient we need is to bound the Euler product of Corollary 1.5. In particular, we see

logC(s):log< H ! >: Z —log(1—p~°).

1—p—Ss
p prime p p prime
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(Formally, one should cap the number of factors and then send the number of factors to infinity.) Using the
Taylor expansion of —log(1 — z), we now see

o= ¥ ()< ( X ) % (Sae)

p prime p prime p prime

We would like to focuson } 1/p®, so we quickly show that the other sum converges. All terms are positive,
so it suffices to show that it is bounded above, for which we see

2 (;kpl’“>§ 2 (izi): 2 11/22/p§§:2n(7111):§:<n11_i>:1’

p prime pprime \ k=2 p prime n= n=2

where we have telescoped in the last equality. Letting the value of this sum be S(s), we see

log ((s Z — Z —

pr|me pr|me
Now, as s — 17, we see log ((s) — S(s) — 400, so the theorem follows. [ ]
The proof of Theorem 1.1 more or less imitates the argument of Theorem 1.6. Roughly speaking, we will

show that

p prime
p=a (mod q)

from which our infinitude follows. Finding a way to extract out the equivalence class a (mod ¢) will use a
little character theory.

1.1.4 Characters

Throughout, our groups will be finite and abelian, and actually we will be most interested in the abelian
groups Z/nZ and (Z/nZ)* for integers n. Formally, here is our definition.

Definition 1.7. Fix a positive integer n. Then we define (Z/nZ)* as the units in Z/nZ, which is {a
(mod n) : ged(a,n) = 1}.

Remark 1.8. Itis a fact that (Z/pZ)* is cyclic for any prime p. This is nontrivial to prove; we will show it
later in Proposition 3.2.

Notably, given a prime factorization n = Hmnp%("), there is an isomorphism of rings
z/nz =] (Z /pvp<n>>
pln
and hence also an isomorphism of multiplicative groups, upon taking units.

Having said all that, the theory is most cleanly build working with general finite abelian groups.

Definition 1.9 (dual group). Let G be a group. Then the dual group is G := Hom(G,C*), where the
operation is pointwise. Its elements are called characters.

Notation 1.10 (principal character). There is a “trivial” character 1: G — C* sending g + 1, which is
the identity. We might call 1 the principal character; we might also denote 1 by xq.

10
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Notation 1.11 (conjugate character). If x: G — C* is a character, then note that Y: G — C* defined by
X(g) == x(g) is also a character. Indeed, conjugation is a field homomorphism.

Remark 1.12. If G is a finite group, we note that any y € Gandg € G has

x(9)*¢ = x (") =1,
s0 x(g) is a (#G)th root of unity. In particular, |x(g)| = 1, so x(9) = x(9) ' = x (¢7).
It will be helpful to have the following notation.

Notation 1.13. We might write e: C — C for the function e(z) := exp(2mwiz).

We now begin computing G for finite abelian groups.

Lemma 1.14. Suppose G and H are groups. Then G x H = GxH by sending (x¢, xu) to (g,h) —
xa(9)xu(9)-

Proof. We have the following checks. Let e and ey be the identities of G and H, respectively.

« Well-defined: given (xa, xu) € G x H, define o(xa,xm): G x H — C* by o(xa, xu): (g,h) —
Xc(g)xm(h). Note o(xa, xm) is a homomorphism: we have

o(xe, xm)((g,h) - (¢, 1) = v(xa, xm)(gg', hh')
= xa(99")xu (hh")
= xc(9)xu(h)xa(g)xn(h')
= o(xa, xu)(9:h) - o(xa, xu) (g, 1').

« Homomorphism: to show ¢ is a homomorphism, we have

o((xa:xu) - (Xa, Xm)(9:h) = xa(9)xa(9)xu ()X (h) = o(xa, xu)(9,h) - (xG, Xu) (g, h),

« Injective: if p(xg, xmr) = 1, then

xc(9)xu(h) = v(xa, xu)(g,h) =1

forallg € Gand h € H. Setting g = e shows that xg = 1, and similarly setting h = ey shows that
x¢ = 1. Thus, (xg, xm) = (1,1).

« Surjective: given a character x: (G x H) — C*, define xg(g9) = x(g9,en) and xug (h) == x(eq, h). Note
Xq is a character because

xa(99') = x(99',em) = x(g, em)x(g', emr) = xa(9)xa(9).

Switching the roles of G and H shows that y g is also a character. Lastly, we note p(xa, xu) = X
because

e(xa, xu)(9,h) = x(g,en)x(ec, h) = x(g, h).
This completes the proof. |

11
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Lemma 1.15. Suppose G = Z/nZ for a positive integer n. Then xo: Z/nZ = G by sending [£] to the
character xi: [¢] — e(ké/n).

Proof. To begin, note xj: Z — C* defines a homomorphism because

(et ) =e (M) — o () e (52) =i

n n n

Further, note xx(nf) = e(kf) = 1 forany nl € Z, sonZ C ker x. It follows that x; produces a homomor-
phism xx: G — C*. R
We now note that x.: Z — G defines a homomorphism: for any [¢] € G, we see

(i) = () e (B e (B5) — ey

n n

Additionally, xnx([¢]) = e(kf) = 1,50 xnr = 1, SO nk € ker x,. It follows that y, produces a homomorphism
Xeo: Z/nZ — G.
It remains to show that x, is a bijection. We have two checks.

« Injective: suppose xj = 1for k € Z. We must show k € nZ. Well, we must then have

L= xx([1]) = e(k/n),
which forces n | k.

» Surjective: given some character x: G — C*, we note x([1])" = x([0]) = 1, so x([1]) is an nth root of
unity. Thus, there exists & such that x([1]) = e(k/n) = xx([1]). Thus, forany ¢ € {0,1,...,n — 1}, we
see

X() = x ([ + -+ 1)) = x([1) - .- x([1]) = x&([1]) - - .- xk([1]) = xx([4)),

£ L L

so x = xx follows. |

Proposition 1.16. Let G be a finite abelian group. Then G = G.

Proof. By the Fundamental theorem of finitely generated abelian groups, we may write
i=1

for some positive integers n;. Thus, using Lemma 1.14 and Lemma 1.15, we compute

G (ﬁzmz) - ﬁm ~ ﬁZ/niZ ~ @,
=1 =1 1=1

which is what we wanted. ]

Proposition 1.16 might look like we now understand dual groups perfectly, but the isomorphism given there
is non-canonical because the isomorphism of Lemma 1.15 is non-canonical. In other words, given some
g € G, thereisin general no good way to produce character y € G.

However, there is a natural map G — G which is an isomorphism.

12
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Proposition 1.17. Fix a finite abelian group G. Define the map ev,: G — G by sending g € G to the

map evy € G defined by evg: x — x(g). Thenev, is an isomorphism.

Proof. We begin by checking that ev, is a well-defined homomorphism. For each g € G, we see evy: G—
C* isa homomorphism because

evg(Xx') = x(9)x(9') = evy(x) evy(x).
Further, ev, is a homomorphism because
evgg (X) = X(9)x(9') = evy(x) evy (x)-

It remains to show that ev, is an isomorphism. We claim that ev, is injective, which will be enough because

|G| = |G| by Proposition 1.16.
For this, we appeal to the following lemma.

Lemma 1.18. Fix a finite abelian group G with identity e. If g # ¢, then there exists x € G such that
x(g) # 1.

Proof. Using the Fundamental theorem of finitely generated abelian groups, we may write
¢=]]z/mz
i=1

for positive integers n; > 2. Moving our problem from G to the right-hand side, we are given some (g;)?_;
such that [g;] # [0] for at least one ¢, and we want a character x such that x ((¢;)7~;) # 1. Without loss of
generality, suppose that g; # 0 and define x by

X ((ki)i=1) = e(k1/n1).

Certainly x ((g:)",) = e(g1/n1) # 1, so it remains to show that x is a character. This technically follows
from Lemma 1.14, but we can see it directly by computing

X ((ki)imy + (ki)imy) = e(ky/na)e(ky/na) = x ((ki)izq) x ((K9)izy) -
This completes the proof. |

The proof now follows quickly from Lemma 1.18. By contraposition, we see thatany g € G suchthat x(g) =1

forall x € G and must have g = e. But this is exactly the statement that ev,: G — G is injective. |

1.1.5 Finite Fourier Analysis

We now proceed to essentially do Fourier analysis for finite abelian groups. Here is the idea.

Idea 1.19. We can write general functions G — C as linear combinations of characters.

Remark 1.20. When G is not abelian, one must work with function G — C which are “locally constant”
on conjugacy classes of G.

Here is our Fourier transform.

13
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Notation 1.21. Let G be a finite abelian group. Given a function f: G — C, we define f: G — Cby

)= f(9)x(9)

geqG

Recall x(g) = x (¢ ') by Remark 1.12.
To manifest Idea 1.19 properly, we need the following orthogonality relations.

Proposition 1.22. Let G be a finite abelian group.
« Forany fixed x € é, we have
™ x(o) = {0 ify #1,
i #G ifx=1.

« Foranyg € G, we have

o ifg # e,
ZX(Q) B {#G ifg=ce.

Proof. We show these directly.

(@) If x =1, thenthe sumis deG 1 =#G.
Otherwise, x # 1, so there exists gg € G such that x(go) # 1. It follows

xX(90) > x(9) =D x(909) = D x(9)

geG geG geG
sowe must have 3 . x(g) = 0. Note that we have re-indexed the sum at =,

(b) If g =e, thenthesumis > 5 x(g) = #(G), which is #G by Proposition 1.16.
Otherwise, g # e, so by Lemma 1.18, there exists x( such that xo(g) # 1. Employing the same trick, it

follows
Xo > x(@) =" (xox)(9) = D x(9),
x€G xe@ x€@
sowe must have }° = x(g) = 0. Again, we re-indexed at =, ]

Now here is our result.

Theorem 1.23 (Fourier inversion). Let G be a finite abelian group. Forany f: G — C, we have
26 3 fx
xGG

foranyg € G.

Proof. This is direct computation with Proposition 1.22. Indeed, for any g € G, we see

Y Fo0x(90) =D D" flg X(g0) = > (f(g) > x (9 "%) )

xeq@ xeG 9€G 9€G x€q@

14



1.1. JANUARY 18 191: ANALYTIC NUMBER THEORY

Now using Proposition 1.22, given g € GG, we see that the inner sum will vanish whenever g # gg and returns
#G when g = gg. In total, it follows

26 2 Fooxta) = 1(a).

XE@

which is exactly what we wanted. |

Here is our chief application.

Corollary 1.24. Let G be a finite abelian group. Fixing some gy € G, we have

1g,(9) = # > x(90)x(9)

xe@
foranyg € G.
Proof. Note
g () = D 145 (9)x(9) = x(g0)
g€ea
because all terms except g = gg vanish. The result now follows from Theorem 1.23. |

1.1.6 Dirichlet Characters

We want to extend our characters on (Z/qZ)* to work on all Z, but this requires some trickery because, for
example, 0 is not in general represented in (Z/qZ)*. Here is our definition.

Definition 1.25 (Dirichlet character). Let ¢ be a nonzero integer. A Dirichlet character (mod q) is a func-
tion x: Z — C such that there exists a character x: (Z/qZ)* — C* for which

Q) = 0 if ged(a,q) > 1,
xe) {man f ged(a,q) = 1.

We might write this situation as x (mod ¢). The Dirichlet character corresponding to 1 is denoted xg
and still called the principal character.

Remark 1.26. Note x is periodic with period q.

We can finally define our generalization of .

Definition 1.27 (Dirichlet L-function). Fix a Dirichlet character x (mod ¢). Then we define the Dirichlet

L-function as
— X(n)
L(S’X) = Z ns
n=1

By Proposition 1.2, we have absolute convergence for Res > 1, and L(s, x) defines a holomorphic
function there.

15
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Remark 1.28. Continuing in the context of the definition, we note Proposition 1.4 gives

L(s,x) = [] <ZX§2 ) 11 T—x(p)p—

pprime \ k=0 p prime

forRes > 1.

In fact, the summation for L(s, x) defines a holomorphic function for Res > 0, but seeing this requires a
little care.

1.2 January 20

A syllabus was posted. There are some extra references posted.

1.2.1 Abel Summation

We are going to need the following technical result. Roughly speaking, it allows us to estimate infinite sums
with a discrete part and a continuous part by summing the discrete part and integrating the continuous part.
Oftentimes, a sum is difficult because of the way it mixes discrete and continuous portions, so it is useful to
be able to separate them.

Theorem 1.29 (Abel summation). Let {a,, } nen be a sequence of complex numbers, and define the partial

sums be given by
Aty = > an

1<n<t

For any real numbers z,y € R with 2 < y and continuously differentiable function f: (0,2] — C, we
have

S anfn) =A@ - [ A0SO

0<n<zx

Proof. Theidea is to write a,, = A(n) — A(n — 1), so we write

Do anf(m) =Y Am)f(n) =Y Aln—1)f(n)

= Y Amfm) - > Am)f(n+1)
o<n<x —1l<n<z—1
= A(lz))f(lz]) = A(=1)f0) = > Am)(f(n+1) = f(n)).
0<n<z—1

Note A(—1) = 0. We now introduce an integral by noting A(n)(f(n + 1) — f(n)) = f:’“ A(t) f'(¢t) dt, which
upon summing over n yields

[x]
3 anf(n) = Alz))f(lz]) — | A@)F () dt.

0<n<z 0

To finish, we see
A(lz)) f(l=]) = A(x) f(2) + A=) (f([=]) — f(2)) = A() f(z) — /Lx A(t) f'(t) at,

which when combined with the previous equality finishes. |

16
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Remark 1.30. One can use the theory of Riemann-Stieltjes integration to turn Theorem 1.29 into just
an application of integration by parts, but we will not need this.

Here is a quick application of Theorem 1.29.

Proposition 1.31. The limit

T =

lim (i
n—roo o

— log n)

Proof. Seta,, = 1foreachnand f(t) := 1/t so that A(t) = |¢]. Then Theorem 1.29 tells us

converges to a finite value.

1 [n] "l
jg: k o n + 0 t2 dt
0<k<n

[t
= 14‘]{ ?E’dt

Zl T
e [
1 ¢ 12

“{t}

Thus,
—~ 1 = {t
nll_}n’olo (Zk —1ogn> =1- . tTdt’
k=1
and this integral converges because it is bounded above by [~ 1/t?dt = 1. [ |

Definition 1.32 (Euler—Mascheroni constant). The Euler—Mascheroni constant  is the limit
: — 1
v = lim ( —logn>.
n—o0 k
k=1

1.2.2 Continuing L(s, x)

As an example application of Theorem 1.29, we may give L(s, x) an analytic continuation to {s : Res > 0}
when y is not the principal character.

Proposition1.33. Let x (mod ¢) beanon-principal Dirichlet character. Then the function L(s, x) admits
an analytic continuation to {s : Res > 0}.

Proof. For given s withRes > 1, seta,, := x(n) and f(z) :=1/2°. Then the partial sums A(t) =), ., <, an
have -

kq k-1 ¢q q
Yoxm) =YY xlag+r)=kY x(r)=k > x(r)=Fk-0
n=1 a=0r=1 r=1 1<r<q

ged(r,q)=1

17
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forany k > 0, where in the last equality we have used Proposition 1.22. Thus, forany ¢ > 0, find k € Z such
that kg <t < k(¢ + 1), and we see

> x(n)

1<n<t

A1) = = < Y ml<t-ki<q

kq<n<t

doxm+ D> x(n)

1<n<kq kq<n<t

Now, finally using Theorem 1.29, we see

x

= (Jim A(w)e) = tim [ (A@)- st~ d.

Tr— 00 0

-~ x(n)
L =
(5,%) n§:1 e
Because Res > 1, we see |A(x)z~%| < gz~ ®°% goes to 0 as x — oc. Thus, we are left with

A A
L(s,x)zs/o tsﬂdt:s/l orr At
————

I(s)

We claim that the right-hand side provides our analytic continuation to {s : Re s > 0}. Indeed, it suffices to
show that I(s) is analytic on {s : Re s > 0}. This is technical.
Roughly speaking, we want to write

> A(t) * 1 thes
‘/1 ts+1dt’§q/1 mdt:q.—Res

forany Re s > 0, meaning that the integral converges, so we ought to have a holomorphic function. To make
this computation rigorous, we will show that I(s) is holomorphicon {s : Res > o} forany ¢ > 0, which will
be enough by taking the union over all 0. Indeed, for some fixed o, we define g: [1,0) by g(t) := ¢/t ! for
t > 2and 0 elsewhere so that

o0

_ 4
1 Res

A(t)
ts+1

o
/g(t)dt:q/ t77 7t dt < o0
R 1

because o > 0. Thus, Proposition A.18 implies that I(s) is holomorphic on {s : Res > ¢}, finishing the
proof. |

_|A®)
T s+

< g(t)

forRes > o, and

Remark 1.34. Using the notions and notations of the above proof, we see that

<A
7Y ] < 2
1

L =S
1205, )| ey < 2

for Re s > 0. This upper-bound is occasionally helpful.

One might wonder what happens to the principal character xq. It turns out its behavior is tied to .

Lemma 1.35. Let xo (mod ¢) be the principal Dirichlet character. Then for Re s > 1, we have

L(s,x) = (H (1-p7") )<<s>-

plg

18
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Proof. By Remark 1.28, we see

pprime LT X(P)PTH 21—
so ) )
L [li=== I ===
plg pprime
by Corollary 1.5, which finishes. |

Thus, we are interested in continuing ¢. With a little more effort than Proposition 1.33, we may provide
¢(s) a meromorphic continuation to {s : Res > 0}. The main difficulty here is that we have a pole to deal
with.

Proposition 1.36. The function {(s) has a meromorphic continuationto {s : Re s > 0}. Itis holomorphic
everywhere except at s = 1, where it has a simple pole of residue 1.

Proof. For given s with Res > 1, seta,, := 1 and f(z) := 1/z°. Then the partial sums A(t) = > ;. <, an
have A(t) = |t], so Theorem 1.29 grants -

Z = (tm Lo o) = i [ ()t a

Because Res > 1, we see ||z] - 27%| < z'7R¢* goes to 0 as + — oc. Thus, we are left with

<t <t
C(s):s/o tE_Hldts/l tE_Hldt.

To extract out a main term, we write |t| = ¢ + {t}, giving

® s R U; 5 = {1}
C(s):s/1 t dt—l—s/1 t+1dt j—&—s . tstt
—_——

I(s)

We claim that the above expression defines our meromorphic continuation. Notably, the functions/(s—1) =
1+ 1/(s — 1) is holomorphic everywhere except at s = 1, where it has a simple pole of residue 1.

Thus, it remains to show that s - I(s) is a holomorphic function for Res > 0, where it suffices to show
that I(s) is a holomorphic function for Re s > 0. This is mildly technical. At a high level, we would like to just

note that R
t 1 t—hes
s AL, i < / g —
1 t5+1 1 tRe s+1 —Res

so the integral converges and ought to define a holomorphic function. To make this computation rigorous,
we will show that I(s) is holomorphic on {s : Res > ¢} forany ¢ > 0, which will be enough by taking the
union over all 0. Indeed, for some fixed o, we set g(t) := 1/t°"* for t > 1 and 0 elsewhere so that

{t}

ts+1

/g(t)dt:/ t77tdt < o0
R 1

because o > 0. Thus, Proposition A.18 implies that I(s) is holomorphic on {s : Res > ¢}, finishing the
proof. |

e 1
L ~ Res’

<g(t)

forRes > o, and
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Remark 1.37. Using the notions and notation of the above proof, we see that

= A sl sl
dt
8/1 eaat - |571| Res

For example, if Res > 1, then we get |((s)| <1+ Res <|s|+ 1.

El
|s = 1]

¢(s)] < +

Remark 1.38. Doing repeated integration by parts, one can extend the continuations above further to
the left, but we will not do this. Instead, we will use a functional equation to continue to all C in one fell
swoop.

Corollary 1.39. Let xo (mod ¢) denote the principal Dirichlet character. Then L(s, x) has a meromor-
phic continuation to {s : Re s > 0}. It is holomorphic everywhere except for a simple pole at s = 1.

Proof. Note that the function [],, (1 — p™*) is entire and has its only zero at s = 0. Combining Lemma 1.35
and Proposition 1.36 completes the proof. |

1.2.3 Reducingto L(1, )
We now attack Theorem 1.1 directly. As in Theorem 1.6, we will want to understand log L(s, x).

Lemma 1.40. Let y (mod q) be a Dirichlet character. For any s with Re s > 1, we have

log L(s, x) X S, X)s

p prime

where |E(s, x)| < 1.

Proof. Fix s with Res > 1. Applying log to the Euler product of Remark 1.28, we see

o0 k
log L(s,x) = Z —log (1 = x(p)p~°) = Z ( 15538 )

p prime p prime

The k = 1 term of the right-hand sum is the main term present in the statement, so we need to bound the
terms with £ > 1. Thus, for Re s > 1, we compute

> k Sy | = 1/n? > 1 > 1 1
> (23S (Ew) - S-S n ) =
pprime \ k=2

n=2 \ k=2 n=2 n=2 n=2
where we have telescoped in the last equality. This completes the proof. |

As an aside, we note that Lemma 1.40 provides us with a relatively large zero-free region for L(s, x).

Corollary 1.41. Let x (mod g) be a Dirichlet character. For any s with Re s > 1, we have L(s, x) # 0.

Proof. By Lemma 1.40, we see

log L(s, )l < 3 |2

p prime n= 1

which converges because Res > 1. Thus, log L(s, x) takes on a finite value for all s with Res > 0, which
implies L(s, x) # 0. |
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Remark 1.42. Alternatively, we can recall from Proposition 1.4 that the Euler product for L(s, x) con-
verges absolutely for Re s > 1, and in particular L(s, x) = 0 would require one of the Euler factors

_
1—x(pp~—*

to vanish by Remark A.24. However, none of these Euler factors vanish.

We now see that we can use Lemma 1.40 and Corollary 1.24 to extract a particular congruence class.

Lemma 1.43. Let ¢ be an integer. For brevity, set G := (Z/qZ)*, and fix some a € G. For any s with
Res > 1, we have

Y L Y M@ logL(s,x) + E(s),
eG

where |E(s)] < 1.

Proof. Corollary 1.24 tells us

SO

p prime %
p=a (mod q)

However, using the notation of Lemma 1.40, we see

DD (x(a) ) X;”) — s L X@lor L) ¢~ Y X@E ()

1
wla) = D orme (g

x€G Xe@

Because #G = #G = ¢(q) by Proposition 1.16, we conclude that the right-hand error term has magnitude
bounded by 1, which completes the proof. |

We can now reduce Theorem 1.1 to analyzing L(1, x).

Proposition 1.44. Let g be an integer. Suppose that L(1, x) # 0 for each non-principal Dirichlet charac-
ter x (mod ¢). Then, foralla € (Z/qZ)*, we have

1
> et
p prime p

p=a (mod q)

In particular, there are infinitely many primes p = a (mod q).

Proof. Note that L(1, x) is at least a complex number for non-principal characters x (mod ¢) by Proposi-
tion 1.33.

Let xo denote the principal character. By Corollary 1.39, we see L(s,xo) — +ooas s — 11: indeed, we
know L(s, xo) must go to something in R>o U {oo} because L(s, xo) > 1 when s > 1isreal. But L(s, xo)
cannot go to a finite value because then L(s, xo) would only have a removable singularity at s = 1.
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Thus, we also have log L(s, xo) — 400 as s — 17. However, log L(s,x) — log L(1,x) as s — 17 for
non-principal characters y, and by hypothesis, this is a finite limit. It follows that

1 -
lim — a)log L(s, x) = +o0,
Jim, ‘P(Q)Xze:@x” g L(s,x)

so the result follows from Lemma 1.43. [ |

So we want to understand L(1, x) when x is a non-principal character. By paying closer attention to the
above proof, we can control most of our characters y.

Lemma 1.45. Let ¢ be an integer, and set G := (Z/qZ)* for brevity. For each Dirichlet character x
(mod q), let v(x) denote the order of vanishing of L(s, x) at s = 1. Then

> wu(x) <0,
XE@

In other words, at most one non-principal character y has L(1, x) = 0, in which case L(s, x) hasasimple
zeroats = 1.

Proof. The idea here is that Lemma 1.43 has a certainly nonnegative sum on the left-hand side, so not too
many of the L(s, x)s on the right-hand side may be 0, for otherwise the right-hand side would go to —oc.
We make a few quick remarks on v(x). Note Corollary 1.39 implies v(xo) = —1, where g is the principal
character. Additionally, v(x) > 0 for all non-principal characters x by Proposition 1.33, and v(x) is finite
because L(s, x) is not constantly zero by Corollary 1.41.
Thus, for each character x, we may write L(s, x) = (s — 1)*®) Ly (s, x) for some function Ly(s, x) holo-
morphicon {s: Res > 0} with Ly(1, x) # 0. Setting up our application of Lemma 1.43, we see

> log L(s, x) = ( > v(x)> log(s — 1) + < > 1ogLo(s,X)>
xeé XE@ Xe@

for Res > 1. However, we now plug into Lemma 1.43 with a := 1 so that x(a) = 1 for all x, giving

> i - ( > U(X)> log(s — 1) + ﬁ ( ZlogLo(s,x)> + E(s)
XEG

S
Jame P eld)
p=1 (mod q)

xXEG

for Res > 0. As s — 17T, the left-hand side remains nonnegative. On the right-hand side, the middle and
right terms both remain finite, so the left term must also remain finite. However, log(s—1) — —ccass — 17T,
so we must have } v(x) < 0to ensure this term is nonnegative.

We now show the last sentence. Indeed, we have

Z v(x) < —v(xo0) =1,

x€G\{x0}
soat mostone y € G \ {xo} may have v(x) > 0, in which case x has v(x) = 1. |

For example, the above lemma lets us control “complex” characters.

Lemma 1.46. Let ¢ be an integer. If x (mod ¢) is a non-principal Dirichlet character with x # ¥, then
L(1,x) #0.
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Proof. If L(1, x) = 0, then we see

X)L e x(n)
L(l’ X) a sliglJr ns o slig{r ns N L(S’ X) =0
n=1 n=1
But this grants two distinct characters x and ¥ with L(1, x) = L(1,%) = 0, violating Lemma 1.45. ]

Thus, it remains to deal with the “real” non-principal characters x with x = X. This is genuinely difficult, so
we will wait until next class for them.

1.3 January23

Today we finish the proof of Theorem 1.1.

1.3.1 The Dirichlet Convolution

As motivation, we might be interested in the product of two Dirichlet series. Formally, we might write

(£2)(52) S50z
k=1 Zl klfl n=1 kl=n

Of course, we will want to formalize this intuitive argument to give the corresponding series the correct
analytic properties, but we have at least arrived at the correct definition.

Definition 1.47 (Dirichlet convolution). Fix functions f,g: N — C. Then the Dirichlet convolution (f *

g): N — Cis defined by
(f+9)(n)=>_ f(k)g Zf g(n/d).

kl=n

And we may now take products of Dirichlet series.

Proposition 1.48. Fix functions f,g: N — C such that |f(n)],|g(n)| = O (n?) for some o € R. Then
define the series

_Zlfr(l”) _z_:lgfln) z_: f*g

Then D converges absolutely for Re s > o + 1, where it defines a holomorphic function given by D(s) =
F(s)G(s).

Proof. Fix s with Res > o + 1. We show that D(s) converges absolutely and yields D(s) = F(s)G(s), from
which it follows that D(s) is holomorphic over the region by using Proposition 1.2 on F and G. Let F,(s),
G, (s),and D, (s) denote the nth partial sums. Then we see

o= (2 40) (5) - B (oo 2 i

kl=n 1<k £<N

DN(S)

RN (s):=

Thus, the key claimis that Ry (s) — 0as N — oo. The main pointis that k¢ > N requiresk > v/ Nor/ > /N,
so

mors 3 LOLOL (5 BE) (sl (S i) ( 5 )

1<k <N k>N >1 E>1 t>VN
ke>N
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The absolute convergence of F and G at s now causes the right-hand side to be

(51482) v (554 -

as N — oo, so we conclude Ry (s) — 0as N — oc. Thus, we conclude

F(s)G(s) = lim (Fn(s)Gn(s)) = ngnoo Dn(s) + J\;gnoo Rn(s) = D(s).

N —o0

Lastly, we need to show that D(s) actually converges absolutely. Well, we note that we can replace f with
|f| and g with |g| and s with Re s everywhere in the above bounding to show that

- |egtn)| 5= Urlope) _ (5100 (-t

and the right-hand side converges because F'(s) and G(s) converge absolutely. Thus, D(s) converges abso-
lutely. |

(f*g

Example 1.49. Let d(n) denote the number of divisors of n. Then we see

5 > (1x1)(n = d(n
| :Zl( Dy _ i)

n=1

Here, 1: N — Cis the function which constantly returns 1.

We might be interested in an Euler product factorization for a product of two Dirichlet series (as in Propo-
sition 1.4), but this notably requires the relevant functions to be multiplicative. Thus, we now show that the
Dirichlet convolution sends multiplicative functions to multiplicative functions.

Lemma 1.50. Let f, g: N — C be multiplicative functions. Then (f % g): N — C is still multiplicative.

Proof. Letn and m be coprime positive integers. We must show (f*g)(nm) = (f*g)(n)-(f*g)(m). The key
point is that there is a bijection between divisors d | nm and pairs of divisors d,, | n and d,, | m by sending
(dn, dm) to d. We quickly show formally that this is a bijection.

« Well-defined: certainly d,, | nand d,,, | m implies d,,d,, | nm.

« Injective: suppose d,,d,, = d.,d!, ford,,d!, | nand d,,,d,, | m. We showd,, = d,, and d, = d,, follows

m

by symmetry. Well, for each p | n, we see p t m because ged(n,m) =1,sop ¢ dm, ' as well, meaning
Vp(dn) = vp(dndm) = vp(d,,dy,) = vp(dy,)

forallp | n. However, p | d,,, d,, implies p | n, so we see that the prime factorizations of d,, and d., are
the same, so d,, = d,.

» Surjective: for each d | nm, define d,, := ged(d, n) and d,,, := ged(d, m). Certainly d,, | nand d,, | m, so

it remains to show d = d,,d,,,. Well, for each p | n, we see v,(d,,) = v,(d) because d | n; and similarly,
each p | mhas v,(d,,) = v,(m). Because each prime p | nm divides exactly one of n or m, we see that

Vp(dpdm) = vp(dy) + vp(dm) = vp(d)

by doing caseworkonp | norp | m.
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We have written down all of this so that we may compute

(f * = D f(d)g(nm/d)
dlnm
= Zfddmg(; )
dp|n dm|m n m

[

(Clz;lf g(n/dy )(d - )g(m/dp ))

= (fxg)(n) - (f *g)(m).

Here, we have used the multiplicativity at =, noting that d,, | nand d,, | mimplies ged(d,,, d,,) = 1 because
ged(n,m) = 1. |

1.3.2 The Mellin Transform

Inthis subsection, we pick up a few facts about the Mellin transform. Roughly speaking, we are doing Fourier
analysis on the group R™ whose operation is multiplication. As such, the Haar measure is dz/x: for any Borel

set S C Rt anda € RT, we see
[ [l [t
ws  Jg oax  Jga x  Jg oz’

so dx/x is in fact a translation-invariant measure on R™. Anyway, here is our definition of the Mellin trans-
form.

Definition 1.51 (decaying). A function ¢: (0,00) — C is decaying at a rate of («, 3) for real numbers
a < Bifand only if the functions 2% (z) and 2% (x) are bounded.

Example 1.52. If ¢: (0,00) — C has compact support, then ¢ decays at a rate of («, 8) forall« < 5.
Indeed, for any ~, the function 27 (z) is a continuous function supported on a compact set and is thus
bounded.

Definition 1.53 (Mellin transform). Let ¢: (0,00) — C be a continuous function decaying at a rate of
(a, B). Then the Mellin transform is the function M given by

(Mep)(s) = /OOO o(z)z* dr

T

fora < Res < 8.
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Remark 1.54. We quickly check that the integral M¢ (absolutely) converges for « < Res < (. For
each v € {¢, B}, find a constant C,, € R such that |27¢(z)| < C, forallz € (0,00). For our absolute
convergence, we set 0 := Re s € («, 8) and compute

[e’s) d 1 [e’s)
al @ < Cox ot lde + CpxBtoldy
lp(z)z®| 3 ;
0 € 0 1

so both of the right-hand integrals converge because —a +0 —1 > —1and —3 + 0 — 1 < —1. Notably,
this shows that (M) is uniformly bounded by

1 oo
/ Cox~ote0=lgy 4+ / Cg:E*ﬁJrﬁ"*l dx
0 1

whenever o € [, Bo].

Remark 1.55. Fixing some o € (q, 8), let ¢¥(u) == e~ 7“p (e~ *). Provided that ¢ is Schwarz, changing
variables by x = e~ * gives

(M) +2mit) = [ pla)ar 2 2 = [ o) o2 du— (£,

Here is a basic result on the Mellin transform.

Lemma 1.56. Fix a differentiable function ¢: (0,00) — C such that ¢ decays at a rate of («, ). Defining
Y(x) == zp'(x), forany a < Res < 8, the integral defining (M4)(s) converges, and

(M)(s) = —s(Mep)(s).

Proof. This is by integration by parts. Indeed, we compute

M) = [

o °° dx
() s [t
0 0 z
= —s(Mep)(s),
which is what we wanted. Note, z°¢(z) — 0as z — 07 and x — oo because ¢ decays at a rate of («, 8) and
Res € (a, B). [ |

We will need two key properties of the Mellin transform.

Proposition 1.57. Let ¢: (0,00) — C be a continuous function decaying at a rate of («, §).
(@) The function My is holomorphicon {s: a« < Res < 5}.

(b) Suppose that ¢ is infinitely differentiable, and the nth derivatives decays at a rate of (& —n, 5 —n).
Then for any integer A > 0 and [ag, 8] C («, 8), the set

{Is|*(Mp)(s) : g < Res < o}

is bounded.

Proof. These are essentially bounding results.
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(@) We use Proposition A.18. Here, f(s,t) == o(z)z*~!. We will show that M is holomorphic on the
vertical stripU == {s: —ag < Res < By} forany a < ag < By < 3, and the result will follow by taking
the union over all og and .

By hypothesis on ¢, we can find a constant C such that [z%¢(z)| < C and |2?¢(z)| < C for each z. As
such, we define g: (0,00) — R by

Cg—otao—l jfgp <1,
g(t) =

Cx=B+Bo—1 ifgp > 1.

Note [ g(t)dt < oo because —av+ g —1 > —land —f + By — 1 < —1. Thus, we see that z € (0,1]
gives
’@(I)]}Sil’ S Ca:foﬁ»l'{csfl S C’x*aJraoJrl’

and similar for x € (1, 00) comparing with 3y. The result now follows from Proposition A.18.

(b) This follows from Lemma 1.56. Define ¢y = ¢ and ¢, +1(x) = z¢), (x) for each n. By induction, ¢,
decays at a rate of («, 3) for each n, and for each n, we see

[s" (M) (s)] = [(Mepn)(n)]

by Lemma 1.56. However, for each n, we see that (M,,) is uniformly bounded on [ag, Bo] by Re-
mark 1.54, which is what we wanted. [ ]

Remark 1.58. The condition that (™ decay at a rate of (a — n, 8 — n) is essentially requiring that ¢
behave like a polynomial somewhat. These sorts of conditions more or less vanish for sufficiently good
functions; for example, if ¢ is infinitely differentiable and has compact support, then all the derivatives
have compact support, so ("™ always decays at a rate of (a, 3) for all < 3 by Example 1.52.

Theorem 1.59. Let ¢: (0,00) — C be a function such that ¢)(u) = e 7“p (e~*) is Schwarz. For any
o € Randz € (0,00), we have

o+i00
(@) = —— / (Mp)(s)z™* ds.

211 —i0o

Proof. We translate everything to the Fourier setting with Remark 1.55, where Theorem C.10 finishes. Fol-
lowing this outline, we compute

o+1i00
1 (Myp)(s)z™*ds = /(M@(g+2mt)x—a72m dt

211 R

o —100

_ x—a/(]_-w)(t)e%ri(—logx)t dt
R

x~7 - (—logx)
= (),

which is what we wanted. |

1.3.3 Finishing Dirichlet's Theorem

We finish the proof of Theorem 1.1. By Proposition 1.44 and Lemma 1.46, we have left to show L(1,x) # 0
for real characters x. We provide a slick proof of this result.

27



1.3. JANUARY 23 191: ANALYTIC NUMBER THEORY

Lemma 1.60. Let y (mod ¢) be a “real” non-principal Dirichlet character, meaning x = x. We show

Proof. We combine two techniques called “positivity” and “smoothing.” The main point is that L(1,x) =0
implies that the zero of L(s, x) at s = 1 is able to cancel the pole of {(s) as s = 1, implying that the function
C(s)L(s, x) is holomorphicon {s : Res > 0} by combining Propositions 1.33 and 1.36.

Anyway, we divide the proof in three steps.

1. Let's begin with our positivity result. Because we are interested in {(s)L(s, x), we will want to study
the coefficients of this Dirichlet series, which are given by (1 * x) by Proposition 1.48. Note (1 * x) is
multiplicative by Lemma 1.50.

To set up our bounding, we claim that (1 * x)(n) > 0foralln € N,and (1% x) (n?) > 1. Because (1 * x)
is multiplicative, we may write

(Ixx)(n) = (1*x (Hﬁ“”’) [J(t+v <pup(n>) .

pln

Thus, it suffices to show (1 x) (p*) > 0 for each prime-power p*, and (1 x) (p*) > 1 when k is even.
Well, we can compute this directly as

(L) (") =D x(d)=> x@)=>_x(p)"

d|p* v=0 v=0

Now, x(p) = x(p) by hypothesis on x, sobecause |x(p)| = 1 by Remark 1.12, we conclude x(p) € {£1}.
Thus, on one hand, if x(p) = 1, then (1 % x) (p¥) = v + 1 > 1 always. On the other hand, if x(p) = —1,
then (1% x) (p”) is 1 when v is even and 0 if v is odd. The claim follows.

To finish, our positivity claim is that

S e0mz= Y s0@) = Y 1=|vVar| - Vel = (vVE- Va2,

r<n<2zx r<n2<2x Vr<n<y2z

Thus, for = large enough, we see

> 1)) > 3VE

r<n<2x

2. We now apply smoothing Let ¢: (0,00) — (0, 00) be an infinitely differentiable function with support
contained in [0.9,2.1] such that ¢(x) = 1 for x € [1,2]. Then one sees

> et/ )m) = 3 (100 2
n=1

z<n<l2z

Note that this sum is finite because only finitely many n have n/z < 2.1.

We now use the Mellin transform M. Indeed, note that ¢ is decaying at a rate of («, 8) forany a <
B by Remark 1.58. Further, for any ¢ > 0, the function ¢¥/(u) = e~ 7%y (e~*) has compact support
and is infinitely differentiable, so 2*v(“)(x) is continuous of compact support for all k and £ and hence
bounded. Thus, 4 is Schwarz, so we can use Theorem 1.59 to compute

Z (n/z) (1% X)(n) = 5 — Z/:+m ( (s)z® - “*TLX)(”)> ds.

Thus, we see that we would like to exchange the integral and the sum so that we can sum over (1xx) to
finally make {(s)L(s, x) appear. It suffices to show that this iterated “integral” absolutely converges,
so forany o > 0, we may compute

v =18

n=1

* n o+i00
Co00 o= [ o1 o)) ds

—100

(Mep)(s)z -
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by Proposition 1.48. To bound this, we see |2*| < zR¢* = 27 and
S 1 1
L0 <0+ 2ol (27 + 7 ) = Cola o)l
o [1—0| o
by Remarks 1.34 and 1.37, where Cy(q, o) is some constant. Thus,

o+i00

I, (2) < Colg, 0)2* / (IM)(3)] (02 + (Im 5)2) ds.

o—100

However, by Proposition 1.57 (and Remark 1.58), there is C'such that |( M) (s)| < C|s|™ < C(Ims)~*
on the vertical strip of interest, so we bound

I(x) 77t (02 + (Ims)?) } 7Fi (g2 4+ (Im s)?) )
Co(g,0)z* =C (/owo (Im 5)* ! > e </U+z (Im 5)* ! >

+ </U2+i(|Ms0)(S) (0* + (Ims)?) dS) :

The integrals on the top row are finite by direct computation (they are improper integrals avoiding 0

of decaying on the order of 72 or faster), and the bottom integral is finite because it is a finite integral
of a continuous function. We conclude that I(x) converges, so we have absolute convergence.

In fact, the entire right-hand side of the above bound is merely some function of o, so we have actually
shown that

o+i00
/ (M) ()2° - C(5)L(s,x)| ds < Clg, o)z (1.1)

—100

for some constant C(q, o).

3. Anyway, we now know we can write

1 1 24100
- < — s L
VPS5 [ (MO )L ds
D(s)
by exchanging the sum and the integral and using Proposition 1.48. In order to use (1.1), we would
like to push the vertical line left from Re s = 2 to Re s = 1/3 (for example).

We will be allowed to do this by Cauchy’s theorem because the function D(s) = (M)(s)z*¢(s)L(s, X)
is holomorphic on {s : Res > 0}. Indeed, the only possible pole among these functions is the pole of
order 1 at s = 1for {(s), but L(s, x) has a zero there by assumption and thus cancels this out!

We now apply Cauchy's theorem. Forany T' > 0, we see

1/3+iT 2+4+4T 2+41T 2—iT
/ D@%—/ zmmsg/ |mmw+/ \D(s)| ds.
1 2 1

/3—iT —iT /3+iT 1/3—iT

We would like to show that this right-hand side vanishes as T — co. Because the length of each of
these pathsis finite, it suffices to show that | D(s)| vanishes asIm s — oo on these paths. Well, utilizing
our bounds from before, we see

|D(s)| < [(M)(s)] - 2* - Co(a, 0) (4 + (Ims)?) .
Because (My)(s) is rapidly decaying as Im s — oo (recall Proposition 1.57), we see that this indeed
goestoOasIms — oo.

In total, we see
1 p2Hice 1 1/3+ic0 ,
/ D(s)ds = D(s)ds < C(q,1/3)z!/3,
2

—ico 2m 1/3—ic0

1
g\/ES

2mi

where we have used (1.1) at the end. However, for z large enough, this is impossible: z'/2~1/3 — oo
as ¢ — oo. So we have hit our contradiction. [ ]
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Remark 1.61. The product ((s)L(s, x) is the Dedekind ¢-function associated to a real quadratic field.

1.3.4 A Little on Quadratic Forms

To say something in the direction of Dirichlet’s class number formula, we discuss quadratic forms. In par-
ticular, we will discuss the reduction theory, which shows that there are finitely many classes of binary
quadratic forms of given discriminant.

Definition 1.62 (binary quadratic form). A binary quadratic formis afunction f: Z? — Zwhere f(z,y) ==
ax? + bry + cy? where a, b, ¢ € Z. If ged(a, b, c) = 1, then we call the quadratic form primitive.

Itis a problem of classical interest to determine when a quadratic form achieves a particular integer.
Itis another problem of classicalinterest to count the number of binary quadratic forms. However, some
binary quadratic forms are “the same,” in the sense that they are just a variable change away.

Example 1.63. The quadratic forms 2% + 23 and 3% + 2y y» + 2y3 are roughly the same by the change of
variables given by
(y1,92) = (1 — 22, 22).

To define this correctly, we define a group action on the set of quadratic forms.

Lemma 1.64. Let Q be the set of binary quadratic forms. Then SL(Z) acts on the set of binary quadratic
forms by

(v-f)=Ffor7l,
where f € Q and v € SLy(Z).

Proof. We have the following checks.

« Identity: note (id - f) = foid ™' = foid = f.

» Composition: note ((v) - f) = fo (7))t = fo () T oyt =7 (v /). u
Definition 1.65 (equivalent). Two binary quadratic forms fi, fo: Z? — Z are equivalent if and only if f;
and f5 live in the same orbit under the SLy(Z)-action. In other words, f; and f, are equivalent if and

only if there exists v € SLa(Z) such that
fi=Jfaon.

Note that this is in fact an equivalence relation because the orbits of a group action form a partition.

Remark 1.66. For a binary quadratic form f(x,y) := ax? + bxy + cy?, note that

f(v) = ax® + bry + cy? = [x y] {b?QM:_b{:Q} B] = vTMv

forany v = (z,y) € Z2. In fact, this symmetric matrix M is unique to f: if vTMv = vTM’v for all
v = (z,y) € Z?, then writing M = (a,;) and M’ = (aj;), we see

2 / r2 / ’ o2
a112% + 2a102y + a2y = vTMv = vTM'v = a}; 22 + 2a),2y + ahyy®.

Pluggingin (z,y) € {(1,0),(0,1),(1,1)} shows M = M".
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Remark 1.67. Associate a binary quadratic form f the matrix M as in Remark 1.66. Thus, forany v €
SLs(Z),

(v-HE) =F (") = () My e =0T (Y TMy ) v,
so we can associate v - f to the matrix y~TM~~1. (Notably, this is still a symmetric matrix!) This allows
for relatively easy computation of v - f.

So we would like to count the number of quadratic forms, up to equivalence. However, we will soon see that
there are still infinitely many of equivalence classes, so we will want some stronger invariant to distinguish
between them.

Definition 1.68 (discriminant). The discriminant of the binary quadratic form f(z,y) = ax? + bzy + cy?
is given by disc f := b? — 4ac. The number of equivalence classes of quadratic forms of discriminant d is
notated by h(—d).

Remark 1.69. By definition, note that the discriminant of the binary quadratic form f is 4 det M, where
M is the matrix associated to f asin Remark 1.66. Using Remark 1.67, we see that the discriminant of
~ - fis thus

ddet (yT) det(M)det (1) = 4det M

forany y € SLy(Z).

Remark 1.69 shows that the discriminant is invariant to equivalence class. Thus, for example, foreach d € Z,
we set
fd(xa y) = d'ry

so that disc f = d?. Now letting d vary of Z, we see that there are infinitely many equivalence classes of
quadratic forms.
But once we bound our discriminant, there will be finitely many quadratic forms. Here is our goal.

| Theorem 1.70. Let d < 0 be an integer. Then h(d) is finite.

Remark 1.71. It is also true that 2(d) is finite when d > 0, but we will not show it here.

1.3.5 The Upper-Half Plane

To show Theorem 1.70, we will want to relate the action of SLy(Z) on quadratic forms with the action of
SLy(R) onH := {z € C : Im z > 0} given by

a b Z._az—l—b
c d|77 ez4d

Here are some checks on this action.

Lemma1.72. Let H := {z € C : Im z > 0} denote the upper-half plane.
(@) The group SL2(R) acts on H by

a b Z__az—|—b
c d|7 7 ez4d

(b) The orbit of i € Hunder SLy(R) is all of H.

(c) The stabilizer of i € His SO5(R), the group of rotations.
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Proof. We show the parts one at a time.
(a) To begin, we show that the action is well-defined: given z with z € H, we need to show that v -z ¢ H
forany v € SL2(R). Well, giving coefficients to v, we compute
L_fa b, _az+ b (az+0b)(cz+d)  (aclz|* + bd) + (adz + bez)
7 c d” ez4d lez 4 dJ? B |z + d|?
To check « - z € H, we must check that the imaginary part here is positive. Well, we see
(ad — be) Im(2) Im(z)
Im(y - 2) = _
m(y-2) lcz + d|? lcz 4+ d|?’

where the last equality is because det v = 1.
We now run our checks to have a group action.

« ldentity: we compute
1 0] z+0
0 11" 041
« Composition: we compute
a bl (ld ¥V _Ja bl dz+?
c d c d'z_cdc’erd’

! /
a.az-i-b +b

_ c'z+d’

e gET

_ald'z+)+b(c'z+d)

Ccldz+ V) +d(dz+d)
aa’ +bc)z + (ab’ + bd')
ca' +dc)z + (cb + dd")

_(
— (
aa’ +bc  ab’ + bd’
[ca +dcd b + dd’} i

=( 4o o))

(b) Giving coefficients to some v € SLa(Z), we use the computation in (a) to see

i fa 0], (acli]* + bd) + (adi + bei)  (ac + bd) + (ad — be)i  (ac + bd) + i
T e d)' T |ci + d|? N 2 +d? 2 a2

Thus, forany a + bi € H, we see

{\/E a/\[} _a/b+i s b

0 1/vb)" 1/b
so the orbit of 7 is indeed all of H.

(c) Usingthe computation of (b), we see thaty-i = 7if and only if the usual coefficients of v have ac+bd = 0
and ¢ + d? = 1. Thus, we see that any 6 € [0, 27) will give

cosf —sinf| . .
sin cosf | "

because (cos 6)(sin 0) + (cos §) (— sin §) = 0and (cos 0)?+ (sin §)? = 1. It follows that SO»(R) is certainly

contained in the stabilizer of 4.

Conversely, suppose v stabilizes i and has the usual coefficients. Note that the pair (¢, d) with 2 +d? =
1 has a unique 6 € [0, 27) such that ¢ = sinf and d = cos . To solve for a and b, we divide our work in

two cases.
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o If ¢ # 0, then we see a = —bd/c. Further, ad — bc = 1, so we see —bd?/c — be = 1, which gives

1 _ c
d/ct+c  2+d?

b= = —c= —sin6.

Thus, we see a = —bd/c = d = cos 6. Plugging everything in, we see v € SO3(R).
e Ifc = 0,thend # 0, so we see b = —ac/d. Thus, ad — bc = 1, so we see ad + ac?/d = 1, which
gives
1 d

— = :d: 9.
“TdtJd T Er & o8

Thus, we see b = —ac/d = —c = —sin §. Plugging everything in, we again see v € SO5(R).

The above cases complete the proof. |

Remark 1.73. Parts (b) and (c) of Lemma 1.72 roughly show

SLa(R)

=~ H.
SO2(R)

Next class we will discuss how to build a fundamental domain for the induced action of SLy(Z) C SLy(R) on
H.

1.4 January 25

Today we continue discussing quadratic forms.

1.4.1 A Fundamental Domain

Recall from Remark 1.73 that
SL»(Z)

SO,(R) — H.

Now, SL2(Z) C SLy(R) has a natural action on H; this is a “discrete subgroup,” so one might say that the
action is discrete. (Concretely, we can see that the orbit of any z € H under the action of SLy(Z) is a discrete
set.) We will be interested in afundamentaldomain for the action of SL»(Z) on H. Hereisan example.

Proposition 1.74. Define the subset
D={zeH:|z|>1,-1/2<Rez<1/2}U{ze€H:|z|]=1,-1/2 <Rez < 0}.

Then D is a fundamental domain for the action of SLy(Z) on H. In other words, for each z € H, there
exists a unique zy € H such that there exists v € SLo(Z) such that z = 7 - 2.

Proof. Omitted. Roughly speaking, one has to show that SL2(Z) is generated by the elements

0 1 1 1
S = [_1 O] and T := {0 O}

Then one can use 7' to push all elements of Hto {z € H: —1 < Rez < 1} and use S to push what's left over
to S. We refer to [Ser12] for details. [ ]
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1.4.2 Gauss Reduced Forms

We now use Proposition 1.74 for fun and profit.

Theorem 1.70. Let d < 0 be an integer. Then h(d) is finite.

Proof. Roughly speaking, aquadraticform f(z,y) := az?+bxy+cz? wherea, ¢ > 0 without loss of generality,
we can study f(x, 1) to have a root

b+ Vb2 —dac  —b+Vd

- 2a 2a

Now, in our case of interest, we have d < 0, so this describes an element of H. (There is also a negative root,
but we focus on z;.) In fact, one can check that 2z, = yz¢, which is how we relate quadratic forms to H.

In fact, by Proposition 1.74, we know there is some ~f such that z,; € D. The point here is that the
number of quadratic forms up to equivalence is bounded above by the number of points in D with imaginary
part \/]d|. For example, the condition |z;| > 1 implies that

b2 —d _c

402  a’
so a < c. Further, the condition —1/2 < Rez < 1/2 implies |b| < 2a. Thus, we are counting the number of
triples (a, b, ¢) with a,c > 0 such that b*> — 4ac = d and |b| < a < ¢, which we can see immediately is finite.
Indeed, b? < d, so there are only finitely many possible b, but then for each b, we see 4ac = b? — d, so there
are only finitely many possible a and c. |

Remark 1.75. A quadratic form satisfying the above conditions on a, b, cis called “Gauss reduced.”

1.4.3 Dirichlet’s Class Number Formula

We take a moment to record Dirichlet’s class number formula for completeness, though we will not prove
it.

Theorem 1.76 (class number formula). Let d be a “fundamental discriminant,” meaning that d = 1
(mod 4) and is squarefree or d = 4q where ¢ = 2,3 (mod 4) and is squarefree. Let x4 = (£) be the
Kronecker symbol.

(@) Ifd <0,

wd|d|1/2

h(d) = - L(1, Xa),

where wyg = 2ifd < —4andwy = 4ifd = —r and wy = 6 if d = —3. (Namely, wy is the number of
roots of unity in Q(v/d).)

(b) Ifd > 0, then
h(d)logeq = |d|**L(1, xa),

where ¢4 is a fundamental unit for OQ(ﬂ). (Namely, e4 = (to + ugv/d)/2 yields the least positive
solution to t3 — du? = 4.)

The point behind the fundamental discriminant is that disc Og(vay = d-

Remark 1.77. The interested should now be able to do the first part of the first problem set.
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THEME 2
THE (-FUNCTION

Combinatorics is an honest subject. No adéles, no sigma-algebras.
You count balls in a box, and you either have the right number or you
haven't.

—Gian-Carlo Rota, [Rot85]

2.1 January 25

We now shift gears and move towards the Prime number theorem. Today, we begin by discussing Riemann's
original paper on the topic.

Remark2.1. For the rest of this course, any sum or product over an unnamed p will be a sum over primes.

2.1.1 The Statement

So far we have established the following facts about (.

« By Corollary 1.5, for Re s > 1, there is an Euler product factorization

n=1

y4

» By Proposition 1.36, there is a meromorphic continuation of {(s) to Res > 1, where {(s) is analytic
everywhere except for a pole of order 1 at s = 1.

Roughly speaking, we will show the Prime number theorem by being able to study ¢’(s)/¢(s) = < log {(s).
Let’s establish some notation.
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Definition 2.2. For z € R, we define the following functions.

m(z) = Z 1,

p<z

9(z) = _logp,

p<z
{logp if n = p” forv ¢ Z+,

A =
() 0 else,

P(x) = A(n).

n<x
Quickly, we note that the prime-powers we have included in A(n) and ¢(x) don't actually matter.

Lemma 2.3. For any x > 2, we have

b(x) = 0(x) + O (Va(log)?)

Proof. Note
P(x) =Y An) = ( > 10gp>~
n<zx k=1 \prk<z

Now, note k > log, = implies that p* > 2% > x for all primes p, so we only need to sum up to log, x. As such,
we upper-bound the &k > 1 sum as

log, x
JVi(log z)?

Z ( Z 10gp> < |logyz — 1]+ Z log(Vz)| < W.

k=2 \pk<z n<Va
Adding the £ = 1 sum back in, we see that

U(@) =) logp+ 0 (Va(loga)?),
p<z

which is what we wanted. [ |

Remark 2.4. Doing logarithmic differentiation, one finds

d _ () A
£(—10g<-(8)) - _C(S) _ngl ns 0

This explains why 1) is a “better” prime-counting function than .

Now, here is our statement.

Theorem 2.5 (Prime number). We have 7(x) ~ z/logz as z — oo.
Here is why we mentioned ¥ and 1.

Lemma 2.6. Define g(z) :== d(x) — z. Then
c1 2 | g(=) / v g
= dt dt
m(@) /2 logt + log 2 + log = + 5 t(logt)?
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Proof. This is summation by parts. Let a,, = logn be 1 if n is prime and 0 otherwise so that the partial sum
up to x of a,, is given by ¥(z). Further, let f(n) :=1/lognifn > 1and0atn = 1. Then Theorem 1.29 tells us

m(x) =Y anf(n)

n<x

— o)) - [ o o
oz vt g(z) “ ()
~ logx +/2 t(logt)? dt + log = +/2 t(logt)? dt

1 2 g(@) /‘ g(t)
= dt dt
/2 logt + log 2 + log = * 5 t(logt)2

which is what we wanted. [ |

Proposition 2.7. The following are equivalent.
(@) 7(z) ~ z/logxzasx — oco.
(b) ¥(x) ~xasx — oo.

(c) Y(x) ~zasxz — oo.

Proof. By Lemma 2.3, we see

9w) _¥@) _ g (+722(10g2)?) = 0(1),

X X
so
lim M = lim M
provided that either limit exists. The equivalence of (b) and (c) follows.
We now show that (a) and (b) are equivalent to finish.

)

« Showing (a) implies (b) is by summation by parts. Let a,, denote the prime indicator at n so that the
partialsum up to z is (). Further, define f(z) := log « forz > 1and 0 otherwise. Thus, Theorem 1.29

implies
d(w) =Y anf(n)
—r(@)f@) - [ w1 O
=n(z)logx — /; @dt7
so

o) o) L,
2 0 '

x z/logx =z

Given 7(z) ~ z/log x, the main term here has w(x)/(z/logx) — 1 as x — oo, so we have left to show
that the right term vanishes. Well, |7 (x)/(z/logz)| — 1as ax — oo implies that this function has a
maximum on [2, o), so we let M denote the maximum. Thus,

/”(t)dt‘gM/ logt v
2 1 2

To finish, we use L'Hépital’s rule to note

M [Flogt/tdt
lim fzo—g/ = lim Mlogx

T—00 x T—>00 X

=0.
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« Showing (b) implies (a) follows from Lemma 2.6. Indeed, note

71/ logtdt v
n(x) _ Jp 1/logtdt  g() +1°gx/ 9 . (2.1)
z/logx x/logx x x  Jo t(logt)?

where g(z) := 6(x) — z. Using L'Hopital’s rule, the main term has

; 1/ logtdt 1/1 1
i J2 1/logtdt [logz -l —— =1
z—oo  zx/logx e—oc (logz —1)/(logx)?  a—oc1l—1/logx

It remains to show that everything else on the right-hand side of (2.1) vanishes. We are given g(z) /z —
0 as z — oo, so we have nothing to worry about there. For the last term, g(x)/z — 0 implies that we
can choose N so that z > N enforces |g(x)| < 2z, meaning

c 9 /N 9(t) /I 1
<
/2 t(logt)? dt‘ ~ /2 t(logt)? "y (logt)? o
The left term is constant so vanishes as & — oo when multiplied through by log z/2z. The right term
will also vanish similarly: by L'Hopital's rule, we see

dt 2
lim M lim 1/(log ) = lim —— =
z—oo  x/logx e—oo (logz —1)/(logz)? a—oclogz —1
This completes the proof. |

2.1.2 Poisson Summation

Starting with the easier parts of Riemann’s paper, we will show the functional equation for ((s). For this,
we use the Poisson summation formula.

Theorem 2.8 (Poisson summation). Let f: R — C be a Schwarz function. Then

Yo )= (FH),

nez neZ

and both sums converge absolutely.

Proof. Consider the function

= flatn).

ne”Z
The point is to compute the Fourier series of F': R — C. Thus, we divide the proof into steps.
1. Note that F'is continuous. Indeed, we will essentially see that the series (absolutely) converges uni-
formly on compact sets: let Fy denote the Nth partial sum, where N > 1. Thus, to show that F'is
continuous on some closed interval [a, b], it suffices to show that Fy — F uniformly on [a, b] because

each Fy is continuous. This will be enough because each x € R is contained in some closed interval
[ — 1,2 + 1], so Fis continuous at each z € R.

Before doing anything, note x € [a, b] implies |x| < m where m := max{|al|, |b|}, so we willtake N > 2m
throughout. Now, the Schwartz condition on f lets us find a constant C' € R such that |22 f(z)| < C,

SO
|F(z) — Fn (2 |<Z|fm+n|<202 Hn)

[n|>N [n|>N

The sum now splits into

1 1 1
[F{z) <2 Grp ngz(m—xvﬂnwv)'

n<— n>N

38



2.1. JANUARY 25 191: ANALYTIC NUMBER THEORY

The summand is now decreasing in n, so we may upper-bound this by the integral test, writing

> 1 1 1 1
|F(x)—FN($)§/N1((t_x)2+(t+x)z) dt = Q(N_l_x)+2(N—1+x)’

which does vanish as N — oo.

As an aside, note that the above bounding has also shown that the series F'(z) absolutely converges
because we showedthat } -, . v | f(z+n)| converges for some N depending on z (though this depen-
dency is irrelevant here).

2. Note F'is 1-periodic because rearranging the sum gives

F(x+1):2f(x+n+1):2f(x+n):F(x).

nez neZ

3. The next step is compute the Fourier coefficients of F, which for somen € Zis

an(F) = /0 (Zf(x + k)e_%im’) dzx.

keZ

We would like to exchange the integral and the sum, so we check the absolute convergence as

1 o 1
/0<Z|f(a:+k)e |>dw—/0 (Z|f(:c+k)|>d:c.

kEZ keZ

Now, we showed that the seriesz — 7, , | f(x+k)| converges uniformly on compact closed intervals
[a, b], so it defines a continuous function on the closed interval [0, 1], so this integral converges. As such,
we may now apply Fubini’s theorem to get

1 k+1 [
an(F) = /O fla+k)e ™ dy =y /k f(z)e™ 2™ gy = /_ . f(x)e™ 2™ dz = (Ff)(n).

kEZ kezZ

4. We would like to build the Fourier series using Theorem C.20, but for this we must show that Sg
converges absolutely and uniformly. Well, by Lemma C.6, we see that n # 0 have

L (Fm) = — s (FI0).

—472n?

(Ff)(n) =

2min

Now, (Ff”) is bounded by Remark C.5, so find M such that |(Ff”)(s)| < M for all s. Checking the
absolute and uniform convergence, we see N > 0 lets us upper-bound

S fanpyetnne M xn 1M 1M 1 o
" ~ 42 n2  4n? n2  4n2 [y x2 ~  4n2N’
In|>N |n|>N n>N

which does vanish as N — oo.

5. The previous step gives our absolute and uniform convergence, so Theorem C.20 tells us

Z fle+n)=F(x) = Z an(F)eQ“i"I — Z(]:f)(n)ef%m‘nx

nez neEZ nez

forall z € R. Setting © = 0 completes the proof. [ |
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Example 2.9. Let f be a Schwarz function, and define f,(t) := f(tx) forany 2 > 0. Then (Ff;)(s) =
L(Ff) (£), so Theorem 2.8 yields

S fa) =3 folm) = S (FA)m) = = S (F /)

nez nez nez nez

foranyz > 0.
Here is the most common way we will use Theorem 2.8, which is in the form Example 2.9.

Corollary 2.10. Fixsome ¢ > 0 and « € R. Then

. 1 2
Z efrrn2t727rzna - Z e*ﬂ'(n+o¢) /t
\/1? )

nez neZ

and both sums converge absolutely.

Proof. Set f(x) := e~ ™®’t=2mize | particular, we note that the Gaussian g(z) = e~ is Schwarz with
Fourier transform (Fg)(s) = g(s) by Exercise C.7, so f(z) = g(v/tx)e 2@ is a Schwarz function with

Fourier transform
1

F1)) = )

S+«

ﬁ)%e

77T(S+O()2/t.

Thus, by Theorem 2.8, we have
—mn?t—2mina 1 —7(s+a)? 1 —7(s+a)?
Ze t-2 :Zf(n):Z(]?f)(n):Z%e <+>/t:%26 (s+a)?/t
nez neZ neZ neEZ neEZ

and all sums converge absolutely. |

2.2 January27

We began class finishing the proof of Theorem 2.8. | have edited directly into that proof for continuity.

2.2.1 An Abstract Functional Equation

We now use Theorem 2.8 in order to show the functional equation for ¢, which provides us with its mero-
morphic continuation.

There is a usual functional equation, but we will take a moment to point out that there is nothing par-
ticularly special about the functional equation we are about to construct. Indeed, we can build a family of
functional equations as follows.

Proposition 2.11. Call a Schwarz function f: R — R “slow” if and only if the function

Si(e) =Y flna)

nez

is defined on (0, 00) and decays at a rate of (a, 3) forall0 < « < S. If fis slow, then I(f, s) :== (MS¢)(s)
converges absolutely to a holomorphic function on {s : Re s > 0}. In fact, if F f is also slow, then

I(]:f,l—S):I(f,S)

for0 < Res < 1.
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Proof. The second sentence follows from Proposition 1.57.
It remains to show the last sentence. By Example 2.9, we see

S ) = = SF /)

ne”Z neZ

forany z > 0. It follows that

9= [T (S}
0 nez
I e 1 dz
[ (geen)
=/OO< (Ff) nar))a:lsdx
0 nez x
= I(]:fv 1- S),
which is what we wanted. [ ]

Corollary 2.12. Continue in the context of Proposition 2.11, but further assume that the (double) inte-
grals I(f,s) and I(F f, s) both absolutely converge for Re s > 0. Then

C(s)MS)(s) = MFF)(1 = 5)¢(1 = s).

Proof. Because the (double) integral I(f, s) absolutely converges, we may use Fubini’s theorem to write

=23 (i [ 1)
= 2¢(s)(Mf)(s),

Note at = we have assumed that f(0) = 0, which holds because S;(x) converges absolutely. (Indeed, if
f1(0)] > 0, thenas z — 0", we would have Sy (z) diverge: we may say | f(z)| > |f(0)]/2 for |z| < §, but then
the absolute sum is bounded below by n|f(0)|/2 at z = §/n.) To finish, we plug into the functional equation
of Proposition 2.11. |

Remark 2.13. We could spend time searching for a function f satisfying all of our various hypotheses,
but we are about to show a more concrete functional equation, so there is little point.

2.2.2 Factsaboutl’

In this subsection, we will collect a few facts about " which will be helpful shortly. We will loosely follow
[Taol4, Section 1].
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Definition 2.14. For Re s > 0, we define

o0 dt
I'(s) = / et —.
0 t

Remark 2.15. In some sense, T is a continuous version of a Gauss sum: it's an integral of an additive
character multiplied by a multiplicative character, over a suitable Haar measure.

Remark 2.16. Define f: [0,00) — R by f(t) := e ! so that ' = M f by definition. Notably, forany ¢ > 0,
the function t — t°f(t) is bounded on [0, 00) because

lim £€f(1) = lim = =0

e (8) = et
(Explicitly, find N such that [t°f(t)| < 1forany z > N; forz < N, note ¢t — t°f(t) has a maximum on
the compact set [0, NV].) Thus, f decays at a rate of (a, 8) forany 0 < a < 3, so Proposition 1.57 implies
that I' converges absolutely and is a holomorphic function on {s : Re s > 0} by taking the union over all
such (a, ).

Remark 2.16 assures us that I" is holomorphic on Re s > 0, but we quickly note that we can provide I with a
meromorphic continuation to the left, at the cost of some poles.

Lemma 2.17. Forany Res > 0, we have I'(s + 1) = sI'(s).

Proof. This is integration by parts. Indeed, we compute
o0
I(s+1) :/ e H5 dt
0

oo [e’e)
+ / e tst T dt
0 0

o0 dt
:O+s/ e tts =
O t

= sI'(s),

— _e—tts

which is what we wanted. ]

Example 2.18. For any positive integer n, applying Lemma 2.17 inductively yields
F'n)=n—-1)T'(n—-1)=mn-1)(n-2)'n—-2)=---=(n—1)IT(1).

Notably, I'(1) = [,~ e~*dt = 1, so we see T'(n) = (n — 1)! for any positive integer n.

Remark 2.19. We now describe how to (inductively) continue I" using Lemma 2.17. Fix some n € N and

setU, ={s:Res > —n,—s ¢ Z>¢}. Then we define I, .= U,, — C by

I(s+mn)
(s+1)(s+2)---(s+n—1)

T.(s) = .

Because I' is holomorphic on Res > 0, we see I',, is holomorphic on U,,. Further, Lemma 2.17 implies
thatT',,(s) = I'(s) forRe s > 0, so we have indeed defined a continuation of I'. Sending n — oo provides
our meromorphic continuation of I" to all of C.
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Remark 2.19 is in some sense analogous to defining a continuation for ¢(s) to all of C using the repeated
integration by parts mentioned in Remark 1.38. However, just as with ¢, there is a “functional equation”
for T' which does not require the sort of inductive arguments of Remark 2.19. We begin by upgrading
Lemma 2.17.

Lemma 2.20. For any s, so € C such that Re s;, Re sy > 0, we have

I(s1+ 82)/0 w1 — u)*2 7 du = T(s1)T(s2).

Proof. Remark 2.16 tells us that the integral defining I" converges absolutely, so Fubini's theorem lets us
write

r(sl)F(SQ):/ / e~titepsim s b gy it
0 0

We would like to combine the t; and ¢2 into a single t. Thus, we sett; = utandts = (1 —w)tforu € [0, 1] and
t € (0,00]. More precisely, for t1,t3 > 0, we have u = t1/(t2 + t1) and ¢t = 1 + t2, which makes our Jacobian

e ([ 200) a1, " ])

1 00
T(s1)T(s2) = / / elrortsa—lysi=l(1 _y)%2= 1 dtdu.
o Jo

This still absolutely converges (indeed, we can just change coordinates back to dt;dts to see this), so a last
application of Fubini's theorem reveals

1 1 1
L(s1)T(s2) = (/ w1 — )t du) </ etgsrtsa—l dt> =T(s1 + 52)/ w1 — )27 du,
0 0 0

which is what we wanted. ]

Thus,

Remark 2.21. Because I'(1) = 1 and f01 u® du = 1 for Res > 0, we see Lemma 2.20 implies

1
[(s) =T(s)I'(1) =T(s+ 1)/0 u® du = éF(s +1),

thus recovering Lemma 2.17.

Proposition 2.22 (Functional equation for I'). For any s with 0 < Re s < 1, we have

T(s)[(1—s) = —

sin(ms)’

Proof. By Lemma 2.20, we see

I‘(s)l“(l—s):I‘(l)/olus_l(l—u)_sdu:/Ol(l—u)( u )H du.

1—wu

As such, we have reduced to compute some integral. This is done via contour integration. Thus, we set

t= g =1, — lsothatu = ;{7 and dt = ;=57 du = (1 +t)* du, which gives

o8] tsfl

L(s)[(1—s) = /0 1 dt.
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We are now ready to use contour integration. Being careful, the function ¢ ~ t*~! is given a meromorphic
continuation to C \ R>g by t — exp((s — 1) logt), where log ¢ has a branch cut at R>¢; explicitly, Im(log t) €
[0, 27). Now, for fixed R, e with R > 1 > ¢ > 0, draw the following contour +, split into four pieces.

A

R 4!

Y

\J

V3

Notably, the function f(z) := 2571 /(1 + z) is meromorphic on C \ Rx( with a single simple pole at z = —1,
with residue (—1)*~! = ¢™(s~1), Thus, the Residue theorem yields

1 ) .
mﬁf(z) dz = eﬂ'z(s—l) — _is
because z = —1 lies within the interior of v. We now compute the integral f7 f(2)dz on each of the ;

independently.

» Fori e {1,3}, we compute

B\i(t+ei)s!
/% f(z)dz = /0 T (£dt),

where \; = 1 (and we use +) ifi = 1,and \; = 2™ (5=1) = ¢27is (3nd we use —) if i = 3. Now, for each

e €(0,1), we see

(t+ 1)Res—1
1+t

)

(t £ei)s~!
1+ (t+ i)

and the right-hand function has finite integral over [0, R] because Re s > 0. Thus, we may apply the
Dominated convergence theorem to see that sending ¢ — 07 tells us that

R 4s—1 o0 4s—1
t t
lim lim / f(z)dz = lim i)\i/ dt:i)\i/ dt.
R—ooe—0t [, R—00 o 141 o 141

[Y2 f(z)dz

To compute this maximum, we use the fact that |z| = R > 1 to see

+ On 2, we bound

<27R- max [f(2)].

Z€im 2

zs—l RRcs—l
142z~ R-1"
=0 R Res—1
2w R™es 2w R7es—
f(z)dz‘ < = .
v R—-1 1-1/R

Sending R — oo has this integral go to 0/1 because Re s < 1.
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/74 £(2)dz

To compute this maximum, we use the fact that |z| = & < 1to see

« On g, we bound

< me- max |f(z)].

zZEe1m g

2571

<
1+2z|~

Res—1

1—¢’

9

SO

<

Mf(z)dz T

Sending e — 0T has this integral go to 0/1 because Re s > 0.

Combining the above integrals, we see

) . e ] tsfl
—9rie™s — dz = (1 — 2mis / dt
mie ﬁ f(z)dz = (1—€™) 1T

upon sending e — 0T and then R — co. Rearranging,

o] ts—l

—2mie™s T T
(s)0( = 3) /0 1+t 7 T T—e2mis  (emis —emin) /(2)  sin(ms)’

which is what we wanted. ]

Example 2.23. Plugging in s = 1/2 into Proposition 2.22, we see I'(1/2)? = 7. However, the definition
of I" surely has T'(1/2) > 0, so we must have I'(1/2) = /7.

Corollary 2.24. The function I" has a meromorphic continuation to all C, and I" has no zeroes. The only

poles are simple poles occurring at all nonpositive integers, and the residue of the pole at —nis (—1)"™/n!
for each positive integer n.

Proof. For completeness, we use the functional equation to produce an analytic continuation. Let Z be the
zeroes of I'in {s : Res > 0}, which we know is an isolated set because I is a nonconstant holomorphic
function. Now, define U :=C\ (Z<o U {s:1—s € Z}), and define a function U — C by

I'(s) if Res > 0,
7/(T(1 — s)sin(ws)) if Res < 1.

Note Proposition 2.22 tells us that this function is well-defined on the overlapping region {s : 0 < Res < 1}.
Thus, gluing these meromorphic functions together, we define a single meromorphic functionT": U — C.
It remains to show the other listed properties of I". Note that I'(s + 1) = sI'(s) holds on {s : Res > 0}

and hence everywhere by analytic continuation. Thus, for the residue computation, we fix some nonnegative
integer n and write
I'(s — 1 T 1 I'(1
limsF(s—n):limM:~':hm sT(s+1) = W) .
5—0 =0 (s—mn) =0 (s—n)(s—n+1)---(s=1)(s) (=1)"n!
Thus, T" has a pole of residue (—1)™/n! at —n for each nonnegative integer n.

Lastly, we show that T" has no zeroes. Note I" has no zeroes on the positive integers by Example 2.18,
and I"isn't even defined on the nonpositive integers, so I" has no zeroes on Z. Additionally, we note that we
surely have an analytic continuation of I by C \ Z<, by Remark 2.19. Thus, we see each s € C\ Z< has
1 —s € C\ Z<y, thus giving

[(s)[(1 — s) = Sm(%s) £0,

which forces I'(s) # 0. (Note this functional equation extends from {s : 0 < Res < 1} toall C\ Z by
uniqueness of analytic continuation.) |
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Remark 2.25. Corollary 2.24 tells us that 1/T'(s) is an entire function. Indeed, the poles of I" becomes
0s, and I" has no zeroes to become poles! Notably, Corollary 2.24 tells us that 1/T'(s) is entire with only
simple zeroes at the nonpositive integers n.

While we're here, we give another application of Lemma 2.20.

Proposition 2.26. For any s € C \ Z<(, we have

r (g) r (S JQF 1) — /m2l=T(s).

Proof. Bythe uniqueness of analytic continuation, it suffices to show thisfor0 < Res < 1. Now Lemma 2.20
lets us write

r (%) r (%) — /01 u871(1 - u)571 du

_/1 1+¢ s/2—1 1+t 8/2_1ﬁ
)\ 2 2 2

—— [ =) ar

_ 1 /1 u1/2—1(1 )5/2—1 dt
9s—1 0

_ 1 TE(E)
92s—1 T (SJer)

By Corollary 2.24,T'(s/2) # 0 for all s, so we may rearrange the above into

r (g) r (S;1> —T (;) 2151 (s).

Plugging inT'(1/2) = /x from Example 2.23 completes the proof. ]

2.2.3 BoundsonT

While T'is still fresh in our mind, we will prove a few bounds about it. We continue to roughly follow [Tao14].
From Theorem B.22, we know that a lower bound on T" will produce an upper bound on 1/T" and thus a
factorization of 1/T". However, it will be convenient to actually provide this factorization first and then use it
to produce bounds.

Proposition 2.27. For any s € C, we have

1 s 1T
() = se nlz_LEl(s/n).

Here, v is the Euler—Mascheroni constant, and E1(z) = (1 — z)e*. In fact, this product converges abso-
lutely and uniformly.
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Proof. The infinite product converges absolutely and uniformly to an entire function by Lemma B.18. In-
deed, we see that
#lh:—k<ri=|r]+l<r+1<r'te

forany ¢ > 0. (Formally, note (r + 1)r=1=¢ — 0 asr — oo, so this continuous function is bounded.) So
indeed, we have all the correct convergence.

It follows from the uniqueness of analytic continuation that we can just check the identity for s € R+,.
Quickly, we remove the v term by writing

n

—o0
se® H Ey(s/n) = nh_>rr010 se2ok=1/k—slogn H(l + s/k)e‘""/]C
n=-—1 k=1

= lim sn™° H(l—i—s/k)

n—oo
k=1
~ lim s(s+1)--~(s+n).
n—00 nsn!
Thus, it suffices to show that
syl
I'(s) < lim v .

n—oo s(s+1)---(s+n)

Using the functional equation I'(s 4+ 1) = sI'(s) from Lemma 2.17 inductively tells us that I'(n 4+ 1) = n! and
P(s+n+1)=(s+n) - (s+ 1)sI'(s), so we see

nonl (n T(s)T(n + 1)) |

. — 1
nLH;OS(S"‘].)"'(S‘i‘n) i T(s+n+1)

Now using Lemma 2.20, this is

I'(s)I 1 !
lim n®- L()l(n + 1) = lim ns/ 5711 — )" dt

1
= lim (nt)*~ (1 — )" ndt

n—roo 0

n t n
= lim A <1 - > dt.
n—oo [ n

We would like to use the Dominated convergence to compute this limit of integrals as I'(s). As such, we for
each n, define

h=e (1= ) 10,0

We would like to use the Dominated convergence theorem on the f,,. Well, for t > n, we see f,,(t) = 0, and
fort < n, we see

log frn(t) = (s — 1) logt 4+ nlog (1 - ;) ; (s—1logt+n (1 - ;) =(s—1)logt —t,

where % holds by using the power series —log(1 —z) = = + % + % +---. Thus, f,(t) <t~ le~t, which has
afinite integral over (0, o0) bounded by I'(s). Thus, by the Dominated convergence theorem, we see

lim Oofn(t)dt:/oo(lim fn(t)) dt:/wt*le*tdt:r(sy
0 0

n— oo 0 n—oo

where we have used the fact that (1 — £)" — e*asn — oo. (This also can be seen by taking logs and

n

bounding the error term.) This completes the proof. |
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Corollary 2.28. For s € C \ Z<(, we have

r'(s) "
(s) ‘J§§<bg”‘§:s+k>'

k=0

Proof. Note that the product of Proposition 2.27 converges absolutely and uniformly. Thus, Corollary A.28
applies and tells us that

1 ~— 1 FEl(s/k)
s +Zza%

N~ s I
s E1(s/k)

wherever 1/T'(s) # 0, which is exactly s € C \ Z<( by Remark 2.25. Now, we see

SO

I'(s) 1 — [ 1
OIS (—k_

k=-1

1 1 > /1 1
—k) __s_7+kz_:1<k_s+k>’

where we must be very careful about signs. To finish, we use the definition of v to write

which is what we wanted. ]

Thus, to estimate IV /T, we want to know about the rate of growth of harmonic numbers. It turns out that
Abel summation is not quite good enough for our purposes, so we will have to integrate by parts one more
time.

Lemma 2.29 (Trapezoid rule). Fix a continuously twice-differentiable function f: [m,n] — C, where
m < nare integers. Then

Zn: f(k) =/nf(t)dt+w+O(/n|f”(t)|dt).
k=m m m
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Proof. This isintegration by parts twice. Indeed, we see

/f ) dt = Z/k+1

k=m

Z( flk+1) 7771‘() /:H<tn;>f’(t)dt>

S AUER (O N L SR A
I;;( 5 / (t )f(t)dt)
% f(k+1 ) + f(k 1 1\* 1),
g( (2 n+1—n—2> —8>f(n+1)

k+1 2

+<;<n_n_1 ;) (;(t—n—;) —é)f"(t)dt)

— f(k;+1 1 )
=hm( 5[ ({1 (1)) f <>>

{75}2 {t}) £"(t) dt

I
NS
g
Sy
S—
|
2
N)M—l
\

m

Rearranging the above equality finishes upon noting that the function {t}z%{t} has a maximum (for example,
it is bounded in magnitude by 1+ = 1). [ ]

And here is our estimate.

Proposition 2.30. Fixe € (0,7). Fors € {z € C: |arg z| < m — €}, we have

1
=logs — % + O (1/]s]%) .

Proof. We use Corollary 2.28. Using Lemma 2.29, we set f(t) := 1/(s + t) so that

"l f(0) + f(n) "2
/Os—i—th_ 5 +O(/0 |S+t|3dt)

1 1 o9
=1 —1 — 10 —C _at).
og(n + s) ogs+2s+2(n+s) + (/0 P >

We would like for the integral to be O, (1/]s|?) asn — co. We have two cases.

M:

b
Il

+ IfRes >0, then|s+t| > Re(s+t) > tand |s + t| > |s| for each ¢ > 0, so we can easily upper-bound

2
[wrmes ] wrwe [ pam®
|s—|—t|3 |s+t|3 |s + |3
2
< —(dt—i-/ —dt
/o |s|3 L
e
|s[3 t21

2
== 1
sl

whichisin fact O (1/|s]?).
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+ If Res < 0, then we note Im s > 0 because arg z # 7. Here the bounding is harder; take n > 2|s| for
convenience. For large values of ¢, we note ¢t > 2|s| will make |s + ¢| > t — |s]| fairly large, so

/nLdK/OC 2 -1 T _ L
afsl [s 2P 7 Jops (E—1s])? (= IsD)? Iy I8
whichis O (1/|s[?).

Now, the interval t € [0,2|s|] is more difficult to handle. Because t is real, we note that |s + t| =
V/(t+Res)? + (Ims)2 > | Im s|, which is perhaps the best we can do because s + ¢ can have arbitrarily
small real part in this interval. However, letting 6 := arg z, we note that

I
L |sin @] > sin(m — ¢)

5]

by assumption on arg s. Thus,

2|s| 2 2|s| 92 9 1
———dt < ————dt = 2|s|  ——— < 4|sin(r —)]* - —,
/o I —/o Tmsp = 2051 [ < Asin(m = ol 1

whichis still O. (1/|s]?), so we are safe. Totaling our integrals finishes.

In total, we see that

n

1
I;Jm = log(n + s) — log s +

1 1 )

Thus, by Corollary 2.28, we see

I'(s) 1
— lim | logn —
o nlfgo<0g“ Zs+k>

k=0

. 1 1

1 s 1
=logs — —+ li log (1 — — 1/]s]?
ogs QSUE&(%( n+s) 2<n+s))+0€</'3'>

1
=logs — % +O: (1/s?),

which is what we wanted. |

Taking the integral of this allows us to recover a version of Stirling’s approximation.

Proposition 2.31 (Stirling’s approximation). Fixe € (0,7/2). Fors € {z € C: |argz| < m — £}, we have

1 1
logT'(s) = (s — 2) logs — s+ 3 log 21 + O(1/]s]).

Proof. Set Q. := {z € C : |argz| < m — €}; note that Q. is convex because (roughly speaking) any com-
plex nonzero complex number on the line segment connecting two nonzero complex numbers «, 8 will have
argument between the two arguments of « and 8. Anyway, we proceed in steps.

1. Thefunction T is holomorphic on Q2. and does not vanish there by Remark 2.25, so Lemma A.16 grants
us a logarithm. In fact, using Remark A.17 to get our explicit logarithm, we see

I(2)
I'(z)

where theintegral hereis along the straight line from 1 to s (which does live in Q. because . is convex).
Thus, we see we do in fact want to integrate the bound given by Proposition 2.30.

logT'(s) = logI'(1) +/ dz,
— )i

50



2.2. JANUARY 27 191: ANALYTIC NUMBER THEORY

2. Being a little careful, we set

- T(s) 085 T 95

Notably, E. is holomorphic on Q. because the right-hand side here is holomorphic on Q. (for suitably
chosen log), so E. is in particular integrable. Additionally, we note that |E.(s)| < C./|s|? for some

constant C. and |s| large enough. Thus, fixing s and some large N > |s|, we compute for |s| large

enough that
s N N
/ E.(z)dz :/ E.(z)dz —/ E.(z)dz.
1 1 s

The left integral here converges absolutely as N — oo because

/ |E5(z)|dz§C’s/ izdz:Cs.
J1 1 F

We would like to show that the right integral is O.(1/|s|). However, if s is close to the negative real
axis, there are potentially large contributions of the integral when z is roughly 0, so we change our
path.

Instead of using the straight line from s to N, we follow the arc of a circle with centerat z = 0 and radius
|s| until we hit the positive real axis (moving clockwise if Res > 0 and counterclockwise otherwise);
then we move along the positive real axis from |s| to N. Letting v denote this arc, we see

/SN E.(2)dz L E.(2)dz /lN E.(2)dz

5|
< () max{|Ea<z>|}+/ B (2)] da

z€imy Is|

< +

C N1
S”'S"SE“CE/ =

_Cor  C. C.

sl sl N

s N C.r C. C
Eezdz:/ Eszdz+0<€+€5).
J Era= [ ) o T TN

Sending N — oo shows that this is

In total, we see

/1E€(z)dz:/1 E.(z)dz + O:(1/]s]),

—_—
C:=

which is good enough for our purposes.
3. Integrating over E., we see
[ e
1 I(z)
S 1 S
log z — — E.
/1 (ogz 22) dz—l—/1 (2)dz

1
=slogs — s — 510gs+0+05(1/|s|)

dz

logI'(s)

= (s— ;) logs — s+ C+ O:(1/]s])

for some constant C chosen above.
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4. It remains to show C = 1 log 2. For this, we use Proposition 2.22. We restrict our attention to Q. :=
{ze€C:e<|argz| <7 —e}. Fort > 0, sets = 1 +it; notably, s,1 — s € Q. fort > 1 because this
gives arg s, arg(l — s) € (—7w/2,7/2). Also, |s| = |1 — s| > t. Thus, on one hand, we can use our bound
above to show

logT(s)I'(1 — s) = logT'(s) +logT'(1 — s)

1 1 1 1
= itlog (2 +it> - (2 +it> +C —itlog <2 —it) - (2 —it> +C+0:(1/1t])

:20+ﬁbg<5ggfz>—1+OAUﬁ)

We are going to need to understand the log term here more carefully. Choosing a suitable branch of
log (say, now away from the positive reals), we write x := 1/t so that we are interested in the behavior
of the holomorphic function f(x) := log (igj) atxz = 0. Notably, f(0) = log(—1) = =i (for some
choice of branch of log). Additionally, we see

1/2 1/2

f%x)::x/24—i__x/244

yields f’(0) = —i. Thus, our power series for f is given by f(z) =mi — it +---, so

. . 1/(2t) + it _if(e)+T
tl;rrolO <7rt+zt10g (1/(%)1)> = E—%T =1.

On the other hand, we see

1 T 1 log sin (5 + it )
0 =logm —logsin | = + 7
& sin(7s) &7 & 2
ei7r/2—7rt _ e—iTr/Q-i—ﬂ't
=logm — log -
21

eﬂ't + e—ﬂ't
=logm — log — 5

= —7it + log 27 — log (1 + 6_2”) ,
up to multiples of 274, so

m) -1+ Os(l/|t‘) = *7Tt+10g2’ﬂ' — log (]_ + e*Qﬂ't) )

Quickly, we rearrange this to

2C' +itlog <

1/(2 )
2C + | mt +itlog M — 1) +O0:(1/t]) =log2m — log (1 4+ e~>"").
/(2t) — i
Thus, sending t — oo makes almost all terms vanish, leaving us with C' = % log 27 (up to a multiple of
271). This completes the proof. |

Corollary 2.32. Fix real numbers a < b. Forany o € [a, b], we have
T (o + it)] ~qp V2me ™H/2]¢|o1/2

as [t| — oo.
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Proof. For psychological reasons, we quickly reduce to the case where ¢ > 0. By definition of I', we see that
I'(s) € Rif s € Ry, s0'(s) = I'(3). However, these are both holomorphic functions, so the uniqueness of
analytic continuation enforces

ID(o +it)] = [T(o +it)| = [T(e + )| = |D(o — it)].

Thus, adjusting for the sign appropriately, we may assume ¢ > 0 in the argument which follows.
Now, this bound is an application of Proposition 2.31. Set ¢ := 7/4 and assume that ¢ > max{|al, |b|}
throughout so that arg s € (7/4,3n/4). Thus, noting |s| > ¢, we get the estimate

1 1
logT'(o + it) = (cr + it — 2> log(o + it) — (o + it) + 3 log 2 + O(1/t)
1 1
= (a—2> logt + itlog (%4—2’) —a+§log27r

+ (U - 1) log (E + 2) +it(logt — 1) + O(1/1).
2 t
Because we want |T'(o + it)| = exp(Relog I'(c + it)), we are primarily interested in the real part of the above
expression. Notably, log (¢ + i) — logi = mi/2 as t — oo, so this term contributes no real part. Similarly,
it(logt — 1) is purely imaginary and doesn’t matter.
The hardest term left to understand is itlog (< + ¢). Well, set z := 1/t and f(z) := log(ox + i), and we
want to understand the behavior of f around = = 0. Notably, for suitably chosen log, we are holomorphic at

z = 0with f(0) = logi = im/2and f'(0) = ;5 = —oi. Thus,
lim (itlog (g +i) P Et) EECIORS Sl LN
t—00 t 2 z—0 x
so in total,
. (o +it) L 1 o-1/2 | g . T =
tlgg’ toe V2me—mt/2to—1/2 = tlgglo ((a - 2) logt —logt + itlog (? + z) —o+ §t =0.
Taking exp of both sides completes the proof. |

2.2.4 The Functional Equation

We now return to discussing the functional equation for . Being concrete, we will want to fix a particular
Schwarz function f: R — R. Staring at Corollary 2.12, we see that it will be helpful to have control over
both f and Ff, so we will take f(x) := e~ even this of course does not satisfy all the hypotheses. The
associated function Sy has a name.

Definition 2.33 (I"). For complex numbers s € C such that Re s > 0, define the function © by

O(s) = Z T

n€eZ

Remark 2.34. Note that series defining © converges absolutely and uniformly on any region {s : Re s >
e} forany e > 0 by the Weierstrass M -test: indeed, we may upper-bound

E )6—71'7128

neZ nez = n=1

—TE

o0 oo
2 2 e
:E e—’m(ReS><1+2§ = meR <1+2§ TN =142 —— < .
B n=1 B 1

— 677{'8

In particular, the uniform convergence confirms that © defines a holomorphic functionon {s : Res > ¢}
forany e > 0 by Lemma A.15; taking the union over all ¢ > 0 confirms that © is holomorphic on {s :
Res > 0}.

The functional equation for ¢ will come from the following functional equation for ©.
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Proposition 2.35. For any s such that Re s > 0, we have
1 1
O(s)=—0|-].
& Vs <8>

Proof. Note that © is holomorphic on the region {s : Re s > 0} by Remark 2.34. On the other side, we note
that Re s > 0 implies that Re(1/s) > 0 as well: writing s = a + bi for a > 0, we have

1 1 a—bi a b

s a+bi a2+b  a2+b? 7a2+b21’

which does have positive real part. Thus, we see that ©(1/s) is the composite of holomorphic functions and
is therefore holomorphic, as is s71/20(1/s).

In total, by the uniqueness of analytic continuation, it therefore suffices to show that our holomorphic
functions are equal on R+ o. Well, for fixed ¢ > 0, we note Corollary 2.10 grants

=3 =3 e = e (5).

which is what we wanted. [ |

As an application, we note that we get some asymptotics for ©.

Corollary 2.36. Asc — 0T, we have O(e) ~ 1/ /e.

Proof. Note that

: Il T —nnt? _ : —7rnt2) _ = (1 —7T7’Lt2) -1
Jim O(1) = Jim 50 =37 (fim =) = 1423 (fim e »

neZ neZ

where the interchange of the sum and limit in = is justified by the Dominated convergence theorem. For
example, take the limit over functions with ¢ > 1; because the functions are decreasing with respect to ¢, it's
enough to note ©(1) converges by Remark 2.34.

Anyway, Proposition 2.35 now implies

hm VeO(e —llmr@l/t—llm@()

Rearranging completes the proof. |

Remark 2.37. For z € H, set q := ¢*™* so that |¢| < 1. Then
2 s 2
Z) :an /2226771112

nez nez

converges absolutely and satisfies f(z) = ©(—iz). (Notably, z € Himplies that —iz € {s : Res > 0}.)
Now, f is a modular form: note that f(z + 2) = f(z). Further, Proposition 2.35 grants f(—1/z) =
(z/i)'/2f(z) for z € H, for suitably defined square root. Thus, (with a growth condition we haven't
mentioned) f is a modular form of weight 1/2 and level

(b 3[4 i) s

We next describe how ( relates ©. This requires us to “complete” ¢, as follows.
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Definition 2.38 (£). For Re s > 0, we define

&(s) =1 */2T(s/2)¢(s).
Similarly, we define E(s) := s(1 — s)&(s).

Remark 2.39. Note ¢ is meromorphic on {s : Res > 0} with only a simple pole at s = 1 because s —
7n~%/2T'(s/2) is holomorphic here (see Remark 2.16), and ¢ is meromorphic with only a simple pole at
s = 1 (see Proposition 1.36).

Remark 2.40. In some sense, we want to write

1
1—p—s’

£(s) = I(s/2) [

p prime

Here, 7=/2T(s/2) is an "archimedean local factor” corresponding to the infinite place oo of Q, and each

of the (1 — 10‘3)_1 are “nonarchimedean local factors.” Roughly speaking, the rigorization of this intu-
ition is Tate's thesis [Tat10].

Now here is how O enters the picture.

Lemma 2.41. For Res > 1, we have

Proof. This argument is similar to Corollary 2.12. Note

e(t)_l_oc —mn?
Ty

n=1

/OO (Z eﬂn2tt(32)/2> dt.
0

n=1

foranyt > 0, so we are looking at

We would like to switch the sum and integral, so we check for absolute convergence. Well, to check absolute
convergence, it's enough to check after we exchange the integral and sum, so we compute

5 (e )£ ()
0 ¢ 0 ¢

n=1 n=1

o0 /OO _t< t )RGS/Q dt
:Z ¢ {2 r
el 0 ™ t
[ 1 [ dt
_ —Res/2 77rttRes/27
S (e [ )

=7 Res/2¢(Res)I'(Res/2).

Now, Res > 1, so all terms are finite, so we have absolute convergence. Thus, our integral converges
absolutely, so we can exchange the integral and sum. Repeating the above equalities but removing the
absolute value signs (and hence removing Re s with just s everywhere) shows

/ N ( 2 em"’tt<s2>/2> dt = i ( / et Cf) — /2D (s/2)((s) = &(s)
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for Res > 1, which is what we wanted. [ |

We are now ready to prove our functional equation.

Theorem 2.42 (Functional equation for £). The function £ has a meromorphic continuation to all C, with
only simple poles at s = 1 and s = 0 of residue 1 and —1, respectively. In fact, £ satisfies the equation

§(s) =¢(1—s)

fors e C\ {0, 1}.

Proof. We combine Proposition 2.35 with Lemma 2.41. We proceed in steps.

1. The integralin Lemma 2.41 is poorly behaved for Re s < 1 because of the integral over ¢t € (0,1), so

we define o) - 1 p
> t) — t
I(s ::/ <> 52 =

(s) 1 5 ,

We claim that I(s) defines an entire function; more precisely, we will show that I(s) defines holomor-
phic function on {s : Res > o} forany o € R, and taking the union over all o will finish.

We use Proposition A.18. For one, the function t — (@(2*1) t5/2 is continuous (recall © is continuous

by Remark 2.34) and hence measurable. Lastly, we must upper-bound

> G(t)_l s/2 dt_l/oo = —mn2t U/Zdt
L) e =a (e )

n=1

I Rl . dt
- —nnt tﬂ/27
()
1 /°° e ™o/2 dt
S 2), l—emt ¢

< ; /OO e—ﬂ'ttO'/Q ﬁ
2(1 — €_Tr) 1 t

Thus, we take g: (1,00) — C by g(t) = e~™t°/2=1/(2(1 — e~7)). Using Proposition A.18, it remains
to show that [ g(t) dt < co. Well, e=™7/2+1 — 0 ast — o0, so this function achieves a maximum on
[1,00),* which we will call M. It follows

/°° (dr< Lt [TAd_
1 g “2(l—-eT) )y t ¢t >

IA

2. Having controlled the (1, 0o) part of the integralin Lemma 2.41, we turnto the (0, 1) part. Theidea here
is to use Proposition 2.35 to transform the (0, 1) part back into a well-behaved (1, oo) part. Indeed, for
Res > 1, we may evaluate

[E) o= (=) e

B LRI P
7.1 2 t
:/OC VIO() — vt fs/zﬂ_l/mfs/z@Jrl/oot(lfswﬂ
: 2 t 2, t T2 ¢
:/“(@@—1)Nﬂywﬁ_/”rwﬁ+/mﬂﬂﬁ
1 1 t 1 t
11
—I(l—s)
(1-3s) s

1 Find N such that g(t) < g(1) fort < N. Then the maximum of g is its maximum on [1, N].
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3. Synthesizing the previous steps, Lemma 2.41 grants

1 1
=I(s)+I(1—s)— - —
§) = 1(5) + 11 =) = = T—
on Res > 1. However, I(s) is fully entire, so the right-hand side is a meromorphic function on C with
simple poles at s = 1 (of residue Res,—; — 7 = Res,—; =7 = 1)and at s = 0 (of residue Res,—; —% =
—1). Viewing the right-hand side as our continuation of £ completes the analysis of £. Lastly, the above
equation tells us that

§(s) =¢(1—s)
fors € C\ {0,1}, which completes the proof. [ |

Remark 2.43. Directly from Theorem 2.42, we see that =(s) = s(1 — s)&(s) is an entire function and
satisfies the functional equation
E(s) =2(1 — s).

2.2.5 Corollaries of the Functional Equation

We quickly establish the following more asymmetric version of the functional equation.

Corollary 2.44 (Functional equation for (). The function ¢ has a meromorphic continuation to C with
only a simple pole at s = 1 of residue 1. In fact, for s € C\ Z<(, we have the functional equation

¢(1— ) = 2(2m)~° cos (%‘9) T(s)¢(s).

Proof. We begin by discussing the meromorphic continuation of (. Note Theorem 2.42 lets us continue ¢
by writing

£(s)
) = =T )
forany s € C\ {0, 1}. Notably, the denominator is never nonzero, and even through I'(s/2) has a simple pole
at nonpositive even integers —2n by Corollary 2.24 at these points () will have at worst simple pole by The-
orem 2.42 as well, so we can just multiply the numerator and denominator by (s —2n) untilthe denominator
is nonzero.
It remains to deal with s € {0,1}. At s = 0, we write

s(s)
) = =7 T r2)

so that we have written ((s) as the quotient of holomorphic functions nonzero at s = 0. (Note s - I'(s/2) has
no pole and is nonzero at s = 0 by Corollary 2.24.) However, at s = 1, we already know that ¢ has a simple
pole of residue 1 by Proposition 1.36.

To finish the proof, we must produce the functional equation. By uniqueness of the functional equation,
it suffices to focus on 0 < Re s, 1. Here, Theorem 2.42 grants

S

- (m9r (1;5) C1=s5)=¢(—s)=¢€(s) =0 (3

) ¢s). (2.2)

Multiplying both sides by I' (1££), we see Proposition 2.22 implies

g (1;9) 3 (1;S> " sin (:- EDE cos(:s/2)'
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On the other hand, Proposition 2.26 implies

r (%) r (S “2L 1) — /T2 (s).

In total, we may rearrange (2.2) into

,/Tf(lfs)/2+1<(1 _ S)

_ 71_1/275/2 . 21754(5)’

cos(ms/2)
which rearranges into the desired equation. ]
Example 2.45. Note
L L _s cos(ms/2) o
6(0) = liy 61— ) = lig (2620)* - L2 1) (5 - 1c0))

Using L'Hopital’s rule, we see cos(ws/2)/(s — 1) — —n/2as s — 1. By Proposition 1.36, we see (s —
1)¢(s) — 1as s — 1. Plugging everything else in, we see ((0) =2 - (27) "% - (7/2)-1-1 = —1/2.

This functional equation grants us some basic knowledge about the zeroes of .

Corollary 2.46. We have the following.
(a) Conjugate symmetry: if {(s) = 0, then {(5) = 0.
(b) Trivial zeroes: the function ¢ has a simple zero at —2n for each positive integer n.
(c) Critical strip: if {(s) =0and —s/2 ¢ N, then0 < Res < 1.
(d) Horizontal symmetry: if ((s) =0and 0 < Res < 1,then (1 —s) =0.

Proof. Here we go.

(a) More generally, we claim that ¢(3) = ¢(s) for s € C\ {1}, from which the claim will follow.

Because ( is holomorphic in this region, we see that s — ((3) is also holomorphic. (Formally, we can
just check that {(x + yi) = u(x + yi) + iv(z + yi) satisfying the Cauchy—Riemann equations implies
that u(z — yi) — dv(x — yi) does as well.) So by the uniqueness of analytic continuation, it suffices to
check the result for s € R..1, which is clear because ( is real on this line, so

¢(s) = ¢(3) = C5).

(b) Forany positive integer n, write

(s +2n)¢(s)
((s) = —s/2 :
v “(s+2n)T(s/2)
As s — —2n, the numerator vanishes because ¢ is holomorphicat s = —2n by Theorem 2.42. However,

the denominator is finite and nonzero: 7—*/2 vanishes nowhere, and I'(s/2) has a simple pole at s =
—2n by Corollary 2.24 which is cancelled by the factor of (s + 2n). In total, we conclude

((~2n) = lim ((s) =0,

To compute the order of the zero at —2n, the argument above implies that the order of vanishing of ¢
is one more than the order of vanishing of £&. However,

£(=2n) = £(1+2n) = = F2ID((1 + 2n) /2)C(1 + 2n)

does not vanish. In particular, T does not vanish by Remark 2.25, and ¢ does not vanish by Corol-
lary 1.41.
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(c) If Res > 1, then {(s) # 0 by Corollary 1.41 already. Thus, it remains to discuss Res < 0. Well, for
Res > 1, we see

¢(1—s)=2(2m)"%cos (g) T'(s)¢(s),

and for Res > 1 this right-hand side will only vanish when cos(ws/2) = 0, which is equivalent to
s € 2Z>¢p + 1. (Namely, I'(s) never vanishes by Corollary 2.24, and ((s) does not vanish in this region
as just discussed.) Unwinding, we see that ((s) = 0 and Re s < 0 implies that 1 — s € 2Z>¢ + 1, which
is equivalent to s € —2Z<. This is what we wanted.

(d) Note that ¢(1) isn't defined, and ¢(0) # 0 by Example 2.45, so we may safely ignore s € {0, 1}. Other-
wise, we stare at

¢(1—s)=2(2m)"%cos (%) T'(s)¢(s),

which isvalidon {s : 0 < Res < 1} \ {0, 1}. (In particular, I" is holomorphic here by Corollary 2.24.)
Thus, ¢(s) = 0 implies ¢(1 — s) = 0. .

Remark 2.47. The negative even integers are called the “trivial” zeroes of {(s). The remaining ones,
which all lie in the “critical strip” {s € C : 0 < Res < 1} by Corollary 2.46, are called the “nontrivial”
zeroes.

2.3 January 30

Today we began by completing the proof of the functional equation. | have directly edited into last class's
notes for continuity reasons.

2.3.1 Counting Zeroes of ¢

We would like to understand the (nontrivial) zeroes of ((s), for which we use Cauchy'’s formula. Roughly
speaking, we will study integrals
1 ds)

S
2mi ), ((s)
where v is a contour over a very tall vertical strip in C.
It will be convenient to work with the more symmetric (and entire) function = instead of (. Let's justify
this.

Lemma 2.48. We have an equality of multisets

{s€C:E(s)=0}={se€C:¢(s)=0and0 < Res < 1}.

Proof. Recall that Z(s) = s(1 — s)7~%/2T'(s/2)¢(s). We now show our two inclusions.

« If{(s) =0and 0 < Res < 1, then we s # 1 (because ((s) has a pole there by Proposition 1.36) and
s # 0 by Example 2.45, and we note 7=/2 £ 0. Thus, s # 0, so I'(s/2) # 0 by Corollary 2.24 as well,
so the order of vanishing of ( at s equals the order of vanishing of = at s.

« If 2(s) = 0, then one of the factors must vanish. For s = 0, we see I'(s/2) has a simple pole by Corol-
lary 2.24 cancelling out the zero. For s = 1, we see ((s) has a simple pole by Proposition 1.36 cancelling
out the zero. Further, T'(s/2) has no zeroes at all by Remark 2.25. Thus, we see we must have ((s) = 0,
and in fact s cannot be a trivial zero because I'(s/2) has simple poles there to cancel out those zeroes
by Corollary 2.24.

So s must be in the critical strip, where we note that all the other terms fail to vanish (in particular, T’
fails to vanish by Remark 2.25), so the order of vanishing of E at s is equal to the order of vanishing of
¢ ats. |
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Quickly, we give a pretty basic bound on the number of zeroes from Proposition B.12.

Lemma 2.49. The order of Z is less than or equal to 1.

Proof. Because =(s) = Z(1 — s), we will focus on the region Res > 1/2. Recalling that Z(s) = s(1 —
s)m /T (s/2)((s), we will simply compute the orders of these terms one at a time.

« The order of s(1 — s) is 0 by Example B.7.

« We note
-

678(10gﬂ')/2’ — e Re(s)(log 71')/2'

In particular, Re s > 0 implies that this term is less than or equal to 1 and hence bounded by a polyno-
mial and hence order 0 by Example B.7 again.

» For Res > 1/2, we note that |arg s| < 7/2, so we can apply Proposition 2.31. In particular, we note

that
exp( )

_ ( i (s—;)logs—s—l-%log%r—i-O(l/s))
=exp | lim

|s|—o0 slog s
= exp (

= exp(1).

I'(s)

SS

1
lim 08T (s)
|sl=oo Slogs

lim

|s]—o0

L+ lim (—%) logs — s+ %10g27r+0(1/|s|) D

|s|—o0 SlOgS

Thus, |T'(s)/s®|, which is continuous in our region with Re s > 1/2, is a bounded function.

Notably, for Res > 1/2, one has |s(s — 1)((s)| < |s|?. Further, one can check that I has order 1 as an
entire function, so s(1 — s)&(s) has order at most 1. Thus, Hadamard's factorization theorem enforces

s(1—s)E(s) =P ] ((1 - Z) es/ﬂ> .

¢(p)=0

Notably, this product will converge absolutely. For example, absolute convergence tells us

1
Z p[i+e <00

¢(p)=0

forany e > 0. One also has the following result on the distribution of our p.

Theorem 2.50. Define
N(T) =#{p:0<Rep<1,Imp > 0¢(p) = 0}.
Then

T T

T
N(T) = %log (27r> ~ 9 + O(logT)

asT — oo.

We will first show the following lemma.
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Lemma 2.51. We have

|
L <log(T+3)
;lJr\Imp—TP Sl )

Proof. This is by smoothing. By taking logarithmic differentiation

w2 (5)

s—p

[1]

(1]

However, by using the above estimates, we see

B 1 1 1TV(s/2) = ('(s)
=) s 1-s 28" 3T0sm) T s

by definition of £. Now, the term ¢’/( is well-behaved for Re s large: we set s := 2 4 it, and one can see that
|¢'(s)/¢(s)| is bounded by an absolute constant. Thus, we understand on the right-hand side here.
Continuing, we see

Re 1 Jr} B 2—Ims n B8 N 1
s—p p) (2—-1IRes)2+ (T —Ims)2  (Res+1Ims)2~ 1+|T —Ims|?’

However, I"(s)/T'(s) < log(T + 3) by Stirling, so the result follows. |

2.4 February1l
Today we move towards a proof of the explicit formula.

Notation 2.52. A sum/product over p is over the zeroes of ((s).

2.4.1 Zeroesof (, Again

Let’s provide a few applications of Lemma 2.51.

Corollary 2.53. We have

#{p:C(p)=0,Imp € [T, T +1],Rep € (0,1)} = O(log T).

Proof. This follows from Lemma 2.51 by separating out our zeroes into intervals. |
We will be interested in contours 7 which look like large vertical rectangles; namely, they are the boundary

of therectangle [—¢,1+¢]| x [T, T]. Notably, the top and bottom of the rectangle’s contours will cancel out
by the functional equation, so we only need to pay attention to the vertical parts of this contour.

Lemma 2.54. For t > 3, we have

SO S Lo

[Tm p—t|<1

forRes € [-1,2].
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Proof. We consider

¢'(s)  d(2+it)

C(s)  ¢2+it)”

Thus, we recall

E(s) 1 1 1 1I"(s/2)  ¢'(s)

=) s s—1 2 ®"T3T2) T s)
so we can just bound everything. Notably, we can use the infinite product to bound =’ /= and then compare
everything. For example,

CI(S) C/(Q + it) 1 1
_ _ B ,
fo e 2\ T, ) Olest),
where the O(log t) includes the trivial zeroes of (. Now, we notice
! ! < 1
s—p 24+it—p | Im p — t|2

for |Im p — t| > 1, so we can use Lemma 2.51 to absorb most terms into O(log ). In total, we see

¢'(s)  ('(2+1t) 3 1
B —~— + O(log1),
C(s)  C(2+it) tma—ej<1 ST
and now the 2 + it term can also be absorbed to O(logt). [ ]

Remark 2.55. One can give more accurate bounding than the above, but we will not need it.

We now return to the proof of Theorem 2.50.

Proof of Theorem 2.50. Use the argument principle on Z on the box [—1,2] x [T, T]. In particular, by the
functional equation, it suffices to just look at the right and top edges of this box. The hope is that we can use
Lemma 2.54 and the ideas in its proof to do the bounding for us. In particular, we will be working with the
equation

= 1 1 1 1T(s/2 !

) 1 1 1 1) ()
E(s) s 1—s 2 2T(s/2)  ((s)
Now, the main term in the argument will come from I'(s)/I'(s), which one can see using Stirling’s asymp-
totics. Most of these terms are not going to matter on our contour. It turns out that the only difficulty is
integrating ¢’/¢ over the line {a + T : a € [—1, 2]}. Well, using the above estimates, we recall

<) = Z %p + O(logT),

C(S) [Im p—T'|<1 5

where now the integral of the 1/(s — p) term is bounded by a constant, and the number of terms is O(log T')
by Corollary 2.53, so everything is absorbed into the error term. |

2.4.2 TheExplicit Formula

Let's move towards the explicit formula. Here is our statement.

Theorem 2.56. When z is not a prime-power, we have

o) =a= T8 - gy ~glos (17,
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Remark 2.57. Ignoring convergence issues, we may compute

%) = Z I'(n Z Lp,1y(n/x)I'(n) = 27172 /;HOC (_CC/((SS))> a* %

n<z —100

Now, if we imagine that we could push this integral all the way to the left of C, we will eventually vanish
and only pick up on the poles of (' /(. As such, we expect to achieve a formula of the form

TOREEDIES
P
where the sum is over the roots p of (. Thus, we see that having more control over the zeroes of ¢
will be able to get good bounds on ¥ (z) — z. In particular, the Riemann hypothesis is equivalent to
¥(z) = 2 + O(y/z). As another application, the discontinuity of ¥ will imply that ¢ must have infinitely
many roots.

Here is a lemma.

Lemma 2.58. We have

c+ioco / s
o) = g [ =y e = O etiogam).

Proof. We first describe a heuristic. The main idea is to use contour integration, noting that

1 [efiee ify <1
ds :{0 ity <1, (2.3)

% c—ico 1 ify > 17
where ¢ > landy € (0,00) \ {1}. The proof of this is essentially complex analysis where we “complete the
contour” of this vertical line either off to —oc or off to 400 dependingony < 1ory > 1.

Now, the point is that we can write

c+1i00 C/(S) Sds
ZA 271'2/ , 7(:(5)% s

71<ZE 00

where we have ignored convergence issues to exchange the Dirichlet series for (' /¢ with this integral. The
point now is that we can integrate (' /¢ appropriately to give the formula.
To make this more rigorous, we need to do only finite computations. Thus, we define

1 c+iT SdS
I(y,T) = Tm o Y 5

We now note that our extra variable ¢ will be later set to 1 + 1/log T, so it is important to have this degree
of freedom. Now, the proof of (2.3) grants

(y,T) — 151(y)| < y“min{l, 1/[Tlogyl},
where the implied constant is absolute. Integrating over this, we see

o [ Sbha] (S o)

27(-2 —i00 C(S n=1

Now, setting ¢ = 1+ 1/log T, we get an upper-bound of O (z(log )?/T'). Roughly speaking, we note that z
away from particular n are small; however, when n is close to x, we can explicitly evaluate the logarithm as
about 1/(n — ), and there the sum is roughly harmonic and thus grants a logarithmic growth. |
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2.5 February3

Last time we were in the middle of the proof of the explicit formula. | have edited directly into yesterday's
notes for continuity reasons.

2.5.1 The Explicit Formula, Continued

We now do a contour shift on the integral

c+ico C/(S) .
/m BOR

Roughly speaking, we will expand our box to look like [-U, ¢] x [T, T], sending U — oo for fixed T'. We will
thensend T' — oo, always remembering to choose T avoiding zeroes of ((s). In particular, by Corollary 2.53,
we can be at least 1/ log T away from any particular zeroes. We will finish the proof next lecture.

On this contour, the point is that || < 28¢* so for most of this contour, we don’t have to care. For
example, it will be enough to only care about Re s > —1. By the functional equation, it's enough to just look
at the integral from ¢ + ¢T to —1 + iT. To bound the size here, we change T so that Ims = T is at most
> 1/log T away from zeroes. Now, to bound, we see

! 1
_CC((;)) = Z : +O(10gT)
[Im p—T|<1 ~— —
O(logT)

for, say, —1 < ¢ < 2. Thus, the contribution of the integral over —1 < ¢ < cis given by

¢ .o+iT 10gT)2
log T2 ‘Lid — L
o0 [ o) =0 (57),

so thisalso goesto0as T — oc.

Remark 2.59. It is helpful for computations to have the functional equation
(1 —s) =2'7*7" cos(ms/2)T(s)¢(s),
where we have notably used the reflection formula for T'.
As such, the value of (' /¢ on {s: Res < —1} is bounded by
¢'(s)
¢(s)

where s avoids circle of radius 1/2 around the zeroes (including the trivial ones). (Note because the trivial
zeroes only occur at the negative even integers, we can indeed choose U at odd integers to be okay here.)
We now report the bounds on the other parts of the contour, for completeness. Indeed, the entire con-

tribution for Re s < —1 is given by
0 (x(log T)? )

‘ < logls| + 1,

T

where U is a very large odd positive integer. Thus, we use residue calculus to see

_ 7 ¢(0) 1 s xlog(zT)?
P(z) —w—h§<Tp— W—ilog(l—m )+ 0 (T)’

where z is not a prime power. Note the contributions of —3 log (1 — z~*) are coming from the trivial zeroes
of ¢. This completes the proof.
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2.5.2 AZero-Free Region

We are going to construct a zero-free region slightly to the left of (and including) Re s = 1. In some sense,
the explicit formula tells us that the Prime number theorem is equivalent to requiring (1 +it) # 0 fort € R,
where the point of the zero-free region is to control the nontrivial zeroes in the explicit formula.

We are going to use positivity to create our zero-free region. We begin with a slick but weak proof.

Proposition 2.60. Fix some ¢y € Rand s € Cwith Re s > 1. Defining 0..(n) = 3_,,, d*, we have

o oty (M*_ ¢(5)%C(s + ito)¢(s — ito)
T; ns N ¢(2s)

Proof. Direct expansion with Euler factors. |

The point is that we can provide a meromorphic continuation of this function to s € C, whose power we can
plug into the following result.

Lemma 2.61 (Landau). Let {a,, }nen be @ sequence of nonnegative real numbers, and define

%) an

o=l

Further, let oy € R be the smallest real numbers such that D absolutely converges on Re s > 0. Then
D does not extend to an analytic function past oy.

Proof. This is just complex analysis, so we omit it. |

Thus, if we can find to such that {(1 + itg) = 0, then we also have a zero at {(1 — itp), so in fact the function

C(s)*¢(s + ito)(s — ito)
¢(2s)
is analytic on Res > 1/2 and is zero at 1/2. But this is an obvious contradiction because the series must

absolutely converge by Lemma 2.61, but we cannot vanish at s = 1/2 by just staring at it. Thus, we could
@@ not actually have continued it any further.

Remark 2.62. Essentially the same proof can show that L(s, x)((s) does not vanish at s = 0, provided
we give L(s, x) an analytic continuation. We will do this later.

2.6 February6

Today we construct our zero-free region for (.

2.6.1 A GeneralLemma

The above zero-free region is technically enough to prove the Prime number theorem, but to get an error
term, we will want to do better. As such, we pick up the following lemma.
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Lemma 2.63. Let {a,, }nen be a sequence of nonnegative real numbers, and define

(oo}
Qn

D(s) =

n=1 i '
Suppose D satisfies the following conditions.

» D(s) converges absolutely on Re s > 1.

» D(s)hasapoleoforderm >0ats=1.

» We can define

i=1

¢
E(s) == (s(1 —s))"D?* <HFR(5 + aj)>D(S)

for some D and m. Here, T'r(s) := n~%/?T'(s/2) Then Z(s) is entire, order 1, and satisfies Z(s) =
2(1—s).

Then D has at most m zeroes in (1 — ¢(¢,m)/log M,1) C R, where M := (D + 1) Hf:1(|ai| + 1) is the
“analytic conductor,” and ¢(¢, m) is a constant computable from ¢ and m.

Remark 2.64. More complex L-functions might have “complex” I'-factors I'c. Roughly speaking, such
factors arise from taking the Mellin transform of a Gaussian, so over R we get I'g, but over C we will get
something a little different. For details, see [Tat10].

It might look concerning that Lemma 2.63 only gives us an interval in the real numbers, but we can more
carefully select our D(s) to get a more comprehensive region.

Example 2.65. Given some ¢ € R, set

D(s) = C()*C(s + ito)2¢(s — ito) *C (s + 2ito)C (s — ito).

Some trigonometry shows that D(s) has nonnegative coefficients. Then one can use Lemma 2.63 on
D(s):notem = 3,¢ =9,s0 M < log(|to] + 1), meaning that we have at most 3 zeroes in the interval
(1 —¢/log(Jtg| + 1),1) for some computable constant c. However, given 8 € (1 — ¢/ log(|to| + 1), 1), if
C(B +itg) = 0, then {(B8 — itg) = 0 as well, so D actually gets four zeroes, which is contradiction. In
particular, we get a zero-free region which looks like

C
s=oc+it);:c0>1 — ——— .
{ ) log<|t+1>}

Remark 2.66. The magical D(s) from Example 2.65 does come from a larger structure, but it is some-
what advanced to explain.

Remark 2.67. It might look upsetting that Example 2.65 does not achieve a full zero-free region of the
form {s : Res > ¢} for some ¢ > 0, but the proof of such a region is not known.

Now that we care about Lemma 2.63, let's prove it.

Proof of Lemma 2.63. Note Z(0) # 0 by the functional equation. Now, factoring, we see

S(s) = eAt+Bs H (1 _ 8) e5/P.

=(p)=0 e
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Taking the logarithmic derivative, we see

As an intermediate step, we claim
ReB = — Z Re(1/p).
E(p)=0

Note that summing over these zeroes in conjugate pairs will give us absolute convergence. Anyway, this
follows from the functional equation: note Z(s) = Z(1 — s) grants

Br Y <1+1>:—B— 3 (1+1).

oo N TETP P 2p=o N7 TP P

The zeroes are symmetric by the functional equation, so the contribution given by 1/(1 — s — p) = —1/(s —
(1 —p))and1/(s — p) will cancel. This completes the proof of the claim.
As such, the product definition of = allows us to expand

where
)
G(s) = D* ( HFR(S + aj)> .

Now, for s > 1, we know D’(s)/D(s) < 0 by hypothesis on D(s). As such, we are now in good shape because
we more or less understand everything on our right-hand side, so we can translate it into knowledge about
E. In particular, we can show

1
> —< T1+@+CllogM7
soes P8 s

where C is some constant depending on £ and m. In particular, if we send s — 17 and have too many zeroes
of = close to 1, then the left-hand side should explode while the right-hand side grows slower.
As such, let

Re:={pe (1-c/logM):E(p) =0},

where ¢ > 0 is some constant we will fix later. We see

Y < T ChlogM
peRcs—p s—1

as s — 17, for some perhaps different constant C,. As such, for some § > 0 we will fix later, we set s =
1+ 6/log M so that

after cancelling out Cs. But taking, say, ¢ < 1/(100mC5) and ¢ < 1/2C5 will enforce #R. < m + 1, which is
what we wanted. |

2.6.2 The Prime Number Theorem, Finally

We are now ready to prove the Prime number theorem.
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Theorem 2.5 (Prime number). We have 7(x) ~ z/logz as z — oo.

Proof. We show ¢)(z) ~ z, which is one of our equivalent formulations; we use the explicit formula. Namely,

taking T > 3, we recall
P 2
Ya)y=e— 3 x+0(1)+0<w>.

T
[Tm p|<T

However, we can upper-bound

Y e ¥ e

mpier P | jmprer P!

e/ log(lt|+1)

7 < gt/ 108 T (1og T2

[Tm p|<T

Here, this last inequality follows from “dyadic decomposition.” Note that the number of termsis <« T'log T}
then decomposing R* into [ J,c;, (2¥,2%+1], the number of roots here is < 2¥k, so we get that our sum is
bounded by

> 27F 2%k 4+ 0(1) < (log T)>.

k>0
2k<T

Now, taking T = e¢V!°2* gets a bound |1 (x) — z| < z exp(—c+/log x), which is enough. [ |
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THEME 3
DIRICHLET L-FUNCTIONS

Come on, baby
Let’s do the twist

—Chubby Checker, [Che60]

3.1 February8

We began class by proving the Prime number theorem. | have edited directly into those notes for continu-
ity.

Warning 3.1. In the class, the professor spread discussion of things about characters throughout this
chapter. In order to isolate the elementary parts of the discussion from the analytic ones, | have at-
tempted to collect all the character theory in today’s lecture.

3.1.1 Quadratic Residues

Fix a prime p, for simplicity. Let x (mod p) be a Dirichlet character. Our goal is to prove an analytic contin-
uation and functional equation for L(s, x).

Proposition 3.2. Fix a prime p. Then F, is cyclic.

Proof. We proceed in steps.

1. Givena,b € F)f of orders k and ¢, we claim that there is an element = € Ff of order lem(k, £). Roughly

speaking, the idea is that gcd(k, ¢) = 1 will imply that ab has order k/: of course, (ab)¥* = 1, and to

see that k/ is the smallest exponent, note (ab)” = 1 implies (ab)"* = 1,s0b™ = 1,50/ | nk,sol | n
because ged(k, ¢) = 1. Analogously, k | n, so k¢ | n.

To extend the above proof to the case of ged(k, £) > 1, we use unique prime factorization. Set

k= H prr () and 0= H pr ),

vp(k)>vp(€) vp (k) <vp(£)
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In particular, we seethat v, (k") > Oifand onlyif v, (k) > v,(¢),and v, (¢') > Oifand onlyif v, (k) < v, (¢).
Thus, no prime p divides both &’ and ¢, so ged(k’, ¢') = 1. Further, by construction, we see k¥’ | k and
¢ | £and

Ke= T po®- I p® = [pm=te®w @ = tem(k, o).

vp (k) >vp (£) vp (k) <vp(£) p

Thus, we see that a*/*" has order ¥/, and b*/*" has order ¢, so their product z := a*/* b*/*" has order
kKl = ged(k, 0).

. Inductively applying the previous step to every a € F)’, we produce an element g € F,5 with order

n which is the least common multiple of the orders of alla € ). In particular, the order of a € F
divides into n, so we see that

a"=1 (mod p).

In particular, the equation ™ — 1 = 0 has p — 1 roots in IF,, given by the elements of I S. However, for
a field, the number of roots of a polynomial is bounded by the degree, so 2™ — 1 = 0 has at most n
solutions, so we conclude n > p — 1. Because the order of g must divide #F,’ = p — 1, we conclude
thatn < p — laswell, son =p — lis forced. So g is a generator of IF ;. [ ]

We can extend this result as follows.

Proposition 3.3. Fix an odd prime p. For any v > 0, the group (Z/p*Z) ™ is cyclic.

Proof. We induct in steps.

The case of v = 1is from Proposition 3.2.

The case of v = 2 requires some care. Let g € )\ be a generator from the v = 1 case. If g (mod p?)
already has order p(p — 1), then we are done. Otherwise, g (mod p?) has order n strictly less than
p(p — 1). However, note that g" = 1 (mod p?) implies

g" =1 (mod p),

sop — 1 | n because the order of g (mod p)isp — 1. Thus,p—1 | nandk | p(p —1) butn < p(p — 1)
forcesn =p—1,s0¢?" ' =1 (mod p?).

Now, the trick is to consider g +p. Note g + pis still a generator of I, so its order is divisible by (p — 1)
but divides p(p — 1) and so equals p(p — 1) or (p — 1). To see that the order is not (p — 1), we note

pt N (P e
(g+pP ' => k)9 p

k=0
=¢" '+ (-1)g" %
=1-¢""% (mod p?).

However, g?=2 # 0 (mod p),so (g+p)?~! £ 1 (mod p — 1). We conclude that the order of g + p must
be p(p — 1).

To help the following induction, we note that some g € Z which is a generator of (Z/p?Z)* will have
g1 =1 (mod p) but g?=! # 1 (mod p?), so we can write

9" =1+pa
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for some integer a not divisible by p. Thus, we see

g?P=Y) = (1 4 pa)?
= kZ: <Z> (pa)*

p(pQ_ 1) . (pa)2
=1+p%a (mod p*).

=1+p-pa+

Thus, we actually see g?®=1) £ 1 (mod p?). Note that we have used p # 2 in the above computation.

+ The induction in the remaining cases v > 2 is easier. Suppose that we have g € Z which is a generator
g € (Z/p’Z)* with gP" " =1 =£ 1 (mod p**!). Then we claim that g is also a generator of (Z/p"+1Z)*
with g?"(®=1) % 1 (mod p”+?). This will complete the proof by induction, where the base case was
shown in the previous two steps.

Well, we note that the order of g (mod p**!) must certainly divide p”(p + 1), and we want to show
equality. For this, we see g" =1 (mod p**!) willimply g” = 1 (mod p*), so n is divisible by p*~1(p —
1). Thus, the order of g (mod p**1!) is divisible by p*~!(p — 1), but the order is not actually equal to
p’~1(p — 1) because

gpy_l(pfl) #1 (mod p" ).

So the order is a divisor of p¥(p + 1) divisible by but strictly greater than p*~!(p — 1), so the order must
actually be p¥(p + 1). We conclude that g (mod p”*!) is a generator.

To complete the induction, we must show g?” (P~ = 1 (mod p”+?). Well, by hypothesis, we may write
g? =1 =1 4 p¥*+1q for some a not divisible by p. Then

gp,,+1(p_1) _ (1 +pu+1a)p

p
_ Z (k) (p”“a)k

k=0 \P
=1+p""a (mod p”*?),

where we don't care about the other terms because p**1* = 0 (mod p*+?) for k > 2. Because p 1 a,
the conclusion follows. |

Proposition 3.4. For any v > 2, we have (Z/2VZ)* X Z/2Z & Z/2"~?Z.

Proof. We proceed in steps.

1. Foranyv > 0, we claim that
52 =142""2  (mod 2v*3).

We proceed by induction. For v = 0, the statement reads 5 = 1 + 4 (mod 8), which is true. Then for
the induction, we are given that 52" = 1 + (1 + 2a)2"*? for some integer a and compute

52u+1 _ (1 + (1 + 2a)2y+2)2
=1+ (1+2a)2"" 4 (1 + 2a)?22 4
=142 (mod 2"*%).

Notably, 2v+4 > v+4, so the rightmost term vanishes in the last equivalence. Anyway, this completes
the induction.
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2. Foranyv > 0, we claim that the order of 5 (mod 2*2) is 2”. Certainly the order divides 2" because
52 =1 (mod 2"*?)

from the previous step. If v = 0, there is nothing else to say. Otherwise, we see the order must exceed
2v~! because B
52 =1+2"" (mod 21?)

by the previous step again, so we conclude the order actually equals 2.

3. Foranyv > 2, we claim that
7)27.@® (Z)2" 7)) = (+1) & (5) — (Z/2Z)”

is an isomorphism, which will complete the proof. Note that the left map is an isomorphism because
—1 has order 2, and 5 (mod 2¥) has order 2"~2 by the previous step. As such, it remains to show that
the right map given by (a,b) — abis an isomorphism.

To begin, note that the map is a group homomorphism because it is the product map induced by the
inclusions (+1) C (Z/2"Z)* and (5) C (Z/2"Z)*. Further, we note that our two groups both have
size2-2v72 = 2v~1 = ¢ (2¥), so it is enough to show that our map is injective to show that we have a
bijection. Well, suppose that

(-1)*-5°=1 (mod 2")

for some (a, b); we must show that (a,b) = (0,0). Well, v > 2, so we may reduce (mod 4) to give us
that (—1)¢ = 1 (mod 4),soa = 0 (mod 2). We then see 5° = 1 (mod 2¥),sob = 0 (mod 2"~2). This
completes the proof. [ |

Anyway, let's start talking about quadratic residues.

Corollary 3.5. Fix a prime pand some d € Z*.
(a) The function pg: F — F* given by pug: = x¢ is a homomorphism.
(b) If ged(d,p — 1) = 1, then pg is an isomorphism.

(c) Ifd|p—1,theneacha € FY makes z? = a (mod p) have either 0 or d solutions.

Proof. Here we go.

4= aly? = pa(e)pay).

(b) Because ged(d,p—1) =1, wecanfind k (mod p — 1) such thatdk =1 (mod p — 1). It follows that

(a) This holds because IF)S is abelian: note yq(zy) = (zy)

meia@) =2® =z and  pau(e) =2t = o

for each x € )\, where we are using the fact that the order of z divides p — 1. Thus, u;, provides the
inverse homomorphism for p4, which shows that 4 is an isomorphism.
(c) If 2% = a (mod p) has no solutions, then there is nothing to say.

Otherwise, fix a generator g € F;; by Proposition 3.2, and suppose that g’ e F, is asolution to ¥=a
(mod p) so that a = g%‘. Then we note some = = g* is a solution to z% = a if and only if

dk d de
g% =2 =a=g",

which is equivalent to p — 1 | (dk — d¢). Because d | p — 1, this is equivalent to % | (k—4¥),ort =k
(mod %). As (varies through Z/(p—1)Z, we see that there are exactly (p— 1) /d total options present
for ¢. |

This motivates the Legendre symbol.

72



3.1. FEBRUARY 8 191: ANALYTIC NUMBER THEORY

Definition 3.6 (quadratic residue). Fix an odd prime p and some a € Z not divisible by p.
« If 22 = a (mod p) has a solution, then a is a quadratic residue.
« If 22 = a (mod p) does not have a solution, then a is a nonquadratic residue.

We will be silent about the case of p | a.

Remark 3.7. Suppose p is an odd prime. Given a € F, write a = g", where g € [} is a generator.

« If kis even, then note a is a quadratic residue because a = (gk/2)2 (mod p).

« Conversely, if ais a quadratic residue, then & is even. Indeed, if we can write a = 22 (mod p), then
we see p { a enforces p { z, so writing z = g¢ for some integer ¢, we must have

g —a=22=g%

Rearranging, we have k — 2 =0 (mod p — 1), but p — 1 is even, so this forces k to be even.

Definition 3.8 (Legendre symbol). Fix an odd prime p and some a € Z. Then we define the Legendre
symbol by
0 ifp|a,
(a> = 1 ifaisaquadratic residue,
P —1 if ais a nonquadratic residue.

Here is a quick way to evaluate Legendre symbols.

Proposition 3.9 (Euler’s criterion). Fix an odd prime p. For any a € Z, we have

<a> =aP V2 (mod p).

p

Proof. We proceed in cases.
¢ Ifp|a,thenwesee 0= 0?"1/2 (mod p).

« If a (mod p) is a quadratic residue, then we can write a = b?> (mod p) for some b (mod p). Note p { a
forces p 1 b, so we can compute

aP=1/2 —pp=1 =1 = (a> (mod p),
p

as desired.

« If a (mod p) is a nonquadratic residue, then we pick up a generator g € )’ from Proposition 3.2. As
such, we can write a = g* for some integer k; note that & is odd by Remark 3.7. As such, we compute

k
aP=1/2 = k=172 _ (g<p—1>/2) = (-1)* =1 (mod p).

Notably, g»~1/2 = —1 (mod p) because g®»~1)/2 cannot be 1 (mod p) (because the order of gis p— 1),
but g»~1/2 must square to 1 (mod p), which forcesg®~1/2 = —1 (mod p). [ |
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Remark 3.10. Requiring p # 2 might look concerning, but every residue in F5 = {1} is a square anyway,
so the analysis here is somewhat trivial.

Corollary 3.11. Fix an odd prime p. Then (’71) =1ifp=1 (mod 4),and (%) = —1ifp=—1 (mod 4).

Proof. If p=1 (mod 4), we write p = 1 + 4k and note

(—]jl) = (=) D/2 = (Z1)% =1 (mod p),

sop > 2 forces (‘71) = 1. Similarly, if p = —1 (mod 4), we write p = —1 + 4k and note

LY v 1 - (o
(p)_< 1ED/2 = (L1742 Z 1 (mod p),

sop > 2 forces (‘71) = —1. This is what we wanted. |
In our discussion of L-functions, the following result explains why we care about Legendre symbols.

Proposition3.12. Fixa prime p. Then the Legendre symbol (]33) isthe unique non-principalreal Dirichlet

character (mod p).

Proof. Fixa real Dirichlet character x (mod p). In particular, x arises from a character x: F’ — R*, but by
Remark 1.12, we see that y must output to S* N R* = {£1}. Fixing a generator g € F,S by Proposition 3.2,
we have two cases.

» Suppose x(g) = 1. Then forany g* € F, we see x (9*) = x(9)* = 1. Thus, x (mod p) is the principal
character.

+ Suppose x(g) = —1. Then for any g* € F), we see

Now, comparing Remark 3.7 with the definition of the Legendre symbol, we see that x(a) = (%) for
each a € )\ because, upon writing g = a® for some integer k, both are 1 when k is even, and both are

—1when k is odd. Lastly, both x and (;) vanish on multiples of p, so we conclude that y = (;)

The above classification of real Dirichlet characters (mod p) completes the proof. |

Remark 3.13. More generally studying when f(z) = 0 (mod p) has solutions (and how it factors) has
connections directly with the Langlands program and similar. We will not say more because this is (very)
far outside the scope of the course.
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3.1.2 Primitive Characters

Motivated by Proposition 3.12, we introduce primitive Dirichlet characters. This requires discussing con-
ductors.

Definition 3.14 (conductor). Fix a Dirichlet character x (mod q). The conductor f(x) of x is the smallest
positive integer f such that

foranya =0 (mod f) such that ged(a, q) = ged(b, ¢) = 1.
Here is a basic check.

Lemma 3.15. Fix a Dirichlet character x (mod ¢). Then f(x) | q.

Proof. Set f = ged(f(x),q). We claimany a = b (mod f) with ged(a,q) = ged(b, q) = 1 will have x(a) =
x(b). This will finish the proof because it will force f > f(x), but f | f(x) enforces f = f(x).

To show the claim, write f = xf(x) + yq for some integers z,y € Z. Then note a = b + fk for some
integer k, which implies

x(a) = x(b+ fk) = x(b+ 2f 0Ok + ygk) = x(b + 2 (X))-
Now, x(a) # 0,s0 x(b+ xf(x)) # 0, so b+ xf(x) must be coprime with ¢. Thus, by definition of f(x), we
conclude that x(a) = x(b+ 2 f(x)) = x(b), which is what we wanted. [ |

Definition 3.16 (primitive). A Dirichlet character x (mod q) is primitive if and only if f(x) = ¢. In other
words, g is the smallestinteger f suchthata = b (mod f)implies x(a) = x(b) for ged(a, ¢) = ged(b, q) =
1.

We are going to work almost exclusively with primitive characters in the sequel; let’s justify why.

Proposition 3.17. Fix a Dirichlet character x (mod ¢) of conductor f. Then there is a unique Dirichlet
character xs (mod f) such that

_ Jxs(n) if ged(n,q) =1,
x(n) = {0 if ged(n,q) > 1.

In fact, x is primitive.

Proof. We show uniqueness, existence, and primitivity separately.

» We show that x is unique. For each n € Z such that ged(n, f) = 1, we claim that there is some n’ such
thatged(n’,q) = 1butn =n' (mod f). Thisis surprisingly technical and arises from the fact f | ¢ from
Lemma 3.15. Well, the Chinese remainder theorem allows us to find some n’ (mod ¢) such that

,_ Jn (mod p@) ifp| f,
n =
1 (mod p*»@) ifp|gandp]| f.

Notably, the moduli are coprime, and their product is q. Further, for each p | g, we claimp {n':ifp | f,
thenp | n’ —n,soptnimpliesptn’; otherwiseifpt f,sop|n’ —1,so0ptn’. However, foreachp | f,
we see that

n'=n (mod p»()

because v,(f) < v,(q), so we conclude that n’ = n (mod f).
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To complete the proof, we note that each n € Z such that ged(n, f) = 1 has some n’ such that
ged(n', q) = 1whilen =n’ (mod f), so
xr(n) = xs(n') = x(n).

Otherwise, for n € Z such that ged(n, f) > 1, we must have x¢(n) = 0 because x; (mod f) is a
Dirichlet character. So x is uniquely determined by .

+ We show that x exists. Well, for each n € Z such that gcd(n, f) = 1, we note from the previous step
that there is some n such that ged(n’,¢) = 1and n = n’ (mod f). But by the definition of f, we note
that the value of x(n’) is uniquely determined, so we may define

(n) = x(n) if ged(n,q) = ged(n', f) =1landn =n' (mod f),
XpRn) = 0 if ged(n, f) > 1.

Quickly, note that x; (mod f) is a Dirichlet character: certainly x ; vanishes on n such that ged(n, f) >
1. Further, given a,b € Z such that ged(a, f) = ged(b, f) = 1, wefind @’ and &/ such thata’ = a (mod f)
and bV =b (mod f)and ged(a’,q) = ged(V', q) = 1. Thus, we see

Xr(a)xs(b) = x(a)x (V) = x(a'V') = x(ab),

where the last equality is valid because a’d’ = ab (mod f) and ged(a’b’,q) = 1 because ged(a’,q) =
ged(V',q) = 1.

Lastly, we check that x is built from x as claimed. Well, for n € Z, if ged(n,q) > 1, then of course
x(n) = 0. Alternatively, if gcd(n, ¢) = 1, then ged(n, f) = 1 as well, so the construction of x; grants

x(n) = xr(n).

« We show that x; (mod f) is a primitive Dirichlet character, using the construction of the previous
step. Indeed, let f’ be the conductor of xf; we want to show f = f’. Certainly f’ | f by Lemma 3.15,
so f' < f. Onthe other hand, ifa = b (mod f’) and ged(a, q¢) = ged(b, ¢) = 1, then we see

x(a) = xr(a) = xr(b) = x(b),

where = holds because gcd(a, f) = ged(b, f) = 1 as well by Lemma 3.15. Thus, because f is the
conductor of x, we see f’ > f, so we conclude f = f. |

3.1.3 Gauss Sums

We mentioned in Remark 2.15 that I" is more or less a continuous version of a Gauss sum: it's some kind of
multiplicative Fourier transform of an additive character. Well, here are the usual Gauss sums.

Definition 3.18 (Gauss sum). Fix a Dirichlet character x (mod ¢). Then the Gauss sumis

rom) = e (") o

n=0

For brevity, we set 7(x) == 7(x, 1).

nm
p
just looking at the multiplicative Fourier transform of an additive character.
Let’s show a few basic facts. To set up our discussion, we emphasize that primitive characters are better-
behaved.

Namely, ¥, : n— e < ) is our additive character, our measure is the counting measure, so we are indeed
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Lemma 3.19. Fix a Dirichlet character x (mod g). The following are equivalent.
(@) xis primitive.
(b) For each proper divisor ¢’ | g, there exists k =1 (mod ¢’) such that x(k) ¢ {0,1}.
(c) For each proper divisor ¢’ | ¢ and integer r, we have

q/q'—1

Z x(kq' +r) =0.

k=0

Proof. We show our implications in sequence.

(a) We show (a) implies (b). Because Y is primitive, we know that the nonzero values of x are not periodic
(mod ¢’). In particular, we may findr = s (mod ¢’) such that x(r) and x(s) are distinct and nonzero. In
particular, we must have r, s € (Z/qZ)*, so we let s’ € Z denote a multiplicative inverse of s (mod q)
sothatrs’ = ss’ =1 (mod ¢'), but

x(rs) = x(r)x(s") = x(r)/x(s) = L.
This is what we wanted.

(b) We show (b) implies (c). Well, fixaninteger ¢ =1 (mod ¢') such that x(¢) ¢ {0,1}. Writing ¢ = 1+¢'¢
and d == q/q’, we see that

q/q' -1 d—1
X(0) Y x(kd +1)=>"x(tkq + tr)

=0 =0
d—1

=> x(tkq' + (1 +¢'0)r)
k=0
d—1

= x((Ck +£)q' + ).

k=0

Now, we claim that k& — ¢k + ¢’ is a bijection Z/dZ — Z/dZ. Indeed, it is enough to show injectivity
because this is a map from a finite set to itself, so we see that ¢k + ¢/ = lks + ¢/ (mod d) implies

lky = lky  (mod d),

which implies k1 = ko (mod d) because ged(¢,d) = ged(¢,q) = 1. This completes the proof of the
claim, so we can re-index our sum as

a/q' -1 q/d’—1
X0 > xlkd' +r)= > x(kq' +7)
k=0 k=0

because the value of & in the sum only matters (mod d). (Recall d = ¢/¢’, and x is periodic (mod ¢).)
Because x(¢) # 1, we conclude that the value of the sum must be 0.

(c) We show (c) implies (a) by contraposition. Indeed, if x is not primitive, then Proposition 3.17 grants us
a Dirichlet character x; (mod f) where f := f(x) such that

_Jxs(n) if ged(n,q) =1,
x(n) = {0 if ged(n,q) > 1.
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Now, by Lemma 3.15, we see f | ¢, and because y fails to be primitive, we have f < ¢, so f is a proper
divisor. As such, we see that

q/f-1 q/f-1
Y x(kf+1) Z Locd(kf+1,9)=
k=0

This sum has nonnegative terms and at least one positive term at £ = 0, so the total sum is at least 1
and hence is nonzero. u

We can now relate our Gauss sums together.

Lemma 3.20. Fix a primitive Dirichlet character x (mod ¢). Then for any integer m, we have

T(x,m) = X(m)7(x)-

Proof. We have the following cases.

» Suppose that ged(m, ¢) = 1. Here, the argument is a change of variables. Indeed, we note x(m) # 0,
SO we may write

I
>0
| =
i~}
I |
= o
®
/N
<3
N———
=_
3
2

where we have re-indexed our sum in the last step; in particular, we see that multiplication by m €
(Z/qZ)* is a bijection (Z/qZ)* — (Z/qZ)*. In total, we note x(m)~! = x(m) because |x(m)| = 1 by
Remark 1.12, so we conclude that 7(x, m) = x(m)7(x), as desired.

« Suppose that ged(m, ¢) > 1. This is harder and requires using that x (mod q) is pr|m|t|ve Quickly,
note that x(m)7(x) = 0 because gcd(m, q) > 1, so we must show that 7(x, m) =

Well, take d := ged(m, ¢) and m’' := m/dand ¢’ :== ¢/d so that ged(m/,¢') = 1. As such, we write each
n € Z/qZ as kq' + r by the division algorithm, which gives

We now note that the inner sums vanish by Lemma 3.19 because ¢’ is a proper divisor of q. Note that
we have used the fact that y is primitive here. |

Proposition 3.21. Fix a primitive Dirichlet character x (mod ¢). Then |7(x)|? = ¢.
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Proof. This is essentially the Plancherel formula. Using Lemma 3.20, we note |x(m)| = 1if ged(m,q) = 1
(by Remark 1.12) and |x(m)| = 0 otherwise, so

Now, if k # ¢, then the inner sum is

()

so we only care about the terms with & = ¢, where the inner sumis ¢. Thus,

m=0

g—
e(@)r0I> =D x(k)x(k) ¢ = (9)q,
[x(k)[?
which yields |7(x)|* = ¢. This is what we wanted. |

3.2 February10

We continue discussing applications of the Gauss sum.

3.2.1 The Pélya-Vinogradov Inequality
As an aside, we set up the Polya—Vinogradov inequality.

Theorem 3.22 (Pélya—Vinogradov inequality). Fix a prime p and a nontrivial character x (mod p). Then
forany a, b, we have

> x(n)| < Vplogp,

a<n<b

where the implicit constant does not depend on anything.

Proof. Roughly speaking, we are computing the inner product of x and the indicator function of an interval.
Using “Plancherel’s formula” to bound completes the proof. The trick here is to “complete the sum.” Be-
cause Zf’l;}) x(n) = 0, we may assume that a, b < p. (If shifting yields a < p < b < p+ a, then we can flip the

entire sumtomakeitb—p<p-—a <p.)
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Now, the main point is to take the Fourier transform

where we have expanded out the geometric series to get this bound; namely, we are noting ﬁ ~p.
As such, we use the Fourier inversion formula Corollary 1.24 to see

> ten@@)| =1 | 3 Tagome (m> (@)

z€F, m,z€l, P
Now, by Proposition 3.21, this is bounded above by
18— 1 =1
S 7; Tap VP < N \/famZ:l — < /plogp.

(Notably, the m = 0 term provides no contribution.) This completes the proof. |
Corollary 3.23. The least nonquadratic residue is O(y/z log x).

Proof. This is direct from Theorem 3.22. [ ]

Remark 3.24. For “short” intervals, one can do better, which is the point of the Burgess bound.

Remark 3.25 (Nir). Here is another nice corollary: fix real numbers 0 < @ < 8 < 1. Fora primep = 1
(mod 3), define the character x (mod p) by x(g) := (3 where g € F) is a generator. Then the function
f =3 (14 x+x?) has f(a) indicating if a (mod p) is a cube. Thus, the proportion of cubic residues
(mod p) in the interval [ap, Bp] is

A GELL is(ZS_an;;e opsesPel_ 3 _la)p%((ﬂfa)erO(\/ﬁlogp)) = %JFO (p’l/2 logp> .

In other words, cubic residues are equidistributed (mod p). A similar argument works for higher pow-
ers.

3.2.2 The Functional Equation for L(s, x)

Given a primitive Dirichlet character x (mod ¢), we would like to provide a functional equation akin to The-
orem 2.42. It will be convenient to divide our analysis in the cases x(—1) = 1 and x(—1) = —1. Notably,
x(=1)2 = x(1) = 1,s0 x(—1) € {£1} isindeed forced.

Remark 3.26. Roughly speaking, the case of x(—1) = 1 makes L(s, x) a factor of the Dedekind ¢-
function of a real quadratic field, but the case of x(—1) = —1 makes L(s, x) a factor of the Dedekind
¢-function of an imaginary quadratic field. Because the infinite place of Q splits differently in these
cases, the I'-factors used to complete our L-function will be different, which is why we must separate
our analysis into cases.

Despite the philosophical remark of Remark 3.26, our entire discussion will avoid discussing number fields.
Asinthe proof of Theorem 2.42, our functional equation will follow from the functional equation of a suitably
defined ©-function.
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Definition 3.27. Fix a Dirichlet character x (mod ¢).

o If x(—1) = 1, we define, for Re s > 0,

O(s, x) = Z X(n)e*””%/q.

nez
 If x(—=1) = —1, we define, for Re s > 0,

O(s,x) = Z nx(n)e‘“"QS/q.

nez

Note that x(—1) = —1 would imply that

> x(me ™ =0,

nez

which explains why we should add the factor of n here.

Lemma 3.28. For any Dirichlet character x (mod ¢) and € > 0, the sum defining ©(s, x) converges ab-
solutely and uniformly on {s : Re s > €}. Thus, ©(s, x) defines a holomorphic functionon {s : Re s > 0}.

Proof. Note that the second sentence follows from the first: by Lemma A.15, we see that O(s, x) is holo-
morphicon {s: Res > ¢} forany e > 0, so taking the union over all ¢ > 0 achieves the result. We now show
our convergences by the Weierstrass M -test.

» Forx(—1) =1, we see

Z ‘X(n)ef‘n’nzs/q < Zefﬂrﬁ Res/q < Zef‘nnza/q _ @(E/q),

neZ nez nez

which already converges by Remark 2.34. Note that the bound e~ ™ s independent of s, which gives
our uniformity.

« Forx(—1) = —1, wesee

Z ‘nx(n)e—ﬂn%/q < Z ‘n|e—ﬂ'n2 Res/q <1+ 2Zne—7rna/q.

nez ne”Z n=1

Because ne~""¢/4 is independent of s, it remains to show that the rightmost sum converges. Well,
note that n?/e™</9 — 0 asn — oo, so because this is a continuous function, we actually see that it is
bounded by some constant C' > 0, so we see

DTS WIS BT it
n=1 n=1 n=1

which converges. For example, this is {(2), which converges by Proposition 1.2, say. |

And here is our functional equation for ©(s, x).
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Proposition 3.29. Fix a primitive Dirichlet character x (mod g).

» If x(=1) =1, then forany Res > 0,

O(s,x) = T(\/f) L7129 (ix> .

o If x(—1) = —1, then forany Re s > 0,

O(s,x) = ;(\f) L5329 (ix> .

Proof. The argument is similar to Proposition 2.35. Note that ©(s, x) is holomorphic on the region {s :
Res > 0} by Remark 2.34. On the other side, we note that Re s > 0 implies that Re(1/s) > 0 as well: writing
s =a+bifora > 0, wehavel = als—‘;”, which also has positive real part. Thus, we see that ©(1/s,%)

is the composite of holomorphic functions and is therefore holomorphic, as are T\(/;) *1/29( X) and
% .s73/20 (%,X).

In total, by the uniqueness of analytic continuation, it therefore suffices to show that our holomorphic
functions are equal on R . As such, fix some ¢ > 0, and we use Poisson summation, roughly in the form of
Corollary 2.10.

» Suppose x(—1) = 1. Then we note Lemma 3.37 implies

tx) = x(n)T(x)e ™1/

nez

=Y r(@me

nez
qg—1
2 .
_ Z Y(T) Z e~ t/q+27mm"/q> )
r=0 < nez

Now, taking the conjugate of Corollary 2.10, the inner sum becomes

$ emmt /0 2ninG/a) Z =1/ /(t/a),

nez V nGZ

SO

T(X)O(t x)

*W(n+r/q /(t/q)
)

Il
5 <
Il |
< -
Q A

H

_ Vi ( Sx(0r —w(qn+r)2<1/t)>
ﬁ r=0 nez
q = —7n?
— \\/[; T(n)e~™ (/1)
neZ

o(1/t.x)

where in the last equality we have used the absolute convergence of ©(1/t,) to rearrange the sum.

Rearranging our equality, we see
NG (1 )
O, x)=—"= -t O|-,x]-
(t, x) &) ;X
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» Suppose x(—1) = —1. Again, we note that Lemma 3.37 implies

= > x(m)r(x)me

neE”L

= Z 7(X, n)neﬂm%/q
q—1
=Y <X(7‘) > ne—””Qt/"”””"'/q)

r=0 nez

This time around, Poisson summation in the form of Corollary 2.10 is not good enough for our pur-
poses, but Poisson summation still suffices. Set f: R — C by f(z) = pe— T (t/q)+2miz(r/q) Setting
g(z) == e~™", we note that ¢/(z) = —2rze" ™", s0

f(.%') — \/7.%_ 2wzr(r/q)

2W

Thus, Lemma C.6 and Exercise C.7 tell us that f is Schwarz with Fourier transform given by

1 1 / r/q
Ffls)=— —
(FI)(s) FF( ><ﬁ>

_ s~ 7“/ 4\ —r(s=r/0)?/(t/a)
~on( t/q

:—Z\[t 3/2 qs—r 7r(qs r)?2 /f

Now applying Theorem 2.8, we get
Z ne~ ™" 2t/q+2minr/q _ Z f(n Z (Ff)(n) = Z —i\/(}t—?)/Q(qn _ T)e—w(qn—rﬁ/t.

nez neZ neZ neZ

As such, we get rid of the sign here by noting x(—r) = —x(r), so
qg—1
. - -7 —r)?2

tx) = (xm S it (gn — r)e @) “)

r=0 nez
q—1
. — = —n(gn—r)?
=iyt =y (Zx(an)(an)e (an=r) “)

r=0 \n€z
A Y e
nez
O(1/t.x)

Rearranging our equality, we see
Va —3/2 (1 )
S} taX =—=-1 S} - X |
=65 t

which is what we wanted. [ |

We will focus on the case of x # xo. Now, for @ € R, an argument similar to Corollary 2.10 yields

2 2 .
§ e—w(n+a) /T _ (El/2 § e~ w+27rzna.

ne”Z nez
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In particular, taking o = m/p for m € Z grants
2\ /2
Z e*ﬂ'(’ﬂ*‘rm/p)Q/CE _ (> Z 6*777121/17+27rinm/p.
nez p nez

To continue, we will work with x(—1) = 1.! Here, we set

O (x) =Y x(n)e ™ e/7,

nez

Roughly speaking, in the case where x(—1) = —1, this sum would completely vanish, so we would have to
add a factor of n or similar to make this summation behave. We will not say more about this case.
Using Corollary 1.24, we see

Oy(x) =) T(% 1) ( > X(m)>em”/”6””21/p

EZ m=0
1 =
; 2
— — X(m) 627rzmn/p—7rn z/p
(X, 1) mz::O T;Z
1 2\ 2R )
- (= x(m) e~ T(n+m/p)*p/z
= (5) Zxmx
1 x 1/2 p—1 ,
= — = X(m) e—ﬂ(p71,+m,) /(pm)7
w5 (G) Txmx

where we have applied Poisson summation at =. Now, the summations loop over all residue classes in
pn + m, so we see

O, (r) = — ~(‘”)U22x<t>eﬂ2“w>1~(m>1/2@x<1/x>,

r) = 061 \p

where we are also using the fact that x is periodic (mod p).
Now, to find our functional equation, we write

=, (s) = p*?7 /2D (s/2) L(s, x).

Here, the factor of p roughly comes from some kind of conductor, and the 7—*/2I'(s/2) is our real I'-factor.
In particular, our functional equation will turn out to be the following result.

Theorem 3.30 (Functional equation for =, ). Fix a nontrivial Dirichlet character x (mod p) such that
Xx(—1) = —1. Then E, (s) is entire and satisfies the functional equation

Ex(s) = e(X)=Zx(1 - 5),

where g, = /q/7(x).

Proof. We follow the proof of Theorem 2.42. One can compute the integral

T(s/2)(p/m)*/*n™* = / e~/ ge/2 0T

0 x

1 This is called the “unramified at co case” because the place here at infinity is totally real.
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for Res > 1. Summing, we see

— 1 [ <70 dx
:X(S):i/o 0, (z)z /2?

At this point, one can see directly that this right-hand side is entire for all s € C: indeed, ©, (z) rapidly
decays at both 0 and oo, so its Mellin transform is safe for all s € C. Thus, we already see that =, is entire.
In particular, this equality now holds forall s € C.

Anyway, applying the usual variable change z — 1/x, we see

1 [ dx
E _ = 1 —5/2
(=3 [ eximer S

= 5/0 (r<x>@><(x)>x )

where we have used the functional equation for ©,, at the last equality. Upon using the analytic continuation
for Zx provided by the previous paragraph, we get

=y (s) = exZx(l - s).

This completes the proof. |

Remark 3.31. The element ¢, in the functional equation is called “the root number.” There is a wealth
of research trying to understand their behavior.

Remark 3.32. We omit the case of x(—1) = —1.

3.3 February13

Today we conclude discussing the functional equation for L(s, x).

3.3.1 Al Functional Equations

We will want to state our functional equation for primitive Dirichlet characters, so here is the definition of
primitive characters.

Definition 3.33 (primitive). A Dirichlet character x (mod g) is primitive if and only if x: (Z/qZ)* — C*
has no smaller period than q.

Remark 3.34. In more general contexts, g is called the “conductor” of .

Here is our statement.

Theorem 3.35. Fix a primitive Dirichlet character x (mod ¢) for ¢ > 1. Then set a, = (1 — x(—1)) €

{0,1}, and define
_ (s+a)/2 _ (s+a
Bx(e) = (g) r ( 5 > L(s, x)-

™

Then Z, is entire and satisfies the functional equation

E,(s) = exEx(l - 8),

where ¢, := i%¢'/2 /7(x), where 7(X) is a Gauss sum.
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Proof. Omitted. |
We should probably say a few words about these more general Gauss sums.

Lemma 3.36. Fix a primitive Dirichlet character x (mod g¢). Then |7(x)|* = /3.

Proof. Again sum over the 7(x,m) as in Proposition 3.21. |

The rest of the proof of Theorem 3.35 now follows exactly as we proceeded last class.

3.3.2 The Sign of the Gauss Sum

Proposition 3.21 tells us the magnitude of 7(x), but we might be interested in its exact value, for example
because these determine our functional equations. This is referred to as the “sign” of the Gauss sum. While
we're here, we will examine a special case.

Lemma 3.37. Fix a prime p, and set x,, := (;}) Then

Proof. Quickly, note that >"2_! e(k/p) = e(”/l‘})p) L — 0, so we can add this to our original sum to see

p—1 p—1 p—1
k k k k k
=2 ()G 2o 6) -2 6)G)
k=0 \P P/ = \P/ %o p p
In particular, if & (mod p) is a quadratic residue, then the coefficient of e(k/p) in the sumis 2; if k =
(mod p), then the coefficient of e(k/p) is 1; and lastly, if k is a nonquadratic residue, then the coefficient
of e(k/p) is 0.
However, by staring at these cases, we see that the coefficient of e(k/p) here is the number of solutions

rtox? =k (mod p): there are two solutions if k is a quadratic residue, only z = 0if k = 0 and none if k is a
nonquadratic residue. Thus,

1

) =S # e € 2oz =k (mod p)} ()’}( .

k=0 x
which is what we wanted. [ |

The benefit of Lemma 3.37 is that this expression is more amenable to Poisson summation.

Proposition 3.38. Fix some odd integer ¢. Then

. (2)-40

Proof. We will use Poisson summation; the point is to turn our Gauss sum into an infinite sum by adding
some dampening factor. To set us up, define f(z) = O(z/\/7) = >,z e="¢*, which is holomorphic by
Remark 2.34, and by Proposition 2.35, we see that

1o-(0)"1(%) 3.
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for z such that Re z > 0. Notably, Rez > 0 implies Re z/+/7 > 0 as well.
Now, the series defining © absolutely converges, so for any ¢ > 0, we may rearrange

2mi - o
f (E + ) =142 67(6+27rz/q)n

00
=142 Z 676n2672ﬂ'in2/q

n=1
q—1 ) [e’e]

il 14 22 <6—27rirz/q Z e—(r+mq)25>’
r=0 m=0

where in the last equality we have written n = mq + r for r € [0, ¢) and rearranged.

Use theta Now, one can check that ¢ — 0T enforces
chi.
> )25 ~ ﬁ

m=0

by doing Poisson summation and only focusing on the leading term. In particular, we see that

2mi VT o 2
f <€+ ) ~ e—27rzr /a
q 2qv/c ;

ase — 0T. As such, using the functional equation (3.1) for f, as well as the computation

2 2

s mTq q 9
5 LT .40
e+ 2mi/q y Tt (%)
to take the asymptotics on the other side. This will complete the proof. [ |

Remark 3.39. One can use Proposition 3.38 to prove the law of quadratic reciprocity, essentially by
comparing Gauss sums (mod p) and (mod q) for distinct odd primes p and g. One can also use these

techniques to prove the supplement (%) = (71)(1”2*1)/8.

3.3.3 AZero-Free Region for Complex Characters

We continue to let x (mod ¢) be a primitive character.

Remark 3.40. When x (mod gq) is not primitive, then L(s, x) is equal, up to a few Euler factors, to some
L(s, x’), where x’ has smaller modulus. These finite Euler factors do not affect our zero-free region.

Example 3.41. Fix
D(s) = ¢(s)°L(s,x)*L(s,X)*L(s, x*) L(5,X*)-

When x isa complex character, one can check that this has nonnegative real coefficients, so Lemma 2.63
goes through and grants us a zero-free region using the same argument we used for (. Namely, we still
get a zero-free region which looks like

C
oditio>1—— 4
{ 10g|q(lt+2)|}

where ¢ is some fixed constant. In particular, we get a smaller zero-free region for larger g.
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3.4 February15

We open class by remarking that the arguments of Gauss sums turn out to be equidistributed. As refer-
ences, we mention “Sato—Tate Theorems for Finite Field Mellin Transforms” and “Gauss sums, Klooster-
man Sums, and Monodromy Groups.” Let's give a quick algebraic proof of the supplement.

Proposition 3.42. Fix an odd prime p. Then (%) = (—1)(p2_1)/8.

Proof. Let ¢ € F, be an eighth root of unity. (We can also find ¢ in F,« because ( is a root of the equation
¢(*4+1=0.)Because (* = —1,wesee(? =("2, s0

C+¢ ) =+¢2+2=2

Now, we see (%) = 1is equivalent to having ¢ + (7! € F,, which because Gal(F,/F,) is topologically

generated by the Frobenius, is equivalent to

P (P = (CJrCfl)p 2 C+ ¢ L

Now, this is equivalent to p = 1 (mod 8); indeed, if p = £3 (mod 8), thenwesee (3 + (73 = —¢ — (" tis
the negative root. |

3.4.1 Counting Zeroes of L(s, x)

We would like to generalize Theorem 2.50. For this, we have the following definition.

Notation 3.43. Fix a primitive character x (mod ¢). Then we define

N(T) = #{|p| < T : Z,(p) = 0}.

Remark 3.44. Note that the functional Theorem 3.35 does tell us that all zeroes live in the critical strip,
but we no longer have conjugate symmetry because x might not be real.

Arguing as before, the set
L'(2+1iT, x)
L(2+1iT, x)

is uniformly bounded above, and one can show as in Lemma 2.51 that

:T eR,q,x (mod q)}

1
-_ I T+ 2 1
ZoHump_T'Q < log(|T| +2) + log g,

Ex(p)=

where the implied constant is absolute. Following the rest of the proof of Theorem 2.50 from the argument
principle again gives us

1 T '\ T
—N,(T)=—1 — | — — + O(l T+ 2
SV(T) = 5o to (4 = -+ Olloga(1] + ),

where the implied constants are still absolute.

3.4.2 Solovay-Strassen Primality Testing

As an application of what we've done so far, we describe a primality test assuming the Generalized Riemann
Hypothesis (GRH).
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Question 3.45. Can one determine if an integer n is prime in Poly(log n) time?

This is known unconditionally (via the AKS algorithm), and there are fast probabilistic algorithms, but we
describe an algorithm which works assuming GRH. Here is the statement of GRH.

Conjecture 3.46 (Generalized Riemann Hypothesis). For any primitive character x (mod ¢), the zeroes
of 2, (s) all lie on the vertical line

1
Res = .
€S 2

And now here is our result.

Theorem 3.47 (Miller—Rabin). Assume GRH. Then we can test if aninteger n is prime in Poly (log n) time.

For this, we describe the Miller—Rabin primality test, which is one of the more efficient probabilistic primality
tests.

Lemma 3.48 (Fermat’s little theorem). Fix a prime p. If gcd(a,p) = 1, then a?~! =1 (mod p).
Proof. This follows from Lagrange’s theorem: the order of a € F; divides |]F;| =p—1 |

Remark 3.49. It turns out that there are infinitely many integers n such that
a”=a (mod n).

For example, n = 561 works. Thus, one cannot really use Lemma 3.48 to test for primality.

Instead, we will want to use Proposition 3.9, which implies

aP~/2 = <a) (mod p)
p

for ged(a,p) = 1. In order to compute Legendre symbols efficiently, we must introduce the Jacobi sym-
bol.

Definition 3.50 (Jacobi). Fix an odd integer n. Then for integers a, we define the Jacobi symbol
vp(n)
a a
M=1I(;) -

Remark 3.51. The Jacobi symbol, like the Legendre symbol, is multiplicative in the numerator, but it
is also multiplicative in the denominator. One can use this to show “Jacobi reciprocity,” which asserts

that odd a,b € Z grant
a b
2V Z2) = (—1)e=D-1)/4
(b) (a) (=1) '

One also gets the supplement (2) = (=1)(=*-1)/8,

Remark 3.52. Remark 3.51 allows us to compute Jacobi symbols efficiently via reciprocity. Roughly
speaking, we are basically just doing the Euclidean algorithm and keeping track of some signs.

We now do primality testing with the Euler criterion.
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Lemma 3.53. Fix an odd integer n. If n is not prime, there exists some a such that

aln=1/2 o (%) (mod n).

Proof. Omitted. Theideaisto splitthisintotwo cases: if nis squarefree, one can divide the result via the Chi-
nese remainder theorem into various (mod p) statements; if nis not squarefree, then one can look (mod p?)
somewhere to get the result. |

This suggests the following algorithm to test if n an odd integer n is prime.
1. Choose somerandoma € [1,n).
2. Compute the Jacobi symbol (£). Via the Euclidean algorithm, one can compute this in O ((log n)?)
time.
3. Compute a(®~1/2 (mod n) using exponentiation by repeated squaring. This will run in O ((logn)?)
time.

4. If the above do not match, then n is not prime. If the above match, then return to step 1 and try and
another a.

In fact, we will show (using GRH), that one only has to check a < (logn)?, so the entire algorithm runs in
O ((logn)®).

3.5 February17

The next two classes (Wednesday and Friday) will be recorded and posted online.

3.5.1 Deterministic Solovay-Strassen

Here is our main theorem, which tells us that the Solovay—Strassen primality test can be made determinis-
tic.

Theorem 3.54. Suppose that ¢ is an odd integer which is not prime. Assuming GRH, then there exists
a < (log q)? such that

(Z) £ a7 Y/2 (mod q).

We will require the following result.

Proposition 3.55. Let ¢ be an odd integer. Given a subgroup A C (Z/qZ)*. Assuming GRH, there exists
an absolute constant ¢ such that

{[k] € (Z/nZ)* : k < c(logq)®} C A

implies A = (Z/qZ)*.

One can quickly prove Theorem 3.54 from Proposition 3.55.

Proof of Theorem 3.54. Indeed, the set
A= {a € (Z/qZ)* : (a) #a" Y2 (mod q)}
q

is a subgroup of (Z/qZ)*. Because q is not prime, we know that A # (Z/qZ)*, so it follows from Proposi-
tion 3.55 that A does not contain all [k] € (Z/qZ)* such that k < c¢(log ¢)?. The conclusion follows. [ |
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We now attack Proposition 3.55.

Proof of Proposition 3.55. Suppose for the sake of contradiction that A # (Z/qZ)*. Now, the quotient
(Z/qZ)* /| Ais nontrivial and abelian, so it has some nonzero character. Pulling this character to (Z/qZ)*, we
have a Dirichlet character x (mod ¢) such that

x(k) =1

foreach 0 < k < ¢(log q)? coprime to n.
As in the proof of the Prime number theorem, we want to consider the infinite sum

> Almx(n) = 5 /R - (_ LL/((SS,’Q)) el

n<x

and shift the contour over to the left. To do this, we apply smoothing ¢ to get a smooth function compactly
supported on [1/4,3/4]. Arguing as in Dirichlet’s theorem, we see

S ate () = o [ (-5 (et as

n>0

Shifting the contour is somewhat delicate, but it can be done similarly as in our proof of the Prime number
theorem. This gives

S A (2) == 3 (Mo

n>0 L(p,x)=0

plus some smaller error terms. By GRH, we may assume that all the roots lie on Re s = 1, so this is bounded
(up to a constant) by

Vzloggq.

Notably, the number of zeroes does not increase very much, especially in comparison to the rapid decay of
Map. As such, we see

z < |y An)x(n)y (g) < Valogyg,

n>0
so z < (log q)%. However, setting x = c(log q)? for ¢ large enough will break this bound, which is our con-
tradiction. |

3.5.2 Imprimitive Characters

Let’s talk a little more about our characters.

Definition 3.56 (conductor). Fixa Dirichlet character x (mod ¢). Then the conductor f(x) is the minimal
period of y restricted {n € Z : ged(n,q) = 1}. If f(x) # q, then x is said to be imprimitive.

Roughly speaking, one can take characters and reduce them to the primitive case by pretending they are
Dirichlet characters modulo their conductor.

Definition 3.57 (induces). Fix a Dirichlet character x (mod ¢) with conductor f. Then the Dirichlet char-
acter “x (mod f)" is primitive (by construction) and is said to induce x (mod gq).

Example 3.58. The principal Dirichlet characters are induced by the constantly 1 character.
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Remark 3.59. The pointis that a Dirichlet character y (mod ¢) induced by a primitive Dirichlet character

/

X' (mod f) has L-function given by

- 1
L(s,x') = L( ,x)}% I

Note that these finitely many Euler factors do not add any zeroes or poles or similar.

Remark 3.60. Under our philosophy that the real characters are the hard ones. By the Chinese remain-
der theorem, it suffices to understand characters modulo prime powers p”. If p is odd, then (Z/p*Z)™

is cyclic, so the only real characters are either principal or is (;) depending on if the generator g €

(Z/p*Z)* gets sentto —1or 1. If p = 2, then (Z/2"Z) = (—1) x (5) = Z/27 x Z/2"~2Z for v > 2, and
we can decompose this as one might expect. Namely, there is one modulo 4 and two modulo 8.

3.6 February22

This lecture was recorded.

3.6.1 Real Primitive Characters

We continue discussing primitive characters xy modulo prime powers p”. Recall that these are controlled
for p odd because (Z/p¥)™ is still cyclic. In particular, there is exactly one real primitive Dirichlet character
(mod p) and none for p” forv > 1.

For p = 2, one must be a little more careful.

» Thereis a unique primitive real character (mod 2) which is the trivial one.

« There is a real primitive character x4 (mod 4) given by ().

« Further, there are two real primitive characters (mod 8) given by (2) and (=2).
» There are no more real primitive characters (mod 2").

Roughly speaking, these characters can give all primitive characters by the Chinese remainder theorem. We
can be a little more explicit about this.

Remark 3.61. Using the Kronecker symbol, one can write all real primitive Dirichlet characters as (%)
The values d yielding primitive characters are the ones which are fundamental discriminants; namely,

d= N ifN=1 (mod 4)andissquarefree,
- |4N ifN=2,3 (mod 4) and is squarefree.

Note that we permit N < 0.

Remark 3.62. Fix a real primitive character y = (4). Then ((s)L(s, x) is the Dedekind ¢-function for the

quadratic field Q(v/d). Roughly speaking, this explains why ¢(s) L(s, x) should have positive coefficients.
See [Dav80, Chapter 6] for details.
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3.6.2 Zero-FreeRegionsfor L(s, x)

We now establish some zero-free regions for L(s, x). For complex primitive Dirichlet characters x, one can
use the product

C(s)>L(s + ito, X)*L(s — ito, X)>L(s + 2ito, x*) L(s — 2ito, X°)

combined with Lemma 2.63 to see that L(s, x) has no zeroes in the region

{sGC:Res>1lmg(q(|§+2))}.

Note that any imprimitive character x can be reduced to a primitive one by adjusting finitely many Euler
factors of L(s, x), which do not change a vanishing region.

In the case of real primitive Dirichlet characters y, one does not do as well. Notably, x> = ¥? is the
principal character, so L(s + 2ity, x?) is lacking a pole at s = 1. Nonetheless, an argument will still work
except at tg = 0, where we see that we have at most one zero in the real numbers in the region

{se(C:Res>1—lmg(q(|§+2))}.

However, at most one zero is still not good enough for our purposes. Well, to deal with a possibly real zero,
we can apply Lemma 2.63 to

¢(s)L(s, x),

and we can produce a lower bound (using the proof of L(1, x) # 0) to produce the lower bound
L(1,x)] > cq /2.

In particular, from the summation, our Dirichlet series is 1 on squares, which is where the square root comes
from.

Remark 3.63. In contrast, we can upper-bound L(s, x) relatively easily as

L' (o, x)| < (logq)*  for 1-— <o<l,

log q

and

|L(0, x) < logg, for 1-— <o<1.

log q

For details, see [Dav80, Chapter 14]. Roughly speaking, one can just use the Dirichlet series for L(s, x).
In particular, early terms rotate quickly and can be bounded as sines and cosines, and the later terms
are small.

The idea above is that we can use the above derivative combined with our lower bound for L(1, ) in order to
get some very smallintervalin the real numbers where we are nonzero. This is indeed technically a zero-free
region; in the next lecture, we will cover Siegel's theorem, which is ineffective but will do a little better.

In total, we get that any problematic real zero 3 of L(s, x) must satisfy

C
1-— -
A= (logq)%\/q

Of course, this is much worse when compared to ¢/ log g, but it does give us a zero-free region to work
with.
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Remark 3.64 (Landau). Fix x4 := (). Then one can use

C(S)L(S’ Xd1)L(S’ Xdz)L(S’ Xd1Xd2)7

for dy # ds, which is the ¢ function of a biquadratic field. Now, because each of these L-functions have
at most one real zero in the desired region (1 - m, 1} , we note that a zero for L(s, x4, ) will force

the other L-functions to not have zeroes! An idea like this is able to produce a zero-free region, and it
is the key input to Siegel's theorem.

3.7 February 24

Again, this lecture was recorded. Our goal here is to state and prove Siegel's theorem. This will be our first
“ineffective” theorem.

3.7.1 Siegel's Theorem

Fix a primitive Dirichlet character x (mod ¢). Recallthat there is an effective constant ¢ > 0 such that L(s, x)
has no zeroes in the region

c
s:Res>1— ————
{ log(qlt+2)}

except possibly a real zero in the case where y is a real character.
We also recall from Landau that distinct primitive Dirichlet characters x; and x2 with coprime moduli
will make

Cr(s) = ((s)L(s, x1)L(s, x2)L(s, x1X2)

have nonnegative coefficients.

Remark 3.65. If we set y; = (dTl) and yo = (dT?), then the above Dirichlet series is the Dedekind (-
function associated to the biquadratic field K := Q(v/dy, v/d2). In particular, the fact that (x has non-
negative coefficients is direct from this definition.

Now, one can repeat the argument from Lemma 2.63 to get that there is at most one zero of (k in the
desired region, that it must be real, and that it must live in (1 — ¢/log(q1¢2),1]. As an aside, we do note
that L(1, x) > 1/,/q, so we get somewhat automatically (from also bounding L' (s, x)) that L(s, x) does not
vanish on (1 — ¢/(,/q(log q)?),1) for some constant ¢ > 0.

Remark 3.66. As an example, one can estimate the first prime p which is p = a (mod ¢) for some (a, q)
with ged(a, ¢) = 1. From the above considerations, one gets about €4, but we expect ¢'*< forany e > 0.

With these preliminaries, we are ready to state Siegel's theorem.

Theorem 3.67 (Siegel). Fix a primitive Dirichlet character x (mod ¢). Foranye > 0 withe < 1/2, there
is a(n ineffective) constant ¢(¢) > 0 such that

L(1,x) > c(e)g™*.

Remark 3.68. From this lower bound, one sees that L(s, x) has no zeroes in the region (1 — ¢(¢)/¢%, 1].
Namely, we also have a bound on L' (s, x).
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Remark 3.69. One can use this result, combined with the class number formula, to show that there are
only finitely many imaginary quadratic fields with class number equal to 1.

We now turn to the proof of Theorem 3.67.

Proof of Theorem 3.67. We follow Goldfeld's proof of this result. Recall

(e () = C(s) L(s, x1) L(s; x2) L(s, x1x2)

has nonnegative coefficients. Choose 8 € [3/4, 1), which is a surprise tool which will help us later. The trick

is to look at )
I = r 5ds.
)= 5m7 [ Gls+BT(s) s
Notably, as |t| — oo, we have |T'(o+4it)| ~ e~ "!1/2|t|”=1/2 for bounded ||, so everything is going to converge
absolutely. Now, absolute convergence everywhere allows us to exchange the sum and integral to give

o0

1(8) =) e/,

n=1

where a,, are the coefficients of (x (s). Notably, by positivity, we have the lower bound I(8) > 1.
We now shift the contour of TtoRes =1/2 — . |

3.8 February 27

Last class we showed Siegel’s theorem. In particular, for real primitive characters x with conductor ¢, we
have |L(1, x)| > ¢ ¢ forany € > 0, where the implied constant is ineffective.

Remark 3.70. As a correction, Mordell's conjecture that curves of genus at least 2 have at most finitely
many rational solutions. For example, for any n > 4, the equation 2™ + y™ = 1 has finitely many ra-
tional solutions. We mention this because computing the number of points exactly (though finite) is
ineffective; this is an active area of research in arithmetic geometry.

In this second half of the semester, we are going to cover quite a few disparate topics. In particular, after
doing a few more applications (the Burgess bound and elementary counting over finite fields), we will turn
to sieve theory (e.g., the weak Goldbach conjecture).

3.8.1 TheBurgess Bound

We are going to do the analytic part of the argument here. Roughly speaking, we are interested in bounding
sums which look like

From Theorem 3.22, we do have a bound of /g log ¢, but we would like to do better for smaller V.

Remark 3.71. Under the Generalized Riemann Hypothesis, one can achieve

N

> x(n)

n=1

< y/qloglogg.

This is due to Montgomery—Vaughan. However, one expects to have <. v/N¢° forany e > 0.
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For applications, we are primarily interested in the smallest ¢ for which x(¢q) # 1, for which these sums
help, up to some constants. (For example, this implies an upper bound on the least nonquadratic residue.)
We are going to achieve some cancellation for N bigger than ¢/, which is better than what is given by
Theorem 3.22.

Theorem 3.72 (Burgess). Fix §,e > 0. There exists some py(d,¢) > 0 such that, for primes p > po (9, €)

and N > p'/4t9 we have
M+N

> x(n)

n=M+1

<eN

for nontrivial characters xy (mod p).

Remark 3.73. One can even allow the conductor p to be cube-free, where xy (mod p) is now forced to
be primitive.

3.8.2 ALittle on Curves

We are going to show Theorem 3.72 in the real character case, where y = (;) For this, we are going to

want the following ingredient.

Definition 3.74 (hyperelliptic curve). Fix a polynomial P(x) € Z[z] of degree r > 3. Given a prime p, we
may consider the hyperelliptic curve

Cp ={(z,y) €F2:y* =P(z)}.

Further, we say that C,, is irreducible if and only if P(z) (mod p) is not a square.

Theorem 3.75 (Riemann hypothesis for curves). Fix an irreducible projective curve C/F,, and define
N, = #C(F,). Then
[Np — (p+ 1) < 8(deg C)v/p

for p large enough.

Remark3.76. Our definition of N, is including points at infinity, so one must be careful about just count-
ing F,,-points on a curve. Our following argument

We are not going to prove Theorem 3.75 in full generality (e.g., this should hold for arbitrary projective
varieties), but we will be able to show a somewhat weaker statement in our case, which will be good enough
for our purposes.

Quickly, let’s explain why we are looking at these hyperelliptic curves at all.
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Lemma 3.77. Fix a polynomial P(z) € Z[z] of degree r. Further, fix a prime p.
(a) There are most r points (z,y) € F2 such that y*> = f(z) such that P(z) = 0 (mod p).
(b) There are either zero or two points (x,y) € F2 such that y* = f(x) if P(z) # 0 (mod p); we have
zero if (#) =1land0if (%) =—1.
(c) Intotal, the number of points (z,y) € F3 is

5 ()

z (mod p)

Proof. Thisis somewhat direct. The first statement (a) holds because P(z) has at most r roots (mod p), and
then y = 0 is forced. The second statement (b) holds by tracking if P(z) is a quadratic residue or not. Then
the third statement (c) holds by the above casework on z (mod p). |

Comparing Lemma 3.77 with Theorem 3.75 produces the bound

> (i@) <2+71p.

z (mod p)

One can improve the constant here with some effort. With elementary methods, one can actually achieve

> <P(x)> < 9r/p.

z (mod p) p
3.9 March1
We continue discussing the Burgess bound.

3.9.1 Provingthe Burgess Bound

For the Burgess bound, we want the following moment result.

Notation 3.78. We set x,, := (;) to be the non-principal real Dirichlet character (mod p).

Lemma 3.79. Fix a prime p. Given some B, we have

2r

p—1
Z Z x(z+b)| < (2rB)p+2rB*\/p.
@=0 [1<b<B

Roughly speaking, it will turn out that understanding moments as above will be enough to control sums of
polynomials.

Proof. By Weil's bound above, we see that

p—1
ZXp(x +01) - x(x + b)) | <7/,
x=0
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provided that the b; are not just r pairs. As such, we note that
2r H 2r r T T
#{(b1,...,by) € [1,B]*" : they are not r pairs} < B'r! < (2r)"B".
T
The left inequality is combinatorial: there are (2:) elements to choose to be the left element of a pair, each
has B options, and then there are 7! ways to rearrange these pairs. To finish the proof, one fully expands out
2r

Z x(x + b)

1<b<B

by using some kind of multinomial theorem. Most of the terms can be bounded as above, but some terms
(namely, the ones which are r pairs) must be bounded more crudely. Summing these as such completes the
proof. |

Now here is our result.

Theorem 3.80 (Burgess). Set
SuN) = > xpn).

M<n<M+N

Then ,
|SM(N)| <, Nl—l/rp(7»+1)/(4r )(logp)l/r

for all positive integers r.

Proof. This is by the moment method. Roughly speaking, this is stated so precisely in order to be able to
induct on N. Comparing with the needed exponents, we are done except in the case where

Cpt/rH1/Ar < N < pl/2H1/4r 190,

where C is some large absolute constant. Namely, the left is because | Sy (V) < N, and the right is because
|Sa (V)| < 64/plogp by Theorem 3.22. For example, we may assume that V < p.
Now, the idea is to shift the sum Sy, (V) by some 0 < h < N. This yields

Su(N)= > xp(n+h)+20E(h),
M<n<M+N

where 0] < 1and E(h) = C’hl‘l/rp(”l)/(‘”z)(1ogp)1/7’. In particular, the E(h) is covering the small overlaps
fromM+1toM + handfromM + N+1toM + N + h.

To optimize our shifting, we will take h = abfora € [1, A]and b € [1, B], where H := AB is less than N.
As such, doing all shifts at once, we see

1
Su(N) = T E E x(n+ ab) +20E(H).
1<a<A M<n<M+N
1<6<B

To force this to behave (arithmetic progressions are hard!), we see

= Z Xp(a_ln—l—b) ,

1<b<B

B
Z Xp(n + ab)
b=1

where the point is that we have turned this sum into a sum of some consecutive x,s. As such, we may re-
index everything as follows: we see
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where
p

-1 B
(v(ﬂc) > x(@+b) ) ;
z=0 b=1

where v(z) is the number of ordered pairs (a,n) such thata € [1,A]andn € (M,M + N]anda™'n = x
(mod p). Note that a~! (mod p) makes sense because A < H < N < p. Roughly speaking, we are doing
better now because v(z) has somewhat controlled moments. For example, we see

V=

p—1

V= Zv(m) < AN,

and

is also relatively small, as we will shortly see. In particular, we have the following upper bound.

Lemma 3.81. Fix everything as above. Then Vo < 8AN(AN/p + log(3A4)).

Proof. We count. Note that we can write
Vo = #{(a1,a2,n1,n2) : 1 < ay,as < A, M <nj,ng <M+ N,aing = asng (mod p)},

where the = has disappeared because V4 is a sum over all possible values of 2. We now fix a few parameters
to determine the other ones. For example, we will fixa; and a; and k := (a;ne — asnq)/pand then determine
how many possible n; and n fit these constraints; i.e., we want the number of ordered pairs (n1,ny) such
that

aing — asny = kp.

Notably, this is bounded above by 2N gcd(aq, a2)/ max{ai,az}: namely, nq lives in an interval of length N
(without loss of generality, take a; > as), and two solutions ns for the single n; must be the same modulo
ged(ag, az). Thus, we see

V, < ON Z ged(aq, az) ( 2AN N 1) .
ea max{ai,as} \ ged(ay,as)p
Namely, we are counting the number of possible k here: certainly this difference is less than AN in mag-
nitude, but if ged(ai,a2) > 1, then the differences will have this divisibility condition as well. So we are
counting the number of k£ in some interval of length 2AN with modularity conditions modulo p ged(ay, as),
which provides the bound.
The remaining computation is relatively straightforward. The left term is

2(AN)? Z 1

D max{ay,as}’

1<ai,a2<A

and the sum here is a constant. The right term here is

2N Z ng(al,ag) :
ca i a max{a,as}

so one can sum over divisors to finish. In particular, with ged(aq, a2) = d, then we achieve at most AN A/d

from this sum, but summing over all possible d grants alog A term. The bounding is annoying, but apparently
it can be done. [ |
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Further, we may set
2r

< (2rB)"p+2rB*\/p

Z (x+0b)

b=1

by Lemma 3.79, so Hélder's inequality yields
1-1/ry,1/27r r
%4 < ‘/1 / ‘/'2/ ”71/2 ]

As a technical choice, we assume that p is sufficiently large, which we may do by adjusting the constant C
appropriately. Now, we set B := |rp'/(?")| so that W < (4r)?"p%/? for p large enough; this allows us to set
A== |N/ (9Tp1/(2r))J so that AB < N (but is only off by some constant factor). From here, one computes

2

N 2
AN < W < p(logp)*.

From the previous lemma, one sees Vo < AN(4logp)?, and in total we see
V< {/11*1/TV21/(2T)W1/(27~)
< (AN)'Y7 (AN - (410gp)?) /7. ((4r)zrp3/2)1/<2r>
< (AN)IHCD gy <4logp.p3/4>1/r

1/r
< aNZU/T (p(r+1)/(2r) lng) _

Now, we note H = AB < 2N/9 by construction of A and B, and we can also see that H > N/10 by some
computation, so the result follows. |

Remark 3.82. To see how this implies Theorem 3.72, the point is that N' > p'/4+% will give N*=1/7 .
Pt/ (4%) relatively small. In particular, p+9/(47*) is about p!/(47) 1/4

plus perhaps some small thing.

, so we want N to be at least p

3.10 March3

We began class by finishing the proof of Siegel’s theorem. | have edited directly into those notes for com-
pleteness.

3.10.1 The Prime Number Theorem in Arithmetic Progressions

We are now ready to prove the Prime number theorem in arithmetic progressions. The point here is to input
our zero-free region (improved by Siegel's theorem) into our Prime number theorem machine to get out a
prime number theorem for arithmetic progressions.

Definition 3.83. Fix coprime integers a and ¢. Then we define

(x5 q,a) = Z A(n).

n<x
n=a (mod q)

Let's be more explicit about our zero-free regions. Fix a primitive Dirichlet character y (mod q).
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« For some constant ¢ > 0, we know that L(s, x) has no zeroes in the region

except for possibly a real zero if y is a real character.

« Inthe event that x is a real character, then each ¢ > 0 provides an ineffective constant ¢(¢) such that
L(s, x) does not have a zero in the interval (1 — ¢(g)/¢%, 1] forany e > 0.

These inputs give the following result.

Theorem 3.84 (Siegel—Walfisz). Fix coprime integers a and ¢, and fix some € > 0. Then we see

Y(w;q,0) = ﬁ +0. ((logiw) 7

where the implied constant is ineffective.

Remark 3.85. One can improve this result in various ways. For example, averaging over a (mod q) is

the Bombieri—Vinogradov theorem. Under the assumption of the generalized Riemann hypothesis, we
have
+ O. <x1/2+5) ,

T

Y(z;q,0) = ()

where the implied constant is effective.

For the remainder of the class, we are going to turn towards sieve theory.
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THEME 4
INTRODUCTION TO SIEVE THEORY

4,1 March6

Let's begin sieve theory.

4.1.1 Elementary Sieve Theory

Roughly speaking, the idea here is that we have some sequence {a,, } nen Of Nnonnegative real numbers, and
we want to compute the asymptotics of the sum

D a

p<N

for N large. The reason we call this “sieve theory” is that we are going to remove terms by inclusion-
exclusion. In particular, we are going to assume that we have understanding of the sum in arithmetic pro-
gressions (say, with small arithmetic progressions) and then compute some our sum with some error terms.

Example 4.1. If we let a,, denote the condition that n — 2 is prime, then

D a

p<N

counts the number of twin prime pairs less than or equal to N.
To set up our sieving, we set the following notation.

Notation 4.2. For real number z, we define

The point is that we might instead sieve for

S

n<N
ged(n,P,)=1

for N large. In other words, we are asking for n to not have small prime factors.
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Let's state a basic sieve, which is the Selberg sieve. Roughly speaking, the idea is to use Md&bius inver-
sion to sieve out entries in our sum which have small prime factors. Here is the definition of the M&bius
function.

Definition 4.3 (11). We define the Mébius function u: N — C as

(—=1)* ifn = p;---pr where n is squarefree,
p(n) = I
0 if n is not squarefree.

Note that u(1) = (—1)° = 1.

Remark 4.4. Observe that i is multiplicative. This is a direct computation.

Remark 4.5. By the Euler product, we see that

(- 5) - (L45) - S

p P k=0 n=1

As such, using the Dirichlet convolution, we see that

1 if ged(n, P,) =1,
> u(d):{o .fgd( P) )
d|n,d| P, if ged(n, B;) > 1.

This is the Mébius inversion formula.

Proposition 4.6 (Selberg sieve). Fix a sequence A = {a, }}_, of nonnegative real numbers in [0, 1]. Fur-
ther, suppose that we have (large) integers X and D such that we may write

Z a, =X and Z g(d)X +r(d, A),

n<N n=0 (mod d)
for each squarefree d, where we satisfy the following conditions.
(i) dissquarefree.
(ii) gis multiplicative and 0 < g(p) < 1 forall p.
(iii) Thesum >~ [r(d)]is relatively small.
Then we define S(A, ;) = 3_, < x scd(n,P.)=1 On- TheN
S(AP,) < ? + 3 n(@)r(d, A)l,
d<D

where J is some effective constant, and 73(d) = #{(a, b, ¢) : abc = d}.

Remark 4.7. It is true that 73(d) <. d° for any ¢ > 0. This is a combinatorial result, which we will not
show explicitly here.
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Remark 4.8. One expects that J ~ V(z) == [[,..(1 — g(p)). Roughly speaking, this is what we expect
to occur if the primes behave randomly, meaning that there is absolutely no error in our inclusion—
exclusion arguments.

Remark 4.9. In the event that g(p) = 1/p always, one is able to bound (using the proof of the Selberg
sieve)

Remark 4.10. One can use the Brun sieve, which we have not introduced here, to “truncate” the above
sums to produce a lower bound.

Remark 4.11. If we can achieve z > v/N, then our sum is actually

> a, <S(AP).

2<p<N

Thus, we have the basic upper bound of

Z ap < S(A,P,) + 2

p<N

because a,, < 1 always. In fact, if we can achieve z = N for small o > 0, then we achieve our upper
bound as needed. However, we do not get good lower bounds from our sieving. Roughly speaking,
z = N keeps values of n which have at most 1/« prime factors because the smallest prime permitted
is 2.

Let’'s move towards a proof of Proposition 4.6 over time. By Mébius inversion in the form of Remark 4.5, we
may write

S = Z an

n<N
ged(n,P,)=1
n<N d|n,d| P,
= Z M(d) < Z an) .
d| P, n=0 (mod d)

Now, the idea is that only the terms with d < z should matter, which is why we defined V(z) in that way.
Roughly speaking, the idea is to define real parameters p1, ..., p4, where d < /D and p; = 1, and we

examine the sums
2
S( X )

n<N A<D
dlged(n,Pz)
which we know must be an upper bound for S = S(A, P,) because p? = 1 is our term in the event of
ged(n, P,) = 1. The internal sum is a quadratic form in our parameters p,, so we will minimize its value
by diagonalizing. For example, we can write

S < Z Pd; Pds Z Ap = Z Pd; Pds (g(lcm(dladQ))X+T(lcm(d17d2)7A))7

d1,d2| P: dy,dz2|n dy,d2| P
n<N
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which we hope gives us something to work with. As such, we define

Gi= > papaglem(d,dy)) and  Ri= > r(lem(ds,dy), A)pd,p,-
dy,d2| P, dy,dz2| P,

Here, our main term is G, and our remainder term is R. Notably, if we can achieve p, € [0, 1] for all p,, then
we can immediately bound

R< Y7 [r(lem(dy,da), A)l = Y 7a(d)r(d. A)l,

dy,d2| P, d<D

where the last inequality simply counts the number of times some r(d, .A) might appear in the sum. As such,
the difficulty will arise in bounding the main term G.

4.2 March8

We continue discussing the Selberg sieve. I'm just going to edit into the previous day's lecture notes for
continuity.

4.2.1 Bounding the Main Term

Roughly speaking, we are going to work through some Cauchy-Schwarz argument in order to achieve our
lower bound on G. The idea is to view G as a quadratic form in the p,,, for which we have tools to optimize.
In particular, we see that pairs (d;, d2) each dividing P, is equivalent to coprime triples (a, b, ¢) with product
dividing P, by setting ¢ := ged(dy,d2) and a := dy/cand b := dy/c. As such, we see

G= Y. glab)pacppe =) <g(6) > g(a)g(b)pacpbc)

coprime abc| P, c|P coprime ab|(P; /c)
We would like to relax the condition that a and b are coprime. For this, we use Mobius inversion to get
G = Z <g(c) Z ( Z :u(d))g(a)g(b)pacpbc) .
c|P, a,b|P./c \d|gcd(a,b)

Exchanging the order of summation to pull d to the front, we get

G=> <g(c) > u(d)g(d)2< > g(m)pcdm) )
cd)

c|P d|P./c m|P,/(

by factoring out our square. To make our sum easier to optimize (namely, we would like the coefficient g(m)
to g(cdm)), we write this as

=Y (g(l) > u(d)< > g(cdm)pcdm> )

c|P, d|P,/c m|P,/(cd)

The internal sum only depends on cd, so we set k := c¢d and exchange the order of summation to see

2
G = Z Z 'u(k/C) Z g(km)pkm .
© ) \ir

k| P, clk g
Now, the function k& — de “é’;c/)c) is just + = é * pand is therefore multiplicative, so we can factor appro-

priately to see
B o /{(70 PYLEN S » N
Wk~ 2 ofe) H(%}”(p/ : g<c>> (5571

plk plk
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Anyway, we go ahead and write

1 2
GZZh(d)( Z g(m)Pm>-

k| P k|m,m|P.

We now apply a chance of variables to finish the diagonalization. For d < v/D, we set

h(d) %;
m squarefree
m<VD
so that
G= Y h(dyi
d<vD

where our constraint is given by p; = 1. Notably, we can invert our definition of y, to see

p(l)
pe=—5 h(d)ya,
g(0) ,Z;
d<v'D
which we leave as an exercise. Thus, we are optimizing the quadratic form
G= ) hdy;
d<v'D
under the constraintthat 1 = p; = >, /5 h(d)ya. In particular, by Cauchy-Schwarz, we can minimize G as
1/J, where B
Ji= > h(d).
d<v'D
However, we see

I=> > h(d)

k|t d<v/D,gcd(d,0)=Fk

=> h(k) > h(m)

k|e m<vVD/k,ged(m, £)=1

> (zhw)( > h<m>)

k|e m<+v/D/t,gcd(m,0)=1
= p(€)ped.

As such, we are able to bound |p,| < 1. Notably, our bound on G has now completed the proof of the Selberg
sieve.

4.3 March10

Today we apply the Selberg sieve in order to count twin primes.
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4.3.1 The Sieve Dimension

We work in the context of the Selberg sieve. Suppose now that 5, := pg(p) is actually bounded. Then we
may compute

—logV(z) = Z —log(1—g(p))

p<z

=S 9l +0()

p<z

= Z%JrO(l).

p<z

In general, we hope that

Z& ~ kloglog z,

p<z

roughly because 3, ought to be bounded.
Remark 4.12. Let’s justify the above intuition. We claim that

Zl = loglog z + O(1),

p<z

which will be enough by expanding out log V' (z), expanding out the Taylor series, and only paying at-
tention to the degree-one terms. Indeed, to see the above equality, one notes that

ZA(d) L%J = Zlogn =zlogz —x + O(log z),

d<z n<x

but this left-hand side is about 3, loﬁp, so the original equality follows by partial summation.

This « is called the “sieve dimension.” Anyway, we see thus see that V(z) ~ (log z)".

Example 4.13. Suppose the sequence a,, is constant. Then we have ¢g(d) = 1/d always because

Yo an= g +0(1),
n=0 (mod d)
=loglogz + O(1).

so we note that k = 1 because 35 _ =

Example 4.14. Fix some b. Define a,, to be 1if n = m? + b for some m and 0 otherwise. Then for any
p > 2 such that p 1 b, we have

By =#{z (modp):p|x2+b}:{2 s (_I'f]):l’:(_l))_&_l

0 otherwise. p

Now, by summation by parts, we see that 3 _ (%) = o(x/logz), so k = 1 follows by adding in the
needed 1 to our summing. Algebraic number theory is able to relate this situation to some counting of

prime ideals with specified splitting behavior, which provides some context.
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Remark 4.15. More generally, we might ask for the number of roots of f(z) (mod p) for a fixed irre-
ducible f € Z[z]. One can show that the sieve dimension is still 1 here, but the proof requires the
Chebotarev density theorem.

Example 4.16. We might ask how frequently the function 22 + 32 + 1 is prime. Then one gets
Z =g(d)X +r,
z,y<T.d|f(z,y)

where one sets X = 472. Now, we define g(p) to be the number of solutions to 22 +y?+1 = 0 (mod p).
By summing appropriately over the Legendre symbol, we see that g(p) = (1+O(1//p))/p, so the sieve
dimensionis k = 1 again.

4.3.2 TwinPrimes

Here is our goal.

Theorem 4.17. We show "
1 —_—
D 1< g

p<x
p+2is prime

Proof. Fix some x. Define a,, to be 1 if n takes the form m(m + 2) for some m < 2 and zero otherwise. Then
for any d, we want that
> an=p(5+oW),
n=0 (mod d)

so we set g(d) := (4/d, and we note that we can make g multiplicative by the Chinese remainder theorem
(we are asking how frequently m(m + 2) is divisible by some fixed d), so we can evaluate at primes to find
g(2) =1/2and g(p) = 2/p for p odd by counting the outputs.

Now, we set z := y/z. As in the Selberg sieve, we expect for

ve=Ila-sor=3 11 (1-2).

We expect V(z) < 1/(log z)?, which we get from taking the exponential of the estimate >° __ % = loglogp
as in our discussion above.

For our proof, take D ~ X'~¢. One can see without too much pain that |r(d, A)| <. X3/2, so our re-
mainder is

|R‘ <. X1_3/4.

It remains to bound our main term, which we will out next class. [ |

4.4 March13

Let’'s briefly introduce the Brun sieve.

4.4.1 TheBrun Sieve

In contrast to the Selberg sieve, the Brun sieve provides a lower bound.
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Theorem 4.18 (Brun sieve). Fix a sequence A = {a,,}_; of nonnegative real numbers in [0, 1]. Further,
suppose that we have (large) integers X and D such that we may write

Z anp =X and Z g(d)X + r(d, A),

n<N n=0 (mod d)
for each squarefree d, where we satisfy the following conditions.
(i) dis squarefree.

(i) gis multiplicative and 0 < g(p) < 1 forall p.

Then we can lower-bound S(A4, P.) =}, < v gcd(n,p.)=1 @n-

Idea. We will not prove this rigorously. As before, we note

N
s<A,pz>:zan( 5 u(d)>,

dged(n,P.)

where the internal sum is an indicator for ged(n, P,) = 1. For the Brun sieve, we will optimize real numbers
Ayand \; for1 <d < Dsuchthat\{ = A\{ =1and

DA <0< A

d|n d|n

for each n. The point is that the A¥ behave as a truncated Mébius function.
Assuming the existence of these real numbers, we get some error terms Rt and R~ such that

XY Mgld)—R <SAP)<X > Ag(d)+ R,
d|P, d| P,
d<D d<D

where

R =" |ATr(d, A)|.
d|P,
d<D

We would like these remainder terms to be relatively small.

The point is that the magic goes into choosing the A¥. Roughly speaking, we will want to choose them to
approximately agree with 2 on small values. As such, we choose real parameters y,,, > 0, and let D" denote
the set of squarefree positive integers d = ¢ - - - ¢ (with ¢; < ¢;+1) such that ¢,,, < y,,, for each odd m, and
we define D~ analogously as the set of squarefree positive integers d = ¢; - - - ¢, (with ¢; < g;+1) such that
gm < qm for m even. We now want to define

N = pu(d)

for each d. To ensure that this is nonzero for enough d, we set our parameters y,,, by

D \V°
Ym = < )
P1-Pm

where 3 > 1. [ ]
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4.4.2 TwinPrimes

We now bound the main term of our Selberg sieve.

Theorem 4.19. Fix everything as in the Selberg sieve. Suppose we have an explicit constant x € N such
that g(p) > «/p for all but finitely many primes p. Then, letting ¢ denote the product of these finitely
many primes, we have

. <;1ogD>ﬂ(  kl(g) )
= kH, IlogD)’

where H, and ¢(q) are effective constants depending on g.

Proof. Explicitly, we will show that we may set

Hy =101 -9() (1 - ;) B and  £(q) =) g(p)logp.

plg plg

Define 7,(n) denote the number of x-tuples of positive integers (a4, ...,ax) such thata; ---a, = n. (The
point is to be able to rearrange summations with some ease.) Recall that

oo

n) =] ( g@)’“)
plb \ k=1

for squarefree b. As an aside, a direct computation with sticks-and-stones tells us that

5 Tnlgf”) ¥ ("2 (1 _ 1>K _ <<P(P>> - (4.1)

n
n>0 n>0 p p p

Now, again by definition, we see

J= Y na)h()
squarefree a,b

ab</D
alq
ged(b,q)=1

by unwinding the Selberg sieve. As such, we see that we want to find a lower bound for
F(x):= > hb).

squarefre b<z
ged(b,g)=1

Extending g to be completely multiplicative for technical reasons, we can define h(b) in the same way, and
we note that we still have g(b) > 7. (b)/b by checking locally at prime-powers and then multiplying. Notably,
by expanding out the products in h(b), we see

F(z)> > g(b),
b<z
ged(b,g)=1

but our inequality g(b) > 7,.(b)/b now grants
7(b)
> .
F(z) > E 7

b<z
god(big)=1

Adding in the remainder terms by multiplying through with (4.1), we see that actually

F(z) > (90(”) 7().

q b<z b
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so upon expanding out 7, and using the integral bound for a sum, we see that

s (20) [t () L

{I:1,...,(17k21

where we have omitted the computation of the integral. In total, we conclude

J > % Z h(a) <¢51q) log (?))

squarefree a<v D
alg

However, we can lower-bound (1 — y)* > 1 — sy, which turns this bound into

() T (e ).

squarefree alq

We are essentially done at this point, but we will massage this a little to make it prettier. For example,

observe 1
TOESSOES | (ERIOIES | Frre:

alq plg plg 9(p)

As such, we see

Z h(a)loga = Z (h(a) Z 1ogp>
alg alg pla
= <1ogp > h(bp))
pla bla/p
B oep. 9P 1
a gq: (1 5T g() pl;[/p —g(p)>
= j(q)(q) u

Remark 4.20. For twin primes, we take k¥ = ¢ = 2 in Theorem 4.19, which shows that our J has a
suitable upper bound for our result. In particular, we get J > (log X)?, which is essentially what we
want.

4,5 March15

We began class by finishing the proof from last class. | have directly edited into those notes for continuity
reasons.

4.5.1 More Counting by Geometry

As usual, fix a polynomial F' € Z[z,y]. Roughly speaking, we are interested in the number of solutions to
F(z,y) (mod p) as a prime p varies. For analytic number theory, we care because these sorts of local factors
appear when sieving or applying the circle method.

Example 4.21. Take F(z,y) = 2™ + y™ — a. Then one can show that Np(p) = p + O (n?\/p). The

corresponding character sums here as z varies turns into a Gauss sum computation, which we do know
how to bound already.
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Remark 4.22. If F'is irreducible, then the Weil conjecture grants

Nr(p) =p+ O(gv/p),

where g is the genus of the corresponding Riemann surface cut out by F. However, this is quite difficult
to prove.

Here is the result that we will show.

Theorem 4.23. Fix an irreducible polynomial f € Z[z] of degree 3 or 4, and define F(z,y) = y? — f(z).
Then

Nr(p) —p < p*/3.

Here, the implied constant is independent of f.

Proofin degree 4. Set N := Ng(p) for brevity. The idea is to average over a lot of fs and compute some
moments. By looping over all z and y, we see that

PIPIE (’fF”) PNE(p),

where the pointis that the summation over ¢ cause the sums to vanish whenever F'(z, y) = 0. Now, removing
the contribution at ¢ = 0, we see

5 (tF(xy)) =p(N ~p).

p

Now, going to the moment at r := 6, so we note we can fully expand everything out as

§ i p—1 p—1 1 r
PIN=p) = Y e =D thF(weu) |-
t1,..tr=121,...,x,=0 l)kzl

Y1,---,yr=0

In order to smooth over some issues, we will work over a family of fs given by
Fo(z,y) = y? — arzt — asx® — aza® — asx — as

where the coefficients fully vary over F5. As such, summing over all a € F), we will see that we cancel
everything out (namely, fix  and y and ¢, letting a vary) unless t12¢ + -+ + tgz? = 0 ford € {0,1,2,3,4}
already. Call the set of (z, t) satisfying this system to be S

Now, summing over y where (z,t) € S, we see our contribution over y is

AL ()

lys=

<p®

by factoring everything appropriately. Thus, we see that

> p*(Nr, —p)® < MpP,

a€Fy
where M is the number of solutions (z,t) € S.

The game, now, is to bound M. For example, if the z, are all distinct, then a computation of the Van-
dermonde determinant tells us that the only possible solutionist; = --- = t5 = 0; this gives about p” total
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solutions. If some of z, are the same, then one can compute what happens in our degenerate cases, but
they only contribute O (p6) solutions total,! so this term does not matter. In total, we get

> (Na=p)°<p°+0(0°)
ang

in total.
We now examine the a € F) more closely. Notably, we don't actually care about all a € F) because we

require F, to be irreducible for our argument. Let B C ]Ff, be the set of the “worst” a € ]F; where F}, fails to

be irreducible. In particular, we take the following cases for f, := a;z* + - - - + asz°.

« Wemighthave f, =7 (2% + ex + f)2 forraquadraticresidueand E, F € F,,. Here, Np, —p = p+O(1)
by taking the square root directly. The number of solutions a here is given by p*/2 + O (p?).

+ We might have f, = n (:1c2 + ex + f)z, where n is a non-quadratic residue, and E, F' € F,. Here,
Np, —p = —p+ O(1), and the total number of a is the same.

Totaling the above contributions, we see that these “worst” as in fact total to p? in contribution, so we see
> (Na—p)°=0(p*).
a¢B

To complete the argument, we require one more idea: some a ¢ B are essentially the same curve F,, up to
a fractional linear transformation, which will in particular not change the number of our points. Explicitly,
our fractional linear transformation is given by

a bx_ax—kb and a bl Yy
¢ d*  wtd c dY T (P

Notably, hitting a curve with such a transformation by an element v € GLy(F}), the number of points on
the projective plane curve will not change, so the number of points in IV, will only change by O(1). One can
also compute directly that each a € F} gets transformed to at least > p* different a’ € F}.? Looking at a

particular class of p* different a € ]FZ, we see that particulara € IF?, cannot have N, — p exceeding O (p2/3).
This completes the proof.

4.6 March1l7

We began class discussing Theorem 4.23.

4.6.1 Introducing the Circle Method
Roughly speaking, the idea is that

/ Ze(nj~a)da:#{j:nj:0}
[0,1]* j=1

by a direct integration. As an example, if we want to count the number of ways to write some N as the sum
of ten cubes, we can use the function

e(—Na) (ge (n’a) ) 10.

1 Roughly speaking, if some x4 are equal, then the “Lagrange interpolation problem” we are solving for the ts has more degrees of
freedom, in particular p more degrees of freedom. Nonetheless, we will dominate the main term.

2 Rigorously, one can see that the action of GLa (IF;,) on the space of degree-4 polynomials provides a symmetric action on the roots
most of the time. The fact that our action is symmetric and hence essentially transitive will do the trick.
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Now, these exponential sums can be studied separately, which allows us to bound the integral. In particular,
the sum is large essentially only when we are close to rational numbers with reasonably small denominator;
these are the major arcs. Then we call everything else a minor arc. Analyzing our integral on the major and
minor arcs separately is occasionally able to produce novel bounds. This is the circle method.

Remark 4.24. The above function suggests that the circle method will have applications in additive
number theory, which is indeed the case. By trying harder, one can achieve results in multiplicative
number theory as well. (Our main application will be Vinogradov's three primes theorem.)

Historically, the circle method was introduced to study partitions.

Definition 4.25 (partition). Given a positive integer n, we let p(n) denote the number of partitions of n,
where a partition is a summation
n=A+---+A

where the order here does not matter.

From the definition, an analysis of the generating function tells us that

[e ) [ele] o 1
Zp(n)x” = H (1+mk+x2k+x3k+~-) = H Tk
n=0 k=1 k=1

where the choice of factor in the kth summation factor communicates the number of terms in our partition
equal to k. Indeed, Hardy and Littlewood showed

4.7 March20

Either today or tomorrow we will receive an email with our preference for a project.

4.7.1 Partitions via the Circle Method

Let's sketch the following results.

Theorem 4.26 (Hardy—Ramanujan). Let p(n) be the number of partitions of n. Then

(n) 1 o 2n

n) ~ xp | T/ = | .
P 3P\ ™ 3
Sketch. Letn: H — C denote the function

(Z — 271'22/24 H 27rznz

Notably, we see

oo

n(z)* = H 1—¢M)™,

where q := ¢*™* and A is a modular form. In particular, we can compute
n(z+1) ="(z)  and  n(=1/2) = V=izn(z),
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so 7 is a modular form of weight 1/2 and some level. (This second equality is a bit nontrivial.) Roughly
speaking, we would like to integrate the contour from —oo to —1/2 — iy to 1/2 + iy to co. By integrating over

our product, we see
) i(y+1) 2miz s
p n :/ . e— mTinz dz
W=l W@
The idea is to send y — 0*. Namely, by the modularity condition, one sees that |5(z)|?(Im z) is invariant
under the action of SLy(Z), so n(z) is forced to explode as y — 0. Being explicit, we set y := 1/n for
n — oo, and one can track through the action by SLy(Z) to see that the “main” contribution into the integral

over the aforementioned contour arises from rational a/q with small denominators; this is due to the pole
of 1/n. [ |

Remark 4.27. One does not really need modularity to track through the circle method, even though it
is fairly important in the above discussion. This is called the Hardy—-Littlewood circle method.

4.7.2 Overview of the Circle Method

For the Hardy-Littlewood circle method, we are interested in nontrivial solutions to a Diophantine equation

f(JUh...,J?n):O

where f is homogeneous of degree t. Roughly speaking, as long as n is large enough, the circle method
will provide us with nontrivial solutions; in fact, when the circle method works, it is also able to track “local
obstructions” to solutions: if (for example) it is difficult to obtain nontrivial solutions (mod p)forsome prime
p, then this will be visible in the result.
Now, set
Ni(T) :=#{(z1,...,2n) € ZN[-T,T)" : f(z1,...,2,) =0},

and we can exchange the sum and the integral to see that
1
Nf(T):/ Sr(a)da  where  Sp(a)i= S elaf(@i, .., an).
0

To be more rigorous about our previous remark, the circle method (if it succeeds) will be able to show that
Ny(T) ~ ¢T™*, where ¢ is some constant sensitive to local obstructions. For example, one can upper-
bound |S7 ()| < Sr(0) absolutely, and S1(0) ~ (2T)™. To see local obstructions, we track o = a/q where
ged(a, q) = 1to see

S = S e[t - p> <e(;‘f<y>) > <T1>.

Z/qZ)™ —T<z1,...,
z=y (mod q)

The rightmost sum is approximately (27'/¢)", and then the left sum approximately picks up on some local
density of solving f (mod g¢). Thus, we hope we can integrate St () in two phases.

« Major arcs: for a = a/q with small denominators, we compute some local densities. Tracking through
error terms also lets us estimate S («) close by these rationals.

« Minor arcs: elsewhere (away from these rationals), we expect large cancellation to occur. Hopefully,
we are able to run some computation to bound these terms.

Let’s be more explicit. Fix some large T', and we will work with ¢ < T for small 5. For some v ~ 1, we work
with Q .= T7. We now define the “major arc”
a‘ - 1 }
a - ey b
] Q

M(a,q) = {a €[0,1] :
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and we let 99t denote the union of the major arcs. Then the complement m := [0, 1] \ 99t consists of the minor
arcs. In total, we see

NJ(T) = / Sr(a) da + / Sr(a) da,
m m
and if the circle method works, then we have
Nf(T) ~ / ST(Oé) da
0
as T — oo; a little work can show that this should evaluate as

Ni(T) ~ poo(T) T 65

p prime
where po is the archimedean volume cut out by f(z1,...,z,) = 0in the box [-T,T]", and ¢, arises as a
density of solutions f(x1,...,zy) inZ,. For example, if there is a local obstruction (i.e., no solutions in some

Z, or R), then we will of course expect no solutions to appear.
Here is an example of the power present here.

Theorem 4.28 (Heath—Brown). Fix a homogeneous nonsingular cubic polynomial f(z1,...,210). Then
f(z) = 0 has infinitely many solutions (x4, ..., z10) where ged(z1, . . ., 210)-

Remark 4.29. In nine variables, it is possible to have local obstructions making the above theorem false.

4.7.3 Beginning Vinogradov's Theorem

The idea here is to use the circle method and apply “diagonality.” In particular, we define

S(a) = Z A(x)e(ax)

<N
where « € [0, 1]. One can now show that
1
/ S(@)’e(~Na)da= > Alar)A(z2)A(zs),
0 r1+x2tr3=N

so we see that the name of the game here is to show that the integral will be nonzero.

4.8 March?22

We continue discussing Vinogradov's theorem. We hope to make good progress discussing the main term.

4.8.1 Major Arcs
Our end goal of is to show that
/ S(a)e(Na) dor ~ (NN,
where ¢(N) is some collection of local(;ensities; in particular, we will be able to bound it from above and
below (by positive constants) for N odd.

Now, to define our major arcs, we choose some large B > 0 and set P := (log N)? (to upper-bound
our denominators) and @ := N/(log N)¥ (to quantify the allowed error). In particular, for ¢ < P and a with

ged(a, q) = 1, we define
a‘ - 1 }
a——|<=54.
gl @
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Notably, for N large enough, all these majors are disjoint. Indeed, the point Pisquitesmallin comparison to
our error (), so noting that the distance between two rationals ¢ and £ 2 s bounded above by L>h>%
does the trick. As such, we may write

M = |_| M(a, q) and m = [0,1] \ M.
1<a<q<P
ged(a,q)=1
For now, the goalis to bound [, S(a)*¢(—Na)daand [ S(a)3e(—Na) do. Note that, for N large enough,
M(a,q) C[0,1]forl <a < gbecauseq< P < Q.

Remark 4.30. For minor arcs, we will have

—Na)da

g/\ (a )| da < sup |S(« / |S(a \Qda

aem

Now, one can use some moment methods in order to bound the rightmost integral. Vinogradov's main
contribution was to figure out how to bound the L>°-norm term sup,¢,, |S(a)|. (In particular, Vino-
gradov obtained a log saving here, which was good enough.)

Let's focus on the major arcs for now. Here, living in some M(a, g), any a € M(a, q) canset § := a — a/q so
that |8] < 1/Q. Writing this out, we have

= 3 Awe (L) el

<N

The plan is to study Zm<y A(z)e (gaz) via the Prime number theorem for arithmetic progressions and then

apply summation by parts to appropriately bound S(«). In particular, we are going to use Siegel’s theorem
to select our B in our bounding.
Well, we recall that, for any g and b, we have

1 e(b if ged(b,q) =1,
X o) - {0( f 1 eedba)
x (mod q) ’
by the orthogonality relations. Thus,
> elaz)A( ( > > mox@)x(@)A()e(Bz).
ged(z,q) gcd(T q)x (mod q)
<N <N

Now, we do have a good understanding of

= 3" \(@)A(x)

<y

by Siegel’s theorem. By adding in values of x with ged(z, ¢) > 1, we see

S(a) = — > (T(X)X(a) > x(k)A(k)e(Bk)> +0 ((log N)?) .

x (mod q) k<N

3(x):=

By summation by parts, this inner sumis
N
20) = e(NAWNY) = 208 [ e(ub)btu, ) du
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where the point is that 3 being small allows us to treat the right term as an error term. Now, if x # xo, we
can thus bound
20| <p (1+|B|N) Nemevier,

where ¢ is some constant. Otherwise, in the case where x = xo, one has to deal with ¥ (u, x) as no longer
being negligible, so we need to deal with it when summing for our main contribution. As such, this is a little
tricky. Set

n

T(8) =Y e(kB).

k=1

Then summation by parts yields
N
T(8) =e(NB)N — 277@'5/ e(upf) |u| du,
1
which is comparable to X(x() by Siegel's theorem. To be explicit, we set R(u) := 9 (u, xo) — |u], SO we see
N
2(x) = T(B) + e(NB)R(N) — 2mif3 / e(uB)R(u) du = T(8) + Op (1 + |B|Ne’c\/1°gN) :
J1
We now note that 7(xo) = u(q) by direct expansion, so we achieve

o) = Ala) o—cVIEN
S(a) = £ T + 05 (N ).

where the point is that all the non-principal characters have gone into the error term. Cubing, we find

Sael-Na) = A0 () 23 e(-N8) + 0 (WP VTR,

where the point is that |T'(5)| < N, allowing us to move cross terms into the error term. As such, we may
integrate

3

. 1/a \ ) .
[, serecnean= (" arewnas) (5 405 (<) Jaop (e

~1/a g<P
ged(a,q)=1

Notably, it remains to discuss how to bound T'(8), which we will focus on next class.

4,9 March24

We continue discussing the Hardy-Littlewood circle method.

4.9.1 Singular Things

Last class we showed that we have the contribution

fserecran ([ ronemne) (2 (25):(+)

1<a<q<p
ged(a,q)=1

Our goal for now is to compute the “singular integral”

1/Q
/ T(8)%e(~NB) dp.
-1/Q
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Roughly speaking, the intuition is that these singular integrals are supposed to give rise to the archimedean
factor in our major-arc contribution, which is a bit surprising because we are only looking at such a small
interval. Well, we note that

/0 T(8)’e(~=Np)df = %(N ~1)(N—-2)= %N2 +O(N)

by the definition of 7" as some geometric series which mostly vanishes. As such, we go compute

1-1/Q
/ T(B)’e(~NB)dB < / z 73 dr < Q* = N?(log N)™%,
1/Q z>1/Q

where we have again used the definition of 7" in the second inequality. Thus, our singular integral is approx-
imately

/e
/ T(ﬁ)?)e(_Nﬂ)dﬁ:%N2+O(N2(log]\/')*25) N%NQ,
-1/Q

which is indeed our archimedean density.
It remains to sum over the other majorarcs to get the rest of our density contribution. Thisis our “singular

series” @ .
> () (0)

1<a<g<p
ged(a,q)=1

To agree with the literature, we will be interested in evaluating

Coln) = Y 1@ (Zn)

ged(a,q)=

Notably, without the constraint ged(a,q) = 1, we can just use the Chinese remainder theorem to easily
compute this sum; to add in this condition, we must sieve via Mdbius inversion. As such, we observe

q q
Ze(—Zn) :Z Z e(—Zn) :ch(n).
= dla gcd?a:,t:zl)zl Ala

However, the left-hand side vanishes when ¢ f n and is ¢ when ¢ | n, so Mobius inversion yields

cg(n) =Y du(q/d).

dlg,n

Namely, we morally should have d | ¢ over all divisors d here, but when d 1 n, the contribution in the sum
vanishes by our previous computation of the Mébius inversion; thus, we only pay attention to the terms with
d | n which yield d in the summation. We can check by hand that C,(n) is multiplicative in ¢ (with n fixed),
which now lets us fully compute C,(n). We can now compute

v (p°) if B < up(n),
Cpa(n) = —p° if8=a+1,
0 else.

Now, in our application, we really only care about the cases where ¢ is semiprime (because we have a u(q)
term in our summation). Anyway, one can show that

cq(n) = wla/(n, 9))p(a)
! o(a/(n.q))
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by checking on prime powers and extending multiplicatively. Thus, we bound ¢(q) >. ¢'~¢ forany e > 0,
so our summation is small enough in the sense

Z ,U, )3Cq

a>p

<Zg0 2 < (log N)~B/2

q>p

by using the bound that we just achieved. Thus, our summation converges.
We are now ready to compute our infinite sum as

=3 fmeo =TI (- 6255 =T (- 521

q—1 D p|N

I (H (p—11)3>

PN

by factoring the infinite geometric series in the usual way. As such, we morally expect G(N)

4.10 April3

Today we bound the minor arcs. We are dealing with powers of logs, so it's going to be a little technical
today.

4.10.1 How to Bound Minor Arcs

We are going to apply Vinogradov's bilinear form method. Roughly speaking, we have

S(a) = Y (logp)e(ap),

p<N

and we want cancellations to occur for o away from rationals with small denominator. More generally, we
might be interested in bounding a summation of the form

> f(p)logp.

p<N
This will be done in two steps.

» Type | sums: for fixedd, we bound sums which look like

> fn)

n<N
d|n

« Type Il sums: for d;, ds ~ N?, we bound the bilinear sums

Z f(ndy)f nd2

n<N

These then combine to yield the desired summation. Here is the result we will build towards.

Theorem 4.31 (Vinogradov). Suppose a € R has |a — a/q| < 1/¢? with ged(a, q) = 1. Then
|S(a)| < (Nq*l/2 + N4/5 4 N1/2q1/2> (log N)*.

(The implied constant is absolute.)
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Remark 4.32. This is our “pointwise bound” in our minor arcs. Momentarily, we will show that this
pointwise bound manages to glue together to show the minor arcs give small contribution.

Roughly speaking, this will provide a good bound on our minor arcs. For example, for « = 1/4, we don't get
very much (it turns out to be worse than the trivial bound on S). However, for « irrational or rational with
large denominator, we will get something more substantial. For example, & = /2 is able to achieve

|S(a)| < N*®(log N)*.

The point is that each N has some ¢ ~ N'/2 such that | — a/q| < 1/¢* for some integer a. Explicitly, one
should use the continued fraction expansion of /2 in order to achieve this bound.

Thus, we see that we are moving towards a Diophantine approximation problem to apply Theorem 4.31.
Notably, we are interested in « which are not in the major arcs; namely, « € M(a, ¢) means that

L

Q
with ¢ < P = (log N)Z and Q = N/(log N)®Z. However, by Dirichlet’s approximation theorem (in Diophan-
tine approximation), we can still find some a/q such that

a
o — —

q

a < 1
a— — —.
ql @
(This is essentially a Pigeonhole principle argument: consider integer multiples 0, «v, . . ., Qo and choose the

smallest distance once considered (mod 1).) Notably, we have ¢ > P because « is not in a major arc, so we
achieve
|S(a)] < (NP*V? + N5 4 N1/2Q1/2) (log N)* < N(log N)*~B/2,

so we have successfully saved our log terms. Thus, we see that

< sup [S(a) |S(a)\2 da < N(log N)4_B/2 Z A(k)Q < N2(logN)5_B/2_
aEm [0,1] =

/m S(a)*e(~Na) da

Taking B = 24 + 10 achieves < N2(log N)~4, so we achieve
1
/ S(a)*e(~Na)da = %6(N)N2 +0 (N?*(log N)~ 1),
0
which will finish the proof.

4.10.2 Sievingin Minor Arcs: Typel

We now move towards proving Theorem 4.31. This is going to be done via sieving; here is the relevant
result.

Theorem 4.33 (Vinogradov's sieve). Fix U, V, N > 2 with UV < N. Then

> f)A(n)| <1+ (logN) Y max > fu)

n<N t<UV w<r<N/t
1/2
N1/2 loe N 3 g
+N'2(logN)? | max > > f(mk)f(mj)

m<N/k,N/j

Here, im f C [-1,1].
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Roughly speaking, the point is that we are turning a summation on primes into sums on arithmetic progres-
sions in the form of Type | and Type Il described above. We will prove Theorem 4.33 later; for now, we will
explain how to apply it.

The point is that the sums of the form Type | and Type Il are just geometric series, so we can somewhat
easily bound them. Explicitly, we have f(z) := e(ax), so we have the following result.

Lemma 4.34. Fix N; < N,. Then

Z e(om) < miH{NQ - Nla 1/ Lx]}v
N1<n<N;

where | a] is the distance between « and the nearest integer.

Proof. The Ny — N; bound arises from the triangle inequality. The other bound arises from bounding this by
summing the geometric series; we get something like <« e(—a) — 1 which produces the bound after noting
e(—a)— 1=~ —a—1. [ |

Thus, for the Type | sums, we see that

> omax| g < > {1

t<UV w<r<N/t t<UV

which we now work towards upper-bounding. One could just take the N/t only, but this will be a little
problematic. The trick is to take some string of consecutive integerst € {hq+ 1,hg+ 2,...,hg+ q} as h
varies.

We now bound our right-hand side. Find a rational approximation a/q of a so that |a —a/q| < 1/¢*. Then
sett = hqg+rfor0 <r < q— 1;thisyields

at = ahg + gr—l—ﬂr,
q

where 8 == |a — a/q| < 1/¢?. The point is that g7 cycles through {0/¢,1/q,...,(q¢ — 1)/q}, so at will cycle
around the circle by this ahq as h varies. Thus, for h > 1, we can upper-bound

jg: nﬂrl{ N 1 } < ZY,+,2 ( 4+,g +...4(1>
hqg+r1’ |a(hg+1)] hq 75 q/2)"

1<r<q

Namely, there is only value of » where %r is too close to 0 (where we choose to use N/(hq) as our bound),
and for the other values of r we have 2r close to one of the other rationals in {0/q,...,(¢ — 1)/q}, which
gives the other terms. Anyway, we can upper-bound this as

Z min{ N ! }<<N+ lo
ha+r lalthg+r)]f = hg 18D

1<r<q

which is small enough for our purposes. (For i = 0, essentially the same argument works, but one has to
pay a little more attention to the N/(hg + r) term, though one still does achieve O(N/q + glog ¢).) Summing
overall h > 0, we achieve

N 1 N
Z min{t, t} < ( + UV+q) log(2qUV).
ST Lat] q

Namely, roughly speaking we are summing over h < T'/q. The extra 4+¢ in the summation is occurring just
in case our summation is “too short.” In total, we can estimate our Type | contribution is given by

N
(log N) Z max Z e(art)| <« ( +UV + q) (log 2gN)?.
t<UV v w<r<N/t q
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4.11 April5

We began class in the middle of an argument; | have edited directly into those notes for continuity.

4.11.1 Sievingin Minor Arcs: Typelll

One can argue as we did in the Type | sums to see that the contribution here is
1/2
1/2 3 [N 1
< N*/*(log N) max M + E minq —, —— ,
USMIN/V m’ |ma]
1<m<N/M

where the point is that we have managed to sum our geometric series using the same bound as before.
Anyway, we can use the bound achieved in the previous argument to achieve

< (NV71/2 FNUV2 4 Ng /2 +N1/2q1/2) (log gN )%,

so in total we achieve

1S(a)] < (Uv +q+ NU V2L NVY2 L Ng V2 4 N1/2q1/2) (log gN)*

by combining with the Type | contribution. Taking U = V = N?/5 completes the proof of Theorem 4.31.

4.11.2 Vinogradov's Sieve

Putting everything together, we see that it remains to prove Theorem 4.33. The main idea is that we can
“sieve” via MGbius inversion as

M+ > f= Yt =) (u(t) > f(rt)).

VN<p<N n<N P & r<N/t
ged(n, P 5)=1 t<N

Here P /5 is the product of all the primes less than V/N. This explains why we might expect we want
bounds on Type | sums. However, when ¢ is relatively close to NV, the inner sum will have essentially no
cancellation—it’s too short!

This is where Type Il sums come in.

Proposition 4.35 (Vaughan's identity). Fix F(s) :== 3 ., A(n)n™* and G(s) == >, oy p(n)n™°. Then

o) s) — C(s)F(s)G(s) — ¢'(s)G(s _¢s) s —((s)G(s
S = F(s) = COFEIG) ~ (G + (- 5 — F(5)) (1= GG
Proof. Fully expand our the product on the right-hand side and cancel. |

The fourth term here turns out to be Type Il sums. Namely, we use the “T'T*" method to estimate the
operator norm of

(f(mn)) M<m<2M,N<n<2N-

4.12 April7

We continue.
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4.12.1 Using Vaughan's Identity

We compare coefficients in Proposition 4.35 to write A(n) = a1(n) + az(n) + as(n) + as(n) where

ay(n) = {A(n) ifn <,

0 else,
and
az(n)==— Y A(m)u(d),
Ty
and
asm) = 3 uld)logh,
hd=n,d<V
and

as(n) = — Z A(m) ( Z u(d)).
k=n

mk= d|k

m>U,k>1 A<V
(Notably, ¢'(s)/¢(s) = >_o2, (logn)n~*.) The Type | and Type Il sums will arise from these. Roughly speak-
ing, the point is that we can estimate a; and a3 via Type | sums because our values tend to be away from n.
Further, a; can be estimated via the Prime number theorem, and a4 can be estimated because the inner sum
tends to vanish frequently. Namely, if ¥ < V, then the inner sum goes over all divisors of d, so it vanishes, so
we might as well assume that ¥ > V. So we are looking at some kind of Dirichlet convolution with longish

arithmetic progressions, so we will be able to use Type Il sums in our estimation.
Now, we define
Si(N) =Y f(n)a;(n)

n<N
foreach j € {1,2, 3,4}, so we see

> f(n)A(n) = S1(N) + S2(N) + S3(N) + Sa(N).

n<N

We are now equipped to begin our bounding. By the Prime number theorem, we have |S;(N)| < U, soit's
under control. For S3(V), we are computing

So(N) = Y ( > u(d)A(m)> > frt)

t<uVv md=t r<N/t

m<U,d<

after sufficient rearranging. (The point is that the new variable ¢ roughly amounts to the n we had earlier,
where we choose to sum over rt as needed.) The inner sum in parentheses has cancellation by

< Z A(m) =logt <logUV,

md=t

Y udA(m)

md=t
m<U,d<V

where we are saying that we're okay losing various log factors. Thus, we see

> fr)

r<N/t

|S2(N)] < (logUV) )
t<UV

)

which does fit into the Type | sum contribution in Theorem 4.33.
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Now we move on to bounding S3(V). We use summation by parts here. Indeed, rearranging a sum and
integral, we find

Ss(N) =" u(d) Y (logh)f(dh)

d<v h<N/d

h
=S 3 an [

d<v h<N/d

N dw
S DD SO

d<v w<h<N/d

> f(dh)

w<h<N/d

)

< (log N) Z max
i<v w

which again fits into the Type | sum contribution in Theorem 4.33.
Lastly, we need to bound S4. Unsurprisingly, this is somewhat more involved. As discussed above, we
can take k > V in our expression for a4 as

= X s T

mk=n d|k
m>U,k>V d<v

Thus, we see

SiN)=—= > Am) Y (Zu(d)>f(mk)-

U<m<N/V V<k<N/m \ dlk
d<v

We will now get bounds on this sum by the “T'T* method” because f(mk) as a matrix has a pretty small
operator norm. In particular, we are going to give up trying to cancel A and p and instead focus solely on
trying to estimate f. Explicitly, we claim that

Z b’rn Z Ck f (mk)

M<m<2M V<k<N/m

< S bal S el (4.2)

M<m<2M V<k<N/m

Here, the implied constantis A, defined as the operator norm of the matrix ( f(mk)), x. The pointis that we
are using some dyadic intervals in order to suitably bound. To see that it is enough to show (4.2), we see

2

)

Si(N) < (logN) max A, | Y [A(m)]?- > Jd(k)
m=M

USM<N/V
V<k<N/M

which we claim is < (log N)*N1'/2 maxy< yr< n/v A. Namely, to bound the sum of the [A(m)], one can just
bound this as (log m) and not lose too much. To bound the d(k)? sum, we note that Mdbius inversion lets us

write
d(k)* =" h(d).
dlk

where h(d) is a multiplicative function (namely, h = d? * u), and we can compute that we need defined by
h (p*) = 2a. + 1 for each prime-power p®. Thus, we see

S dk)? =33 h@) <> h(d)- 2.
k<z k<z d|k d<z

We now bound this as an Euler product
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where the last bound is by bounding the corresponding Harmonic series. In total, we get the claimed bound.
Anyway, it remains to see what A is. Well, this requires a closer analysis of (4.2), so we note Cauchy-
Schwarz yields

2

S Z |bm‘2 : Z .

M<m<2M M<m<2M

Z e f (mk)

V<k<N/m

Expanding, we may upper-bound this as

3 bmzd S gm > fm)fmh).

M<m<2M V<j<N/M M<m<2M
V<k<N/M m<N/jm<N/k

Upon noting ¢;;| < 3 (¢} + ¢}), we can achieve an upper-bound of

max E
V<j<N/M

V<k<N/m

Y. f(mj)f(mk)
M<m<2M
m<N/jm<N/k

>1/2

4.13 April10

We began class by proving some small technicality, so | have edited last class’s notes for continuity.

Remark 4.36. For /2 < n < z, one can use the bilinear method to show

Am) = Y p(@)log(n/m) — 37 ulm) 3 A(k).
m<Va m<Vx k<yx

4.13.1 A Duality Theorem

We are going to talk about the large sieve. To give a flavor for what we will achieve, here is an application of
the large sieve. Recall that

Y(iga)= Y An)

m<x
n=a (mod q)

Theorem 4.37 (Bombieri—Vinogradov). For given A, there is a constant B such that we have

X

—A
@) (1+ 0 ((logz)~™))

Y(z;q,0) =

for almost every g < z'/2(log z)~ 5.

Remark 4.38. As another example, one can use the large sieve to show that there is a finite set of inte-
gers which contains a primitive root (mod p) for any prime p. This is a weaker version of Artin’s conjec-
ture. In general, one is able to achieve reasonably strong results with the large sieve if one is willing to
allow a few exceptions.

Our approach to the large sieve will be to take some hard analysis techniques and combine with stuff like
Vaughan's identity to turn our results into number theory.
Anyway, here is our duality theorem.
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Theorem 4.39. Fix some countable sets Aand B. Additionally, fix some sequence {2, } (m,n)cAx B SUch
that ||z[|, < coand X > 0. The following are equivalent.

(a) Foreach sequence {a;, }meca of complex numbers such that |a|, < co, we have

D | D wmntim

neB [mEA

2
2
< X|lall; -

(b) For each sequence {b,,}mea of complex numbers such that ||b||, < oo, we have

Z Z ZTrnbm

meA IneEB

2
2
< X|1bll5 -

Here, ||-|| refers to the L2-norm.

Proof. By symmetry, it is enough to show that (a) implies (b). The idea is to introduce an auxiliary vector
defined by
Crp = Z Trrnbn -
neA

Note that this sum is finite because (by Cauchy-Schwarz) we have ||cH§ < ||a:H§ . Hb||§; in particular, each
coordinate in ¢ must be finite. We now compute

2 J— —
HC||2 = E Cm E bnTmn = § bn § CmTmn,
meA neB neB meA

where the exchange of summation is fine by Fubini’'s theorem. Now, using Cauchy-Schwarz, we see that
the above is an inner product (indexed over n) which can be bounded as

2

E TmnCm/| -

meA

le|2 < ||b||§¢ >

neB

Then by (a), we achieve the bound ||¢[|> < VX - |l¢||, - [|b]l,, which rearranges into ||c[, < v/X - [|b]|,. Upon
squaring, this is what we wanted. |

4.14 April12

We won't meet on Friday.

4.14.1 The Large Sieve Inequality

Let's show the following nice result.

Theorem 4.40. Fix 6 € (0,1/2) and some §-separated real numbers z1,...,2zg on R/Z. Then

>

=il

M+N-1 2

ane(nz,)
n=M

< (N +671) Jlall;

for any vector (ay,...,ag).
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Here, §-separated means that ||z; — z;|| > ¢ for each distinct i and j where ||z|| is the distance from z to
the closest integer. The idea is to use duality and then the TT* method, followed by some smoothing to
optimize. As a model, we will first show the following result.

Proposition 4.41. Fix 6 € (0,1/2) and some §-separated real numbers z1,...,xz on R/Z. Then

2

R |M+N-1
Z Z ane(nz,)| < (N +6 1 log(1/8)) [|all3
r=1[] n=M

for any vector (aq,...,agr).

Proof. Set X := N + §~'log(1/6). By duality, it suffices to show

2

M+N—-1| R
> D eelna)| < X all;-
n=M r=1
However, we can compute
M+N-1] R M+N-1
Z ZcTe(nJ;T Z CrCs Z e(n(z, — x))
n=M |r=1 r,s<R n=M
<<Z|Cr| |cs] - +NZ|Cr|2
r#s r<R
S N
r<R ||IT - xS”

Now, to estimate this the point is that the z; are 0- separated, so we can estimate distances between the
entiresum 3__, —— as looking at worst like 2 4+ 3 + - -+ + 2, which is harmonic. So the internal sum is

< (N+61 log(l/é)) ||cH2, which is what we Wanted. [ |
And now let’s prove Theorem 4.40.

Proof of Theorem 4.40. For psychological reasons, we note that we can shift everything by n — n — M so
that we may assume M = 0. Again, we set X := N + §~! and observe that by duality it is enough to show

2

M+N-1| R
Z Zc,.e(na:r) <X ||a||§ .
n=M |r=1

Motivated by Poisson summation, we write

N-1| R 2 N-1| R 2
2

E E cre(nz,)| <e” E e~ (/N E E cre(na,)

n=0 [r=1 nez n=0 |r=1

Roughly speaking, we are adding weights to the summation in order to smooth ourselves a little more. Intu-
itively, the previous proof was trying to compute a Fourier transform of the indicator function on [N, M + N),
but this is poorly behaved, so the weights above will help us be closer to the truth. Anyway, we see

2

N-1| R N-1| R
Zc,«e(nxr) < Z cre(nx,)
n=0 [r=1 n=0 [r=1
=e" Y ¢ Cs Z e TN e(n(x, — )
r,8 neZ
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Now, by Poisson summation, one sees

S e N e — 2,)) = N Y e N bz =z — NemmV il 1 o(1).
ne”Z nez

Here, the O(1) includes all the terms which are away from n = |z, — x|, which we can upper-bound pretty
explicitly via some kind of geometric series.
In total, we achieve

N-1| R 2 ] ]
Z Z Cre(nxr) < Z |Cr|2 : NZ eiﬂ—N llzr—as|l
n=0 |r=1 r s

by expanding out the summation as before. We now use the fact that our terms are §-separated, to bound
our distances as having 1/6 at most twice, having 2/6 at most twice, so on and so forth. As such,

2

< el N e,
E>0

N-1

D

n=0

Z cre(na,)

r=1

It remains to bound the right factor on the right-hand side, which we evaluate as

. 2 o0 2 1 o0 2 1
NY 0N <« N <1 +/ e~ (tON) dt) <N (1 + 5% e Tt dt) <N+,
k>0 0 0

which is what we wanted. [ |

4.14.2 Quick Applications

Here's a fun application to Farey fractions. Namely, for Q > 1, consider the sequence of rational numbers
Fo ={a/q:a,qg>0and ged(a,q) =1and ¢ < Q}.
The point is that two distinct z, 2’ € F, will have ||z — z/|| > é by writing z = ¢ and = Z—:. Explicitly,

/ i
— 1
lag’ —a'q|

qq T Q%

As such, we are seeing that g, is separated by 1/Q?. Here is our application.

le —2'|| =

Corollary 4.42. Fix N,@ > 1. Then

> ¥ Y be (“n) < (N +Q?) ||b|I3
¢<Q 1<a<q |M<n<M+N q
ged(a,q)=1

for any vector b of complex numbers.

Proof. This follows directly from Theorem 4.40. |

4.15 April17

We continue discussing the Bombieri—Vinogradov theorem.
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4.15.1 The Bombieri-Vinogradov Theorem

Recall the following statement.

Theorem 4.43. Forall A > 0and Q € [y/z(logz)~4, z!/?], we have

max max
y<z 1<a<gq
q<Q ged(a,q)=1

M) = )]<<fcz<1ogx>

Proof. During the Friday lecture, we found

1
max |Y(y;q,a ‘ — § "(y,x)]
1<a<q ( )= ©(q v(q)
ged(a,q)=1 X

for some function ¢’. We would like to only use primitive characters, so observe that if x is an imprimitive
character induced by , then we can upper-bound the difference as

1Y (y,x) — ¥'(y,%)| < (log qy)?,

so we achieve

Y 2 1 1 —
S= max |Y(y;q,a —’<< logqy)” + — (Y, X)|-
gé?aa;ql ( ) 2(0) ( ) (p(q)%zl (¥, X)|

Summing gives

y - 1
max max |Y(y;q,a) — ——| <K E Q(log qx)* + E max ¢’ (y, x| E .
y<z 1<a<q »(q) y<z o(kq)
q<Q ° ged(a,q)=1 q<Q X (mod gq) ka<@Q

We now note that p(kq) > ¢(k)p(q), so the last summation can be controlled like a harmonic series. Namely,
we observe

1 =1 1 1 1 1
St IS~ I (5 5 ) - Iy () <o

Notably, the second term here converges absolutely, and the 5 1 term produces the log z. Inputting this

inequality grants

S < Q(log Qx)? —i—logxzz maXW v, x)|*.

q<Q x
Thus, it remains to show

> LZ max [¢'(y, x)| < vaQ(log )t

o R Uk
Instead, we will prove the “dyadic” inequality
1 * / € 5/6 1/2 4
— ma. , L |\ =4z 427U | (logz)”.
X G melwl (% ) (tog 2)
YRS X

To see how this implies the desired inequality, we sum over our dyadic intervals: note that the sum of the
25/6 terms do not matter (they are strictly less than z'/2Q). Similarly, the 2'/2U term will sum to < z'/2Q
and also does not matter. The last term is harder. To write it out, for U € [Q1, Q] for some @1, we have

1 *
> X ma v )] < (o) (5o + ¥ loge + 5120
y<= Q1

0Sacq PO
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For example, taking Q; = (log ), we note that Siegel’s theorem lets us bound

9 (y, X)| < x(logz) 2474,
so we can deal with the small values of ¢ as

1 * _A-
> ﬁz max [/ (y, x)| < z(logx)~ 47",
a<(ogzyr PV TS
which is good enough for our purposes.
It remains to prove our dyadic bound. We split this into two parts. To begin, we use the large sieve. We
claim that

q *
Z@Z max | max ambyx(mn)| <

q<Q X 1<n<N
mn<U

1/2 1/2

1/2 1/2
(M +Q?) / (N +@?) / log(2MN)< Z |am|2> ( Z Ibnl2> |
1<m<M 1<meN

The main difficulty is dealing with the mn < U constraint. Indeed, without this requirement, we could use
Cauchy-Schwarz by writing

ST Y Y awbax(mn)| <

q<Q (,O(q) X 1<m<M 1<n<N

Then the large sieve grants us
1/2 1/2
1/2 1/2
< (M+@)" (N+@Y)" ( > |am|2> ( > |bn|2> .
1<m<M 1<n<N

To achieve the desired inequality, the point is to “complete the sum.” Intuitively, we are essentially adding
inaterm of 1,,,,<y to our sumin order to bound via Fourier analysis. Namely, the Mellin transform of 1 1;(¢)
is . We will continue this next class. [ |

4.16 April19

We continue the proof of the Bombieri—Vinogradov theorem.

4.16.1 Usingthe Large Sieve

We are now interested in proving the following inequality.

q * \
Z@Z max | max  ambnx(mn)| <
q<Q X 1<n<N
mn<U
1/2 1/2
1/2 1/2
(M+Q)"* (N + @) 10g(2MN)< 3 |am|2> ( > Ibn|2> | ws)
1<m<M 1<n<N
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For this, we use a little Fourier analysis. As discussed before, the issue with our bounding is dealing with
mn < U. To give us more to work with, we will try to indicate with functions like (mn)®. To set us up, for
T,3 > 0, we note

/T e_imsintﬂ gt — T+ O (T7HB—|a))7Y) ifla] < B,
_r | O(T Ya—B)7Y) if o > 8.

Thus, we set A(t,x) = Z%:l amx(m)mi and B(t,x) = 25:1 b x(n)nt so that multiplying A(t, x) and
B(t, x) will detect values of mn by some kind of Fourier analysis. Explicitly,

T .
/ A(t,x)B(t,X)Mdt: Z a,,lbnx(mn)—I—O(T‘1 Z |ambnlog(mn/u)|_1>7

-T Tt
1<m<M 1<m<M
1<n<N 1<n<N
mn<U

where we take u to be (say) a half-integer. For the error term, we see we may as well assume that u < M N,
so we note log(mn/u) > i+ and sin(tlog u) < min{1, |t|log 2M N} (by staring at the graph of sin z either
close to 0 or away from 0). Rearranging, we achieve

T
MN
Z ambpx(mn)| < / [A(t, )| - [B(t, x)| - min{1/[t|, log 2M N } dt + T Z |ambn.
-T

1<m<M 1<m<M
1<n<N 1<n<N
mn<u

At this point, we set T := (M N)3/2. We now use the large sieve inequality to bound

3 L STA B )
v(q)

q<Q

as we did last class when we did not have to deal with the xs; we omit the details. Further, we see that

T
1
/ min{m,logQMN} dt < log2MN
-7

by first integrating over the region [—1, 1] to achieve < log2M N and then recalling T = (M N)3/2 to inte-
grate outside [—1, 1] to be sure that we do not overcome « log 2M N. Additionally, summing over all ¢ and
X, our term is bounded by

1/2 1/2
MN 2MN
— 3 |ambn\Q2§QT ( > |am|2> ( > bﬂ) M2 N1/2

1<m<M 1<m<M 1<n<N
1<n<N

< (Q*+ M)'? (Q2+N)1/2< 5 am2>1/2< 5 Ibnl2)1/2.

1<m<M 1<n<N

Combining the previous bounds on |A(t, x)B(t, x)| is able to complete the proof of the inequality.
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4.16.2 Using the Bilinear Method
We use Vaughan's identity to continue. Arguing as before, we may write ¥ (y, x) = S1 + Sz + S5 + S4 where

1= A(m)x(n)

n<U
Spo=— > ( > u(d)A(m)> > x(rt)
t<UV t=md r<y/t
m<U,d<V
S3 = p(d)loghx(dh)
d<v
dh<y
Si=— 3 Am) Y < 3 u(d)>x(mk)-
U<m<y/V V<k<y/m \d|k,d<V

Quickly, we see that | S;| < U by the Prime number theorem. Also, as in the proof of Vinogradov's theorem,
summation by parts produces

|S3] < logy Z max Z x(h)|.

d<Vv w<h<y/d

Next up, we bound S;. We'll do this next class.

4.17 April21

We continue.

4.17.1 Continuing the Bilinear Method

The theme of today is to use our large sieve inequality to bound as many of the S, terms with bilinear sums
because the large sieve inequality is quite efficient. From last time, our next task is to bound

Si=— Y. Am) > ( > u(d))x(mk)~
U<m<y/V V<k<y/m \d|k,d<V
We use a dyadic decomposition. For each M € [U,y/V], we see

oIS Tmax| Y Am) YD (Zu(d)>x(mk)

<z
qSQ(p(Q) x U= U<m<y/V V<k<y/M \ dlk
M<m<2M d<v

2

b

which is our averaged version of S;. Now, by (4.3), this is

1/2
< (Q2+M)"*(Q2 + z/M)'? ( 3 A(m)2> ( 3 d(k;)2> log 2,
M<m<2M k<z/M
which we can now upper-bound as in the proof of Vinogradov's theorem. After doing so, we achieve
< (@*+ M) bz (Q* + .%’/M)I/Q 2% (log 22)3.
“Expanding” the square root using something like Holder, up to a constant term we get

< (Q2x1/2 + QuM~Y? 4 Q2 MV 4 x) (log 22)°.
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We now sum over all U/2 < M < 2/V via our dyadic intervals to compute

q * 2,.1/2 -1/2 -1/2 4
— max |Sy(y, x)| < (Q7x " QxU + Qx + z ) (log 2x)*,
3 S maxisitn vl < ( ) (tog 22)

where the extra log factor comes from summing over log many dyadic intervals.
Continuing, we bound

So=— Y < > u(d)A(m)> > x(rt).

t<UV t=md r<y/t
m<U,d<V -

For this, we split the sum into the two pieces

5 z( 5 u(d)A(m)> S )

t<U m%?]né%V r<y/t
ste- 3 (X wosem) T e
U<t<UV t=md r<y/t
m<U.d<V

The same technique that we used for S, also works for S5. Namely, repeating the above argument with
some M lets us estimate the averaged version of S%

ZLZ*I;?;( 7 Z < Z H(d)A(m)> Zx(rt)

@(Q)
< U<t<UV t=md <y/t
=@ m<U,d<V rsy/
M<m<2M

2

Summing over the dyadic ranges appropriately, keeping track of the number of logs, we produce
< (Q2 +QzU 2 4+ QzPUt?v1/2 4 x) (log 22)3

as the bound for averaged version of S4. For S}, our averaged version can be bounded as

PO max S (y, X)|
S

2o v@)

<Q*  max  max|Sy(y, x)|-
prim. x (mod q) y<=z

Staring at S5 (y, x), we are able to bound via the Pélya—Vinogradov inequality to produce
< Q%?U(logaU)2.

Adding in ¢ = 1 with the trivial character, we see that the maximum of |S5(y, xo)| is bounded by z(log 2U)?
by simply evaluating the inner sum via the Prime number theorem. In total, we achieve

- 5> max|Sh(. )| < (QV°U + o) (logal))”

q<Q #(9) X
For S3, we use the same techniques of S, (combining with the upper bound we achieved last class) in order
to achieve q .
— max |S5(y, )| < (Q°/?V + z) (logzV)2.
q%@(q)g ma S5 (. )| < ( ) (logzv)

Combining all of our bounds, we may upper-bound

PO o max v/ (y, X))

o R Uk
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by

< <Q2x1/2 FQuUY2 £ QuV =12 4 QzV2UV2V Y2 4 Q52U + Q5/2V) (longV)4.
To optimize, over z1/3 < @ < 2'/2, we take U = V := 2%/3Q~! to achieve < (Q?z'/% + z) (log z)*. Then

for @ < z1/3, wetake U = V := z!/? to achieve < (z + 2°/6Q) (log z)*. Summing, we produce the desired
inequality.

Remark 4.44. There is an Elliott—Halberstam conjecture which asserts thatany 0 < § < 1 has

E max

P ged(a,q)=1

T

v(q)

.

Y(x;q,a) <4 z(logw

The Bombieri-Vinogradov theorem achieves the result for § < 1/2. Any progress for larger 6 would
mark extreme progress. Forexample, this conjecture has connections to bounded gaps between primes.

Remark 4.45. Goldston—Pintz-Yildirim were able to show that the Elliott—Halberstam conjecture for
any # > 1/2 is able to achieve bounded gaps between primes. Zhang was able to achieve a variant for
6 > 1/2 which gave bounded gaps unconditionally. In a different direction, Maynard uses a “multidi-
mensional” version of the Selberg sieve to achieve bounded gaps, whereupon the machinery merely
requires 6 > 0.

4.18 April24

It is the last week of instruction.

4,18.1 Least Nonquadratic Residues

Here is the conjecture.

Conjecture 4.46 (Vinogradov). For each prime p > 2, let n(p) be the least positive integer which is not a
quadratic residue (mod p). Then n(p) <. p° foralle > 0.

Remark 4.47. Continuing our discussion of the Elliott—Halberstam conjecture, Tao was able to con-
ditionally show Conjecture 4.46. Also, the grand Riemann hypothesis implies Conjecture 4.46. The
argument is akin to our discussion of primality testing.

Remark 4.48. Quickly, note that n(p) is prime. Indeed, suppose we have a prime factorization

n(p) = H qvq(n(p))_

q prime

Then (%) = —1 implies that (%) = —1 for some prime ¢ | n(p). Thus, ¢ < n(p), so minimality
enforces ¢ = n(p), son(p) is prime.

Remark 4.49. The Burgess bound is able to achieve n(p) <. p'/**e.

Vinogradov's sieving trick is able to achieve n(p) <. p'/(*ve)*= which is the current record. Let's see
this.
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Theorem 4.50. For any £ > 0, we have n(p) <. p!/(4velte,

Proof. Intuitively, the point is to compute the character sum
k=1 \P

and as soon as we can show that this is less than n, we get a nonquadratic residue. Some extra structure
about primality of n(p) is able to sharpen the bound.

Let’s be more explicit. Set y == (5) The Burgess bound is able to achieve

> x(n) = o:(y)

1<n<y

fory = Lpl/‘”ej. To see our nonquadratic residues, we write

doxn)=y-2 > 1zy-2 Y Zy(lQ 3 Z)

1<n<y 1<n<y 1<q<y 1<q<y
x(n) q prime q prime
x(g)=-1 x(g)=-1

The point is that if we get too many ¢s in the sum which are too big, then we're not going to achieve o.(y).
With this in mind, we use the definition of n(p) to write

o-(y) = Y x(n)2y<1—2 > y)

1<n<y n(p)<q<y ¢
q prime
x(q)=-1
Thus, we achieve
1 1
3< D o).
n(p)<q<y
q prime

Because L —Joglogn, we see
p<n p

1
5 < log(logn(p) y) + 05(1)7

5o log, .,y > e'/2to<() > _ ¢1/2 Rearranging, we see n(p) <. y'/vVete = yl/(4Ve)te which is what we
tTZﬂ(p) o [ |
wanted.

4.19 April 26

We continue our discussion of Linnik's theorem.

4.19.1 Reyni's Theorem

In a different direction, Linnik was able to show the following weakening of Conjecture 4.46.

Theorem 4.51. For any € > 0, we have

H{p < N :n(p) > p°}| = O (N¥).
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In fact, we will show that there are O, (1) exceptions withp >> N=. This will come from the large sieve, not
using Bombieri—Vinogradov directly. From our discussion of the large sieve, we showed in Corollary 4.42

that
M+N a N\ M+N
S X Y we(tn)| <@ Y ek
¢<Q gcd(a,q)=1 | n=M+1 q n=M+1

S(a/q)=

For this, we require the following result, which comes from the large sieve.

Theorem 4.52 (Reyni). Let S be a set of integers in [M + 1, M + N], and let P be the set of primes less
than orequaltosome Q. Forsomer € (0, 1), if S does not contain any integer 2 such thatz = h (mod p)
for at least 7p values of A (mod p) for each p € P, then

Proof. We usethelargesieve. Let Z(q, h) be the number of elements z € Swithz = h (mod ¢); set Z = |S)|.
To detect deviation from the expected, we are interested in

2

Z
Vig) =Y |2(a;h) = =
h=0 q
Now, we claim that
> pV(p) < (N+@?) 7, (4.4)
pP<Q

which will finish the proof after plugging into the hypotheses. This claim will follow from the large sieve:
set a,, == 1g(n). Now, rearranging, we see

2 () = 2, (£ (i) ) =r S e

a=1 m,neS a=1
where the last equality holds because we only care about pairs (m,n) € S? suchthatm =n (mod ¢), where-
upon we get a contribution of ¢. Thus, we see

v e T)ERE) - ERG)

Here, = holds by expanding out the definition of V/(g), using the fact that the expected value of Z(q, h) is Z/q
when averaged over all possible values of h. As such, we see
*(;)
p

YoV =) >
> Vi) < (N+@Q?) 7,

p<Q P<Q ged(a,p)=1
p<Q

2

Y

so the large sieve grants

which was the desired claim.
To finish, we need to discuss P. Namely, for each p € P, we see that
Z? 77
Vip)ztp 5 = —.
(p) Z
Plugging thisinto (4.4), we see that 7 72| P| < (N + QQ) Z,whichrearrangesinto the desired inequality. W
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4.19.2 Smooth Numbers

To continue our discussion, we need the following definition.

Definition 4.53 (smooth). Fix a real number N > 0. An N-smooth positive integer is one whose prime
factors are less than V.

We will show the following result later.

Lemma 4.54. Fix some ¢ > 0. There is a constant ¢. > 0 such that the number of z°-smooth numbers
less than z is at least c.x.

Proof. This proof is elementary and constructive. Without loss of generality, we may take ¢ < 1/10; set
k= |1/¢]. The point is to construct enough numbers of the form

n=mpi--- Pk

N 2 .
where the p; are primes between z¢~<" /2 and <. Here, any m achieve n < z must have

X

g
= pek—ke? /2 =

m < npy - Pk z,

so m is x®-smooth and thus can be ignored. Now, the number of such n is bounded below by

1 \\ I~ J - .
k! Z > Z — Z 1
Koo o p1-Pr piopr P17 Pk D
wt=e? /2 <p, <qt 222 < <
Lower-bounding each term via Mertens's theorem, we achieve
k
log x*

Pe T (IOgW + 0(1)) )

The right-hand side is bounded below by a constant times x, so we are done. |

Now, let's explain why Lemma 4.54 proves Theorem 4.51.

Theorem 4.51. For any € > 0, we have

{p < N:n(p) >p}| = O (N°).

Proof. In Theorem 4.52, we work in the interval [I,TQ]; let P be the set of primes p € [T, T] such that
n(p) > p°. Now, S is defined as the set of integers in our interval, where we remove integers y such that
(%) = —1forsome p € P. In other words, S should be quadratic residues for P.

In particular, for each p € P, we see that S fails to contain about half of all residues (mod p), so we may
take 7 = 1/3, whereupon Theorem 4.52 grants

T2
S| < —.
S <1

On the other hand, we claim that all 7" -smooth numbers live in S. Indeed, the prime factor of any T¢ -
smooth number must be less than 7=°, so it suffices to show the result for primes p’ < T<". Now, for any
prime p € P, we see that

p < T <P
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so the construction of P ensures (%) =1.
In total, Lemma 4.54 tells us that T2 <. |S|, so we see that |P| <. 1. In other words,

P=A{p=T":n(p) >}

is finite, from which Theorem 4.51 follows. [ |

4.20 April28

Today we discuss Hua's inequality for Waring's problem.

4.20.1 Hua's Inequality

Here is the problem we want to solve: for fixed positive integer k, compute the smallest positive integer s
such that every natural number is the sum of < s powers of k; we call this positive integer g(k); it is a result
of Waring—Hilbert that g(k) < oco. A more interesting question to askis to find G(k) so that every sufficiently
large integer is the sum of < G(k) powers of k; this is more interesting because it turns out that small values
will dominate so that g(k) is more easily understood but less representative of the underlying structure.

We will be using the circle method, which will even get us an asymptotic formula. To be explicit, we want
to study powers of the function

gk(a, X)) = Z e (azk).

1<z<X

The main difficulty, as expected, is bounding the minor arcs. For example, consider the integral of the mo-
ment

/O g, X)** da = # {((z:), () € [1,X]* x [L,X]" s+ 2l cyb + -+ yl}

by expanding out |gx(a, X)|** = gk(a,X)Sgk(a,X)s and integrating. These combinatorial objects are quite
difficult to understand; for example, not much is even known at k£ = 3. Our result for today is Hua's inequal-
ity, as follows.

Theorem 4.55 (Hua's inequality). For any & > 0, we have

1 k
/ (o, X)[* da < X2 7R+,
0

Sketch. We will sketch the mainideas. The 2* hereis going to arise from squaring this inequality repeatedly.
Explicitly, note

k—1
k o
(@+y)f—ab=y) (j.)y‘”lx% (4.5)
=0

The point here is that control over y has made our polynomial have less degree; this method is called “dif-
ferencing.” To apply this, we need two lemmas.

Lemma 4.56. Fix f(x) € Z[x] of positive degree with nonnegative coefficients. For y € Z, define the
polynomial A, f by A, f(z) = f(z +y) — f(z), and define A, ., = A, ---A, . Given positive
integersyi,...,y, wherev < deg f,then A,, . isapolynomial of degree deg f — v, with nonnegative
coefficients, and is divisible by y; - - - y,.

,,,,,

Proof. Induct on v, using (4.5). [ ]
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Lemma4.57.For1 < v < k — 1, we have

|gk(a,X)|2v <o X¥ 14 X%V 1Re < Z Ze (aly, ... y,2") ),

Y1, €[L,X] @

where the summation of z is in some interval of [1, X] depending on the y;.

The inequality now follows from the previous lemmas. |

Remark 4.58. Vinogradov was able to improve the 2" in the inequality to O (k*log k) by considering
solutions to systems ‘ ' ‘ ‘

for 1 < 5 < k. This system appears somewhat unmotivated, but it turns out to be helpful; for example,
this system of equations turns out to satisfy some form of translation-invariance.
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APPENDIX A
COMPLEX ANALYSIS

Our reality isn’t about what's real, it’s about what we pay attention to.

—Hank Green, [Gre20]

In this chapter, we review some basic facts of complex analysis. We do not provide proofs of all state-
ments.

A.1 Holomorphic Functions
Complex analysis is the study of holomorphic functions, so we quickly provide a definition.

Definition A.1 (holomorphic). Fix a complex function f: Q@ — C, where Q C C is some subset. We say
that f is differentiable at z € Q if and only if the limit

o) ot L) = F)

w—z Z—w

exists. If f is differentiable atall z € Q, then we say f is holomorphic on (.
Here is the main test on holomorphic functions.

Theorem A.2 (Cauchy—Riemann equations). Fix a complex function f: Q@ — C, where Q is a nonempty
open subset. Writing f(z + yi) := u(z,y) +iv(z,y), then f is differentiable at zg = x¢ + iy implies that

ux(z()vyo) = vy(x07y0)a
’UI(ZL'(),Z/()) = 7uy(l.07y0)~

Proof. See[Elb22, Theorem 3.19]. Intuitively, we are saying that f is locally a scaled rotation, which is what
multiplication by a complex numbers. |

Remark A.3. Under suitably hypotheses, satisfying the Cauchy—Riemann equations implies that f is
differentiable at the point zy. See [Elb22, Theorem 3.26].
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A.2 Pathlintegrals

To do calculus on complex functions, we also want to know how to integrate them.

Definition A.4 (path integral). Fix a piecewise continuous function f: @ — C, where  C C is some
subset. Given a piecewise C! path v: [0,1] — ©, we define

1 1
[ 1@z = [ Re (s ®)dt+i [ I (fo)y @) de.
Y 0 0
If v is closed (i.e., v(0) = (1)), then we might write fv f(z)d=.
As usual, limits commute with integrals under suitably uniformity hypotheses.

LemmaA.5. Fixan opensubset ) C Candasequence { f,, }»en of piecewise continuous function Q2 — C.
Given a piecewise C! path v: [0,1] — Q, if f,, — f uniformly for some f: Q — C, then

lim ¢ f,(z)dz= j{ f(z)dz.

n—oo

Proof. See [Elb22, Lemma 4.62]. Roughly speaking, the point is that we can upper-bound

j{f(z) dzj{fn(z) dz

which goes to 0 as n — oo by the uniformity. |

< f F(2) = fual@ldz < sup [7(2) = ful)] - £(2),

z€imy

Proposition A.6. Fix an open, connected subset O C C. Fix a piecewise C*! path v: [0,1] — Q and a
function f: Q — C continuous on im+. Forany zy € 2, we have

for w in some open neighborhood of z.

Proof. See [Elb22, Proposition 4.61]. Roughly speaking, we begin by translating so that z; = 0; then for |w|
small enough (for example, avoiding imy and |w| < 1|z|), we can write

o) _ ), 13
z—w z 11— (w/2) ! Zntl
and this geometric series converges absolutely and uniformly because |w| < 1|z|. Thus, the Weierstrass M-

test grants uniform convergence, so we can integrate both sides over 5Ev and finish by switching the infinite
sum and integral by Lemma A.5. |

A.3 The Cauchy Integral Formula

In this section, we provide various formulations of the Cauchy integral formula. The most basic formulation
is as follows.
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Theorem A.7 (Cauchy—Goursat). Fixa simply connected opensubset Q) C C. If f: C — Cisholomorphic
on ©, then for any piecewise C* closed path : [0, 1] — €, we have

]{f(z) dz = 0.

Proof. See [Elb22, Theorem 4.65, Theorem 4.70]. Intuitively, this result follows from Green’s theorem
combined with Theorem A.2. [ ]

We can extend this result in a few ways. For one, we can evaluate the function using integrals.

Theorem A.8 (Cauchy integral formula). Fix an open connected subset Q2 C C containing some B(zg, ).
If f: Q@ — Cis holomorphic, then
1
flw) = L 4 13 4,

211 N2 W

forw € B(zp,r), where ~ is the counterclockwise path around 9B(zg, ).

Proof. See [Elb22, Theorem 4.63]. Roughly speaking, one can use Theorem A.7 in order to allow us to send
r — 0T without changing the value of the integral. Then we note

R CURI N § CEY (PR I S
2mi J,  z—w '

211 Sy E—w 21 N 2w

The integral on the right is just 1, so we want to show that the other integral goes to 0. Well, w is

roughly f/(w) asr — 0T, so we can upper-bound this integral by (say) 2| f/(w)| - 2mr for small r, which goes
to0asr — 07 . [ |

Remark A.9. Roughly speaking, using Theorem A.7 again, the above proof more or less says that we
can replace v with any counterclockwise path around zy provided that Q2 is simply connected.

Remark A.10. Combining Theorem A.8 with Proposition A.6 implies that holomorphic f: @ — C are
locally equal to a power series.

In fact, we can evaluate derivatives using integrals.

Corollary A.11. Fix an open connected subset Q2 C C containing some B(zg, 7). If f: 2 — Cis holomor-

phic, then
!
F (w) = @fi(z_f(j))nﬂdz

21

forw € Qandn > 0, where ~ is the counterclockwise path around 9B (2o, ).

Proof. See [Elb22, Corollary 4.71]. By Theorem A.8 and Proposition A.6, we may write

n=0

for w in some open neighborhood of zy. (As usual, the deformation process with Theorem A.7 allows us to
shrink v as necessary.) But now we can, with some pain, take derivatives of this power series by hand (see
[Elb22, Proposition 3.44]) to achieve the result. |

As an application, we discuss analytic continuation.
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Theorem A.12. Fix an open connected subset (2 C C. Given holomorphic functions f1, fo: Q@ — C, if

{zeC: f1(z) = f2(2)}

contains an accumulation point, then f; = f; on Q.

Proof. See [Elb22, Theorem 5.1]. By working with f; — f», it suffices to show that, if f=1({0}) has an ac-
cumulation point, then f = 0. We show this by contraposition: suppose f # 0, and we will show that each
20 € f~1({0}) has some r > 0 such that B(zo,r) N f~1({0}) = {20}. By shifting, we may assume that 2y = 0.
By Remark A.10, we see that f is locally a power series around z = 0. Because f is nonzero, this local power
series cannot identically vanish. However, this implies that there is some m such that the power series for
f(2)/2™ has a nonzero constant term. However, f(z)/z™ is then a continuous function which is nonzero at
0 and is thus nonzero in an open neighborhood of 0. |

A.4 Building Primitives

We would like to build a converse for Theorem A.7.

Proposition A.13. Fix an open, connected subset 2 C C and a continuous function f: Q — C. Given

that
ff(z)dZZO
.

for any closed piecewise C! path v: [0,1] — Q. Then there exists a holomorphic function F: Q@ — C
such that F’ = f.

Proof. See [Elb22, Theorem 4.44]. By translating, we may assume 0 € €, and the point is to define
F(s) = £0)+ [ £(s)ds.
Y

where v is any closed piecewise C! path from 0 to z. The hypothesis on f implies that F is well-defined. To
show that F'(w) = f(w) forany w € Q, workin some small open neighborhood of w so that we may assume
Q is convex. In particular, let v, denote the straight line from w to z so that

F(z) — F(w) 1
P fw) Zw/% f(s)ds — f(w) _sesﬂpyzlf(s) f(w)]
However, f is continuous, so this supremum goes to 0 as z — w. ]

And here is our converse.

Theorem A.14 (Morera). Fix an open, connected subset 2 C C and a continuous function f: Q — C.
Given that
]{ f(z)dz=0
-

for any closed piecewise C! path ~v: [0,1] — €. Then f is holomorphic.

Proof. By Proposition A.13, there exists holomorphic F: Q@ — C such that F/ = f. However, F is locally
given by a power series by Remark A.10, so we can differentiate-term-by-term to tell us that F' is infinitely
differentiable. In particular, f is holomorphic. |

Here is are a couple useful corollaries of Theorem A.14.
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Lemma A.15. Fix some open, connected subset 2 C C and some function f: Q — C. Given holomor-
phic functions f,,: @ — Cforeachn € N, if f,, — f uniformly on all compact subsets D C U, then f is
holomorphic. In fact, for each w € 2, we have f) (w) — f'(w)asn — oo.

Proof. To show f is holomorphic, the point is to use Morera’s theorem. Quickly, note that to show f is
differentiable at some particular z € Q, we may find r > 0 such that B(z,r) C  and then replace Q with
B(z,r); in particular, we may assume that 2 is simply connected. Each f,, is continuous, so we see f is
continuous as well by the uniform convergence. Thus, fixing any closed piecewise C! path~: [0,1] — U, we

would like to show
j{ f(z)dz Z0.
y

Note im v is compact, so f,, — f uniformly on im~. Thus, fixing any ¢ > 0, we can find some N such that

1f(z) = fu(2)] <&

foralln > N. Fixingany n > N, we use Theorem A.7 to see
1@z = | § 1) ds—  fa@1de| < f 176 - Fula)lds < e,
s Y Y 8l

where /(v) is the length of 7. (Note /(v) is finite because v is piecewise C'.) Sending ¢ — 0% finishes the
application of Theorem A.14.

It remains to show the last sentence. The point is to use Corollary A.11. Well, for any fixed w € 2, we
again find some r > 0 such that B(w,r) C €. Then for some ¢ € (0,r), we let v be the counterclockwise
path around w with radius €. Then Corollary A.11 grants

[ (w) = fr(w)| =

) 1
< 5 s(lf() —fn(Z)I}']iz_wpdz
_ % .Eggﬂf(z) —fn(Z)I}'Qg-

Now, asn — oo, we see that | f(z) — fn(2)| — 0 uniformly, so the final expression goes to 0. This completes
the proof. [ |

Lemma A.16. Fix some simply connected open subset 2 C C. Given a holomorphic function f: Q@ — C
which vanishes nowhere, there exists a holomorphic function g: 2 — Csuchthat f =expog.

Proof. By shifting €2, we may assume that 0 € Q. By scaling f (which is the same as shifting g), we may
assume that f(0) = 1. Now, note that f is locally a power series by Remark A.10, so f” is holomorphic, so
f'/f is holomorphic because f vanishes nowhere on Q. Thus, by Theorem A.7, we see that

!
7{ I 4. g
, f(2)
for any closed piecewise C*! path v: [0,1] — €2, where here we are using the fact that Q is simply con-
nected. Thus, we let g be a primitive for f’/f; by shifting g, we may assume that g(0) = 0. Now let h(z) =

exp(g(z))/f(z) so that we want to show h(z) = 1 for each z; note that f is always nonzero, so & is in fact
holomorphic. Well, we see that

B (z) = 1(z) - exp(9(2))g'(2) — exp(9(2) f'(2) _

f(z)?
so h is constant. But 4(0) = 1 by construction of f and g, so h(z) = 1 for each z. [ |
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Remark A.17. Unwinding the proof of Proposition A.13 and Lemma A.16, we see that we can actually
explicitly define g by
f'(z)

where 2y € Q2 is any point, and « is any path connecting zj to z.

dz,

A.5 Differentiation Under the Integral

While we're here, we pick up the following very useful technical result from [Mat01].

Proposition A.18 (Differentiation under the integral sign). Let (X, S, 1) be a measurable space, and let
U C Cbeopen,andlet f: U x X — Cand g: X — X be functions satisfying the following properties.

« The function g is integrable; namely, [ g(t) dt < occ.
« Forfixed z, the function z — f(z,z) is holomorphic on U and has | f(z, z)| < g(z) for all s.

« For fixed z, the function  — f(z,z) is measurable.

Then the function F': U — C given by F(z) := [ f(z, ) dx is holomorphic on U and satisfies
of
F/
(z) = 22 —(z,x) dz.

Proof. We use Morera’s theorem to show F' is holomorphic and the Cauchy integral formula to compute
the derivative. The intuition here is that we can controlintegrals of F' easier than its derivatives, so we will
try to turn everything into an integral. For clarity, we proceed in steps.

1. We show F is continuous on U. Well, fix some w € U, and we show F' is continuous at w; for con-
creteness, again find » > 0 such that B(w,r) C U. Indeed, for some distinct w’ € B(w,r), we let
v:10,1] — U denote the straight line from w to w’. Thus, the Fundamental theorem of calculus and
Cauchy’s integral formula grants

F(w’)—F(u)):/X(f(w’,x)—f(w,x))d:r

:/ (/ gz(z7x)dz) da
Qm/ <// e dz’dz)d:z:

where 7, denotes the counterclockwise circle around z of radius r — § |w —w'|, which is inside B(w, r) C
U because z is on the line connecting w to w’. Now, taking absolute values everywhere, we see
0(y) - 2m |r = |lw —w'l|

F(w')— F(w '—%/ (// r—flw Tt dz’dz>d:cs;w/xg<t>dt- P i

where we have used the computation £(y.) = 2 |r — 4w — w'|| for each z. Now, as w’ — w, we see
¢(v) = |lw—w'| goes to 0, so the entire right-hand side goes to 0. This completes the proof of continuity
at w.

2. We show F'is holomorphic on U. It suffices to show that F is differentiable at some fixed w € U and
has the given derivative. As such, we find r > 0 such that B(w, ) C U and replace f with its restriction
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to B(w,r) x X and F with its restriction to B(w, r). In particular, we have reduced to the case where
U is open and convex.

Now, we already know F' is continuous, so we may use Morera’s theorem. Well, letv: [0,1] — U be
some closed curve, and we want to show

LF(z)dz:AAf(z,x)dmdz;O.

We would like to exchange the two integrals, so we note we have absolute convergence because

// |fzx|dxdz<// x)dxdz < (v )/Xg(x)d;c<oo.

Thus, Fubini's theorem lets us write

/VF(z)dz/X/vf(z,z)dzd:r/XOdzO,

where we have used Cauchy’s theorem to evaluate fv f(z,x2)dz = 0; recall we reduced to the case
where U is convex above!

3. It remains to compute the derivative of F'. Because F'is holomorphic, we may use the Cauchy integral
formula: for any w € U, find r such that B(w,r) C U, and let v be the loop of radius /2 around w.

Then ) F2)
/ —_
F(w)_Zm'L(z— 2m// (z —w o — w2 d=

As usual, we would like to exchange the two integrals, so we note that we have absolute convergence

because / / E('y)

(T/2)2 /Xg(x) dx < oo.
Thus, Fubini's theorem lets us write

F’(w):/x (217”[{(5(_2’5))de> dx:/)(g(w,m)d%

where we have again applied the Cauchy integral formula. |

dxdz <

Z—

Remark A.19. Proposition A.18 might look like needless abstract nonsense with the measure space
floating around, but the point here is that we will be able to flexibly apply this result to exchange deriva-
tives with both usual integrals and infinite sums.

A.6 Infinite Products

Throughout analytic number theory, it is useful to take infinite products for one reason or another. In this
section, we follow [SS03a, Section 5.3]. We begin by discussing products of elements.

Definition A.20 (absolutely converges). Given a sequence of complex numbers {ax}ren, the infinite
product

oo

[T(ar+1)

k=1

converges absolutely if and only if the product [~ (lax| + 1) converges.
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Lemma A.21. Let {a}, }ren be a sequence of complex numbers such that

o0

Z lag| < oo.

k=1

Then the infinite product [~ (1 + ax) converges and vanishes if and only if some factor vanishes.

Proof. If any factor vanishes, then the entire product converges to 0, so there is nothing to say. Otherwise,
assume that a, # —1 forall k, and we must show that the infinite product converges to a nonzero value. We
have two cases.

1. Suppose that |a,,| < 1/2 for all n. Then we can use the power series to define log. The main claim is

that the infinite sum -
> log(1 + ax)
k=1

converges. In fact, it converges absolutely: we compute

Z|1og1+ak i

k=1 [¢=1
k
S (z : )
k=1 /=1
< Z—log 1—lagl)
k=1

Now, log is concave down on (0, o), so —log(1 — x) is concave up on [0, 1/2], so comparing with a line
segment, we see

(1/2 — |ag|)(—log(1 — 0)) + [ax|(—log(1 — 1/2)) —log(1 —1/e)
_ _ < Lo\ I
log(1 — ax]) < /2 < |ax| /3 2|ax|
for each |ag| € [0,1/2). Thus,
Z|log +ak|<Z—log 1—Jag]) < 22|ak|—22\ak\
k=1 k=1

completing the proof of the claim.

To complete the proof in this case, we use the fact that exp is continuous to write

(oo} n
[[a+a)= lim [T +a)
k=1 k=1

= nh_)rrgc exp <Zlog 1+ ak)>

k=1

= exp ( lim Z log(1 + ak)>
n— oo

oo
= exp (Zlog(l + ak)> )
k=1
which we already know converges (absolutely). Additionally, we converge to a nonzero value because
exp(z) # 0 forall z € C. This is what we wanted.
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2. Inthe generalcase, note that the convergence of the sum Y72 , |ax| enforces |ax| — 0as k — oc. Thus,
there exists some n such that |ai| < 1/2fork > N, so we see

H(l—i-ak H 1+ ag)- H (1+ ag).
k=1 k=1 k=n+1

The left product is finite, and the right product converges by the previous step: note 3~ ., |ax| < oo
because >°;7, |ak| < oo. Thus, the entire product converges, and it converges to a nonzero value
because the left and right factors above are both nonzero. |

Remark A.22. In fact, by replacing {ax } ken With {|a|}ren, the lemma tells us that

3

(1 +[ax])
k

1

also converges. In particular, the product converges absolutely.

We even have a converse to the above result.

Lemma A.23. Fix a sequence of complex numbers {ay } ren such that the infinite product

ﬁ 1+ag)

converges absolutely. Then Y~/ | |ax| converges.

Proof. We may replace {ax } ren With {]ax|}xen so that we can assume that the ay, are positive real numbers.
Now, the convergence of the infinite product allows us to use the continuity of log to write

(oo} n n o0
log ( H(l + ak)> = log <nh~>néo H(l + ak.)> = nlin;o Zlog(l +ay) = Zlog(l + ag).
k=1 k=1 k=1

k=1

In particular, this infinite sum converges, so log(1 + ax) — 0as k — oo, so we can find NV large enough so
thatlog(1 + ax) < log(3/2) for each k > N, meaning that 1 4+ a;x < 3/2 and so a; < 1/2. But here we note
that log is concave down, so

(1/2 — ax) log(1 +0) + ax log(1 +1/2) _

/2 ak - 2log(3/2).

log(1 +ax) >

For psychological reasons, we note that 3log(3/2) = log(27/8) > log3 > 1, so we see log(1 + ax) > 2aj
here. In total, we see

o0
Z Zak+ Zfak_Zak—i— Zlog1+ak
k=1

k>N k>N

so the sum converges. This completes the proof. |

Remark A.24. Combining Lemmas A.21 and A.23 shows that an infinite product which converges ab-
solutely will only vanish if any of the factors vanish.

Now that we know how to take infinite products of elements, we can also take infinite products of functions.
Here is our analogue of the Weierstrass M -test.
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Proposition A.25. Fix an open subset 2 C C and a sequence { fx } ren of holomorphic functions 2 — C.
Suppose that we have constants {¢i }xen € C such that

D lerl <ooand |ful(z) — 1] < |ex forall .
k=1
Then the infinite product f(z) = [[,—, fx(z) converges absolutely and uniformly on compacts to a

holomorphic function 2 — C.

Proof. Set ay(z) = frx(z) — 1 for each k. Then we see

oo o0

D a2 <Y fex| < oo,

k=1 k=1

so Remark A.22 implies that the infinite product f(z) converges absolutely forall z € C.

Now, because each fj is holomorphic, each partial product defining f is holomorphic, so it suffices by
Lemma A.15 to show that the partial products converge uniformly to f. As in the previous proof, we have
two cases.

1. Suppose that |c;| < 1/2 for each k. The idea is to use exp to turn our product into a sum. For technical
reasons, we start by noting that m > n gives

n n

< > Nog(l+ar(x))l < Y —log(l - fax(2))) < D —log(l —lex]) <2 lel,
k=m

k=m k=m k=m

3" log fi(2)
k=m

where we have bounded as in the previous proof. (Here, log is defined using the power series.) In
particular, this partial sum and even the full series has magnitude bounded by C' := 2 3"72 | |ci|.

For psychological reasons, we note that exp has continuous and hence bounded derivative on the com-
pact set B(0, ('), so exp is Lipschitz continuous; let L be the Lipschitz constant for exp. The main com-
putation is that any z € D have

‘f(Z) S Ie)
k=1

exp (Z log(1 + ak(z))> — exp (Zlog(l + ak(z))> ‘

k=1 k=1

<L

> log(l +ak(z))|

k=n-+1

k=n-+1

by the above bounding. However, as n — oo, this right-hand side goes to 0 because >~ |cx| con-
verges. The uniform convergence follows.

2. Wereduce to the above case. Because ) -, |cx| converges, we see |c;| — 0as k — 0o, so there exists
n such that |¢;| < 1/2for k > n. Thus,

F@ =TG- T H&.
k=1 k=n-+1

By the previous step, the convergence in the right (infinite) product is uniform, and the left termis a
finite product, so the convergence in the original product is also uniform. |
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Remark A.26. It might look concerning that we have full uniform convergence instead of the usual more
mild uniform convergence on compacts. However, the hypothesis requires that the fj are bounded, so
Q will have to be pretty small anyway if the f; are nonconstant.

Remark A.27. Note that the above proof shows that, for any z € C, the sequence {a,(z)},en satisfies
the hypotheses of Lemma A.21. Thus, f(z) = 0if and only if f;.(z) = 0 for some k. As such, if f(z) # 0,
we note that the above proof tells us that the equality

log f(2) = > _ log fi(2)
k=1
makes sense, and the sum converges absolutely.

Because we are doing analysis, it will also be beneficial to be able to compute derivatives.

Corollary A.28. Fix an open subset 2 C C and a sequence {fx }xen of holomorphic functions @ — C.
Suppose that the infinite product f(z) := [, , fx(z) converges absolutely and uniformly on compacts.

Then
THOBRSY16)
)~ 2 h)

if f(2) % 0.

Proof. Let p,(z) denote the nth partial product. By Lemma A.15, we know that p/,(2) — f/(z) asn — oc.
Now, f(z) # 0implies that f;(z) # 0 for each k£ by Remark A.27, so p,,(z) # 0 for each n as well. Thus, we
may add in the fact p,,(z) — f(z) as n — oo to compute

FE) o Th() - NS S )
7z B 56 T 2 e

n—oo p,(2) =
Note that = holds because we can formally check that (&?)/((5)) = ‘;I((ZZ)) + l;),((j)) for holomorphic functions a and
b not vanishing at z. In particular, there is no need for a logarithm here. |
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APPENDIX B
ENTIRE FUNCTIONS

In this chapter, we provide enough of the theory of entire functions in order to state and prove the
Hadamard factorization theorem. Throughout this section, entire functions will be nonzero. We follow
[SS03a, Chapter 5].

B.1 Counting Zeroes

It will be useful to bound the number of zeroes of a nonzero entire function, so we establish some nota-
tion.

Notation B.1. Fix a nonzero entire function f: C — C. Then we let Z,(r) denote the multiset of complex
numbers z € B(0, r) suchthat f(z) = 0, counted with multiplicity. Additionally, we setny(r) == #Z;(r).

Remark B.2.If f: C — C is a nonzero entire function, then n¢(r) is indeed finite: indeed, if ns(r) is
infinite, then we claim f = 0. To see this, we note f has infinitely many zeroes in the compact set
B(0, r), which has two cases.

« If f has infinitely many distinct zeroes in B(0, ), then the zero-set of f must have a limit point
because it is an infinite subset of a compact set. But this implies f = 0.

« If f has a zero w of order infinity, then the Taylor expansion of f around w vanishes identically. It
follows that f vanishes in an open neighborhood of w, so f has infinitely many zeroes, reducing
to the previous case.

We will shortly be able to roughly bound the number of zeroes of f by the growth rate of f, but for the
purpose of this section, we will not place constraints on the growth rate of f. To begin this counting, we
pick up the following lemma.

Lemma B.3. Fix a nonzero entire function f: C — C such that f(0) # 0. For any R > 0, we have

R
JRVCESS e
0 f(z) 0
|z|<R

where the sum counts zeroes with multiplicity.
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Proof. Note that the f(0) # 0 hypothesis is included to ensure that the sum is well-defined. For each z €
Zy(R), we will use the indicator 1 |;/(r) to indicate z € B(0, 7). In particular, we compute

/Uan)Cf—/OR( > 1>|z|<r>>‘ff"

z€Z¢(R)

> (/jl»(r) d)

z€Zs(r)

= ()
z€Z¢(r) =l 7

R
Zlogz,

ZEZf(T)

[

which is what we wanted. Notably, we are able to switch the sum and integral in = because the sum is finite
by Remark B.2. |

As such, we are motivated to understand this summation of logarithms as a proxy to understand n¢(r). This
is the content of Jensen's theorem.

Theorem B.4 (Jensen). Fix a nonzero entire function f: C — C such that f(0) # 0. Further, suppose f
does not vanish on 9B(0, R) for some R > 0. Then

1 2T )
log |£(0)| = Z log‘;‘ﬁ-%/o log | f (Re™)| db.

Proof. Thisisessentially a consequence of the Cauchyintegralformula. Again, note that f(0) # Ois required
for the sum to make sense. Anyway, we proceed in steps to build up to the general case.
1. Suppose that f does not vanish on B(0, R) so that f does not vanish on B(0, R). Here, the sum is
empty, so we would like to show

27
log | £(0)] :%/O log |/ (Re®)| do. (B.1)

The idea is to apply the Cauchy integral formula to a suitably defined logarithm of f. This logarithm
will exist because f is nonzero in our region.

Quickly, we claim that f does not vanish on B(0, R + ¢) for some ¢ > 0. Indeed, suppose not. Then for
each n, we can find 7,,e?» € B(0, R+1/n) such that f(z,) = 0. In particular, wesee R < r, < R+1/n
for each n, and ¢~ € S*.

Thus, r, — Rasn — oo, and having infinitely many elements ¢’ in the compact set S* forces the
0,, to have a subsequence e+ to converge to some ¢, It follows that r,, e+ — Re', so because
f~1({0}) is closed, we see that Re® lives in f~1({0}), so f vanishes on some point in dB(0, R). This is
a contradiction to the construction of R.

We now continue the proof with oure > 0 such that f does not vanish B(0, R+ ¢). Because f does not
vanish, and B(0, R+¢) is simply connected, we can use Lemma A.16 to define g so that g is holomorphic
and satisfies f(z) = exp(g(z)).
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We now apply the Cauchy integral formula to g(z). Let vz be the path # — Re? so that the Cauchy
integral formula grants

1 9(z)
O =55 97
TR
1 27 g (R 19) i
% o R69 iRe d9
1 27 0

Now, we seelog|f(z)| = log|exp(g(z))| = logexp(Re g(z)) = Re g(z), so taking real parts of the above
equation yields (B.1), as desired.

2. Suppose f(z) = z — w for some nonzero w € B(0, R). Notably, f has only the root w, so after some
rearranging, we would like to show

2

? 1 i
0:% ; log’ee—w/md@.

(Notably, log | f(0)] = w.) We now would like to reduce to the previous case; set a := R/w so that
|a| > 1. Now, we send 6 — —6, so we see

2

1 2 ; 2 i 1 ;
%/0 log’ee—l/a| d@z/o log |e 9—1/04 de:%/o 1og|1—eg/a| de,

where we have factored out log |e ™| =1log1 = 0.

Thus, we set g(z) :== 1 — z/a so that g is entire but does not vanish on B(0, 1) so that the previous case
implies

2w 2w
0:10g1:10g|g(z)\:%/0 log‘g (ei9)| d(‘):%/o log‘l—ew/a| do,

which is what we wanted.

3. To set up the finish of the proof, suppose that the theorem is true for the nonzero entire functions
f1, f2: C — C. Then we claim that the theorem is true for f; f>. Indeed, we see (f; f2)(0) # 0 implies
f1(0), f2(0) # 0. Further, for any R > 0, we see f; fo not vanishing on 9B(0, R) implies that fs f> does
not vanish on 9B(0, R) also.

Thus, the theorem hypotheses hold for both f; and f» if they hold for f; fo. Now, fori € {1, 2}, let Z;(R)
denote the multiset zeroes of f; in B(0, R) counted with multiplicity. Then the multiset Z; (R) U Z3(R)
is the multiset of zeroes of f; fo counted with multiplicity. Now, applying the theorem statement to
both f; and f5, we compute

log |(f1f2)(0)] = log[f1(0)] + log [ f2(0)]
= Y og|E|4 o 7 Re™)| do
= 3 won|gf e, [ sl (re)

z€Z1(R)

27
+ ¥ log‘%’—i—%/o log | f> (Re'?)| do

z2€Z3(R)

2
SRy ST

z€Z1(R)UZ2(R)

so the theorem statement also holds for f; f5. This is what we wanted.
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4. We now finish the proof in the general case. We define g: C\ Z;(R) — C by
f(z)

H’U)EZf(R)(Z - w) .

g(z) =

Now, the right-hand side will only have removable singularities at each element of Z;(R), so in fact
we may extend analytically g to all C so that

f =9 [ (-w).

wGZf(R)

By the first step, the theorem statement holds for g, and by the second step, the theorem statement
holds for each z — w. (Note w # 0 because 0 ¢ Z;(R) because f(0) # 0.) Thus, by the previous step,
we may inductively take the product to show that the theorem statement holds for f, which is what

we wanted.

Corollary B.5. Fix a nonzero entire function f: C — C such that f(0) # 0. Forany R > 0 such that f
does not vanish on 9B(0, R), we have

2

R d 1 .
/0 ng(r) % = —log|f(0)] + %/0 log | f (Rel0)| de.

Proof. By Lemma B.3 and Theorem B.4, we see

R
dr
/ nf(r)7: Z log
0 £(2)=0
|z|<R

Bl loglr(0) + = /% log | f (Re™)| do
z 2w Jo 7

which is what we wanted.

B.2 Functions of Bounded Order

Here is the central definition of this section.

Definition B.6 (order). A function f: C — C has order bounded by p for some p > 0 if and only if there
are A, B > 0 such that
|f(2)] < APl

Then we define the order p(f) as the infimum of the real numbers p > 0 such that f has order bounded
by p. Note that we are permitting p(f) = +oc.

Here are some starting examples and remarks.

Example B.7. Any polynomial f(z) € C[z] has order 0. Indeed, write f(z) = Y_}'_, ax2" sothatany p > 0
has

lim |f —|z|p<§n: 1. k —rp_zn: . akrk/p_o

im |f(z)]e < k_orggo agre”" = k_Ongo =0,

|z| =00 e’

where the last equality holds by, say, L'Hépital’s rule. Thus, z +— | f(z)|e~*" is a bounded function on C
(there exists R such that it is bounded by 1 for |z| > R, and the continuous function is certainly bounded
on the compact set B(0, R)), so we can find A > 0 such that |f(z)| < Ae~!?I” forany z € C. It follows
that f has order bounded by p forany p > 0, so p(f) = 0.
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Example B.8. For any A4, B, p > 0, the function f(z) := Ae®*I” has order p. We now claim that f has
order bounded by p’ ifand only if p’ > p, which will finish the proof. This has the following components.

« If p/ = p, then the inequality | f(z)| < AeP!*l” tells us that f has order bounded by p'.

« Forany p’ > p, we claim that f has order bounded by p’. Indeed, we see that
lim |f(z)|eflzlp/ = Aexp ( lim B|z|?- lim (1 — z|pp'>> =0
|z|—o00 |z| =00 |z| =00

because |z|? — oo as |z] — oco. Thus, |f(z)|e“z‘pl is bounded, so we can find M > 0 such that
|f(2)| < Mel#l” forany z € C.

e« Forany 0 < p' < p, we claim that f does not have order bounded by p’. Indeed, suppose for
the sake of contradiction that we have A4’, B’ > 0 such that | f(z)| < A’eP'I*I” . Then the function
eBl21”=B'IzI" is bounded above by A’ /A, but

lim Bl =B1E" = exp <| o Blz”" - lim (1— (B/B’)Izlp/p)> - e
zZ|—00

|z|—00 |z|—00

Remark B.9. For any function f: C — C, if f has order bounded by p, then f has order bounded by p’ for
any p' > p. Indeed, we are granted A, B > 0 such that |f(z)| < AeBl*”, so it suffices to find constants
A’,B' > 0such that AeBlzl” < A’¢B'121”  But AeBl#l” has order bounded by p’ by Example B.8, so we
are done.

Remark B.10. If f has order bounded by «, and g has order bounded by $, then fg has order bounded
by max{a, 8}. Without loss of generality, take & > 3. Now, |g(z)| < AeBl*I” for some A, B > 0, so
Example B.8 implies that there exist A’, B’ > 0 such that |g(z)| < A’¢P'*I” because a > §. But f also
has constants A”, B” > 0 such that |f(z)| < A”eB"12I%, so

1(f9)(2)] < A’ A"eB +B =%

implying that fg has order bounded by a.

Remark B.11. If the entire function f: C — C of order bounded by p has a zero at z = 0, then g(z) =
f(2)/z still has order bounded by p. Indeed, we do know that there are A, B > 0 such that |f(2)| <
AeBlE” for z € C. Now, g(z)eBI*I" is a continuous function and hence bounded by some constant
A’ > 0on B(0,1). However, |z| > 1, we see

lg(2)le P < | f(2)|e P < A,

Thus, we see |g(z)| < max{A, A'}eBl*I", so g has order bounded by p.

It is a key fact, now, that we can count the number of zeroes of a function of bounded order.
Proposition B.12. Fix a nonzero entire function f: C — C with order bounded by p > 0. Then there

exists a constant C, D > 0 such that ns(R) < Cr? for R > D.

Proof. We would like to use Corollary B.5. We handle two cases.
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1. Suppose f(0) # 0 so that Corollary B.5 applies. In particular, the key observation is that n(r) is an
increasing function. As such, we compute

2R dr 1 e v
/R nf(r)7:—log\f(0)|+§/o log |f (2Re™)| db
-—(—wo f«D|+1L/%H0|f(RJQ\d9>
g o ), o8

o 27
= i/ log ’f (QReie)’ do —/ log !f (Reie)’ dp.
2 0 0

However, because |f(z)| < AeP!?l” for some A, B > 0, we can upper-bound

p

1 27 . 1 27 B
—/ log’f (2Re’9)| df < —/ log’AeBRp’ df =log A+ u ,
2m Jo 21 Jo 2m

so it follows that

/QRnf(T)dr <

R T

27 2
ZL/ 1og|f(2Rei9)f d@‘—i—‘/ log|f(Rei‘9)‘ d@‘ SQlogA—i—%:Qp)Rp.
0 0

™

On the other hand, because ny is increasing, we can lower-bound

2R 2R
/ wmﬁ2wmvjﬂzwmmw
R r rR T

In total, we see
_ 2logA __,  B(1+2°)
p 208 ppy 2T E
ny(R)R™* < Tog 2 R+ o
As R — oo, the right-hand side approaches B (1 + 2”) /27, so we can find some D such that the right-

hand side is less than or equal to B (1 + 2?) /= for R > D. Thus, n;(R) < MRP for R > D, which
is what we wanted.

2. We now reduce to the case where f(0) # 0. Suppose f has a zero order of m at 0. If m = 0, then we
are already done by the previous case. Otherwise, set g(z) := f(z)/z™, which has only a removable
singularity at z = 0 and thus extends to an entire function g: C — C such that g(0) # 0 while f(z) =
2™g(z). Notethat ns(R) = m+ngy(R)forany R > 0, and g still has order bounded by p by Remark B.11.

It follows from the previous step that there are C, D > 0 such that R > D have
ny(R)R™? =mR™? +ny(R)R™? =mR™ "+ C.

Again, as R — oo, the right-hand side approaches C, so we can select D’ > 0 such that the right-hand
side is less than or equal to 2C. Thus, ny(R) < 2CR” for R > max{D, D'}, which finishes. |

Having a polynomial bound on the number of zeroes lets us bound sums with these zeroes.

Corollary B.13. Fix a sequence of nonzero complex numbers {z }xcn such that
ne(r) =#{k: 2z <r}<rf

for some positive real number p. Forany o > p, the sum

>
i el

converges. (Note that this sum may be finite.)
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Proof. We use the dyadic decomposition. Because we are working with an infinite sum of positive numbers,
it suffices to bound the sum from above. Now, from Proposition B.12, we seen;(R) < C'R’ forsome R > D;
by replacing D with 2M°€ P > D to no ill effect, we may assume that D = 2¢ for some positive integer d.
Thus, we write

= 1 _ 1
;Z”UZ Z |U+Rh—r>noo(z) W

ez, (D\{0} 7 #(z)=0
22D
- 1 > 1
< D W+Z > EGE
=€2¢(D)\{0} k=d \  f(2)=0
2k <)z <2kt
1 oo nf (2k+1)
< > WJFZiQkG
z€Z;(D)\{0} k=d
> 9(k+1)p
D I

zeZ5(D)\{0}

< > |1‘0+29022k<ﬂf’>

z€Z5(D)\{0} k=d
1 9d(p—o)
< _— y9r0. 2
- Z |Z‘U +2°C 1 — 9p—0c’
z€Zy(D)\{0}
which is indeed finite. [ |

B.3 Elementary Factors

Hadamard'’s factorization theorem requires taking an infinite product of some special factors with pre-
scribed zeroes. Here are those factors.

Definition B.14 (elementary factor). Given a nonnegative integer n, the elementary factor E,,(z) is given

by
En(z) = (1 _ 2)6Z+Z2/2+'"+Z”/n.

In particular, Ey(z) =1 — z.
The proof of Hadamard's factorization theorem will roughly amount to combining Lemma A.16 with various
bounds on elementary factors. As such, we take the time to establish the needed bounds on our elementary

factors.

Lemma B.15. Given a nonnegative integer n, we have |1 — E, (2)| < 2¢|z|"TLif 2] < 1/2.

Proof. Because |z| < 1/2, we may use the power series to define log. Thus, we see

N > 2k "z 2k
En(z)zexp<log(1—z)+zk)—exp( Zk+zk>_eXP<Zk>'

k=1 k=1 k=1 k>n

Now, for brevity, set 2’ := 3, 2*/k. The bound on 2’ we will need is

n+1 "Z| n+1 -9 n+1
<[ ZHHH,II Z() 2,
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On the other hand, we see

1= En(2)] = |1 — exp(2)]

191: ANALYTIC NUMBER THEORY

However, n > 0, so |2’| € [0, 1]. Thus, because exp is concave up, we see that

exp(|z']) = 1 < (1 = [2"])(exp(0) — 1) + [2"] (exp(1) — 1) < e|2’].

In total, we conclude |1 — E,,(2)| < e|2/| < 2e|z|" .

Lemma B.16. Given a nonnegative integer n, we have |E,, (z)| > exp (—2[z["1) if |2 < 1/2.

Proof. Asin the previous proof, |z| < 1/2 allows us to define log by power series so that

E,(z) =exp <Z Zk>

k>n
Again, wesetz' ==}, % for brevity and compute

|En(2)] = |exp(2')]
exp(Re 2')
exp(—|[2'])

el
|- 2 e
k=n-+1

Y

exp

\ \/

= exp 2|Z\"+1

which is what we wanted.

Proof. Similar to the previous proof, we see

k=1

However, we see

(52| (15 2) o (55 022

| |n+1 Z |Z|
k+n+1

(-
p( I”“Z (1/2) )
(-

Lemma B.17. Given a nonnegative integer n, we have |E,,(2)| > |1 — z| exp (—2|z|™) for |z| > 1/2.
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Combining,

> |1 — 2l exp ( - Z',€> > |1 - 2l exp (<202]").

which is what we wanted. [ |

B.4 Hadamard Factorization

Throughout this section, f: C — C will be a nonzero entire function of (finite) order pg; set n = |po] for
brevity. We will also let {z; } ,c denote the nonzero zeroes of f (with multiplicity), where X is either finite or
N, ordered by magnitude. Notably, Remark B.2 tells us that there are only finitely zeroes with fixed bounded
magnitude, so such an ordering possible.

The key to the proof will be the following lower bound on a product of elementary factors.

Lemma B.18. Fix a nonnegative real number py, and set n := py. Further, fix a sequence {zj }rex of
countably many nonzero such that

ng(r) = #{k: 2z <r} < rrote

forany e > 0. Then given a real number s such that py < s < n + 1, there is some ¢ > 0 such that

>exp(—clz®)  for |z — 2| > e

[ Bn(z/2x)

ke

for |z| sufficiently large, and the infinite product converges absolutely and uniformly on compacts to an
entire function forall z € C.

Proof. We begin by showing that the infinite product converges absolutely and uniformly on compacts to
an entire function; we use Proposition A.25. Indeed, for any compact subset D C C, we know D is bounded,
so find R such that D C B(0, R). Then we are able to divide the infinite product into

HEn(z/zk):< H En(z/zk)>< H En(z/zk)>

ke |z |<2R |zk|>2R

Py (z):= Py(z):=

because the z; have been ordered by magnitude. Now, the P (z) factor is finite and will therefore not af-
fect our convergence, so we focus on showing that P, converges absolutely and uniformly on D. Well, by
Lemma B.15, we see that any zj, with |z;| > 2R gives |z/z,| < 1/2, so

2R !
+1
1= Bn(z/20)] < 2el2/2™ < o

but

2R+ 1

—__ —2R"t! —_—
Z 2|7 Z 2|
) kex
converges by hypothesis. Thus, Proposition A.25 kicks in to tell us that our infinite product converges ab-
solutely and uniformly on D.

It remains to show the lower bound. Quickly, note that no term of the product will ever vanish by defini-
tion of the elementary factors and the fact that |z — 2| > |z,| 7"~ ! for each z. This is somewhat technical.
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As above, we divide the product into factors depending on |z|, though here we write

HEn(z/zk):< 11 En(z/zk)>< 11 En(z/zk)>.

ke l2r|<2l2| |2 >2]2|

Q1(2)= Q2(2)=
We now bound these terms independently.
« We control Q- using Lemma B.16. Indeed, we see

|21 |>2] 2]

> H exp (—2\z/zk|”+1)

|21 |>2] 2]

éexp< Z —2|Z/an+1)

|25 >2] 2]

1
=e><p<—2|znJrl Z Zk_|n+1>,

|z >2]2|
and this last sum again converges by Corollary B.13; note = is valid here by the continuity of exp and
the fact that our infinite product already converges.
To finish our bounding here, we see

1 < 1 1 < 1 1
e T L M D R o

becausen +1—5s >0, so
s—n S 1 S
Qa(2)] = exp [ =257z E exp (—eilz]?)
ol >2lz]
forcy :=2"""3%" . |59 1/]2k[°. (The sum still converges by Corollary B.13.) Note ¢z > 0.

« We control Q; using Lemma B.17 and the fact that |z — 2| > |z;| ™! for each z;. Indeed, freely
rearranging this finite product, we see

Q) = [ |En(z/2)l

|z ] <2]2]

z
> 1- =
- 11 (-2

|z |<2|z|
z
1-— ‘ ~exp<2|z|”
2k

|z | <2|2|
The left term here will be difficult to bound, but we can control the right term here as we did with Q.
Indeed, we see

exp (—2[z/z[") )

|z |<2|z|

Lo 1 L1 1
lzkl™ =zl Jal® T 2l |akl®

becausen — s < 0, so

exp < —2|z|" Z

|z <2|2|

1
Z exp o 2sfn+1 e
) e (e

|z [>2||

1 S
W) = exp (—eal2l?)

161



B.4. HADAMARD FACTORIZATION 191: ANALYTIC NUMBER THEORY

for ¢l == 257 H1|z|® 2 jen|>2|2| 1/]2k|°. Note ¢; > 0.

We now focus on the left term. By hypothesis on z, we see

z Z— 2
oo
Zk 2k
|2k <2|2] |2k |<2|2]
> I fal™?
|21 <2|2]

> ((2|Z‘)7n72)"f(2|z|)
= exp (~(n + 2) log(2lz])ny (2]]))..

Now, f has order bounded by s > pg (formally, one must use Remark B.9 here), so hypothesis tells us
that ny(2]z|) < C|z|® for |z| sufficiently large. In total, we set ¢{ := —C(n + 2) log(2|2]) so that

[

|z <2|2|

- j > exp (=l J21°).
Zk

Thus, for ¢; == ¢ + ¢/, we see |Q1(2)| > exp (—c1]z]*) for || sufficiently large.

In total, we see that

[ Enz/20)] = 1Q1(2)] - 1Q2(2)] = exp (= (1 + e2) 2[*)
kex
for |z| sufficiently large. This is what we wanted. |

We will use Lemma B.18 in the following form.

Lemma B.19. Fix everything as above. Then there is an unbounded set of positive real numbers R C R
and constant ¢ > 0 such that

> exp (—c|z]*) for |z| € R.

ke

Proof. The hypotheses on {z;} are satisfied by Proposition B.12 and Corollary B.13. Quickly, note that the
infinite product makes sense by Lemma B.18. In order to use Lemma B.18, we let iz denote the Lebesgue

measure and note
1
—n—1 —n—1
M(U (lzal = |2 Nznl + |zl )) S227|Zk|n+1

ke ke

Si=
converges by Corollary B.13, so u(S) is finite. Now, we note that |z — z;| < |z|™" ! for some z; implies
2] € (|zk] = 26|71, |2k] + |21]7™!) C S, so we are roughly looking for real numbers r not in S.
Now, the “sufficiently large” condition on |z| in Lemma B.18 amounts to requiring |z| > D for some
D > 0. Thus, we set
R={r>D:r ¢S5}

If R were bounded above, then there would be some M such that any » > M has eitherr < Dorr € S,
meaning that (max{M, D}, c0) C S, which is a contradiction because S has finite measure. Thus, R is not
bounded above.

Lastly, note that any z € C with |z| € R has |z] sufficiently large and || ¢ S and thus |z — 2| > |z, 77!
for each zy, giving

> exp (—c|z]*) for lz| = rm

H E.(2/z)

ke

by Lemma B.18. This is what we wanted. |
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In particular, the above lemma will be plugged into the following proposition.

Proposition B.20. Fix an entire function g: C — C and positive real number s > 0. Suppose there is
a constant C' > 0 and an unbounded set of positive real numbers R C R such that Reg(z) < C|z|® if
|z| € R. Then g is a polynomial of degree less than or equal to s.

Proof. This proof does not use the notation of the rest of the section. Because g is analytic (by Remark A.10),
there is ¢ > 0 such that we may write

9(2) = > gz"
k=0

for z € B(0,¢). By differentiating the power series by hand, we see that g, = ¢(™)(0)/n! for each n > 0.
However, by Cauchy’s integral formula in the form Corollary A.11, we let v, denote the counterclockwise
circle around z = 0 with radiusr € R and see

™0
g
n:
1 9(2)
- — d
omi | ot P

¥r
_ 1 o g (reig) - 10 do
T omi J, rotiedmrn T

1 27 ) )
— . 27 g (rew) e—an do.
T Jo

To access Re g, we will want to take the conjugate of this. Well, the function g(z)z"~! is holomorphic for
n >0, so

Thus, our conjugate integral is

2m ) 2
/ g (re®)em0 dp = / g (rei?)en? df =0
0 0

forn > 0. Summing, we see
n _ i o 0 i0 —in6 _ l o 0\ ,—inb
g, = g (re’”) +g(re))e do = (Reg) (re'’) e do
2 0 ™ Jo

forn > 0. Now, we would like to use this integral to bound | g, |, but we only have an upper bound on Re g, so
some trickery is required. In particular, we note that fOQﬂ Crée~™% df = 0 forany n > 0, so we actually have

27
rg, = ;/0 ((Re g) (rew) — Crs) e dg.
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But now the integrand is always negative, so we can upper-bound the magnitude as

2T
7"”'91’7,' S %/ ’(Reg) (7”67:0) _ CTS’ do
1 OQW 1 2 "
:; ; Cr dé)—;/o (Reg)(re )d@

1
= 2Cr® — — Re go.
™

In particular, we see that |g,,| < 2Cr*s™" —r~". %Rego, so foranyn > s, sending » — oo (possible because
R is unbounded) enforces g, = 0. It follows that g is a polynomial of degree at most |s] on B(0,¢) and
therefore a polynomial everywhere by analytic continuation. |

Remark B.21. Intuitively, we expect entire functions to have growth rate which is exponential if they are
not polynomial. And indeed, this sort of statement will follow from Hadamard's factorization theorem,
so it is not surprising that this is a necessary ingredient to the proof.

We are finally able to state and prove Hadamard's factorization theorem.

Theorem B.22 (Hadamard's factorization). Fix a nonzero entire function f: C — C of (finite) order py;
setn = | po] for brevity. We also let {zx } xcx denote the nonzero zeroes of f (with multiplicity), where
A is either finite or N, ordered by magnitude. Further, let m denote the order of the zero of f at z = 0.
Then

f(z) = e9@m H E,(z/z)

ke

for some polynomial g(z) of degree at most n.

Proof. Set
f(z)

zm Hk@\ En(2/2) -

Note that G has aremovable singularity at = = 0 because m is the order of the zero of f at z = 0. Further, the
infinite product in the denominator converges absolutely and uniformly on compacts to an entire function
by Lemma B.18. As such, by Proposition A.25, it will vanish exactly on the z;, so G has only removable
singularities at the z.

In total, we can continue G to an entire function due to these removable singularities, and G will have
no zeroes because all zeroes of the numerator f(z) are correctly cancelled out by the denominator. Thus,
Lemma A.16 promises us an entire function g: C — C such that G = exp o g. Thus, we see

7(2) = 9Oz T Bulz/0),

kex

G(z) =

so it remains to show that g is a polynomial of degree at most n. We would like to use Proposition B.20 to
finish, so we want to bound g.

Choose some s € (pg,n + 1) so that f has order bounded by s by Remark B.9. By Remark B.11, we see
that f(z)/z™ still has order bounded by s, so we can find constants A, B > 0 such that
f(z)

z

< AeBlEI",

Now, by Lemma B.19, there is an unbounded set R C R of positive real numbers and constant ¢ > 0 such

that we can write
[1 En(z/21)| = exp (—clz])

ke
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if 2] € R, so
—1

G(2)| = < AclBHOlEI"

)

H E.(z/z)

ke

However, |G(2)| = | exp(g(z))| = exp(Re g(2)), so we see that
Reg(z) <log A+ (B +¢)|z|°

for |z| € R. Replacing R with RN (1, c0) (which is an unbounded subset if R is unbounded), we may assume
that |z| > 1, so actually
Reg(z) < (log A)[z[ + (B + ¢)|z[,

so Proposition B.20 now kicks in and tells us that g(z) is a polynomial of degree less than or equal to s.
Because |s| = n, this finishes. [ |
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APPENDIX C
FOURIER ANALYSIS

Ring around the rosie,
A pocket full of posies.
Ashes! Ashes!

We all fall down!

—"Ring Around the Rosie"”

C.1 TheFourier Transform

It will pay off for us later to have established a little Fourier analysis right now. Our exposition follows
[SSO03b, Chapter 5].

Definition C.1 (Schwarz). A function f: R — Cis Schwarz if and only if f is infinitely differentiable and
the nth derivative f(") satisfies that the function 24 - f(")(z) is bounded for all nonnegative integers A.

Remark C.2. Because the linear combination of bounded sets remains bounded, we see that Schwarz
functions form a C-vector space. Also, by definition, if f is Schwarz, then any derivative is also Schwarz.

Remark C.3.If f: R — R is Schwarz, we note that | f(z)| is integrable over R for any A > 0. Indeed,
let k£ be an integer greater than A + 2, and we are granted a constant C such that |:c’“‘f(x)| < C. Thus,

C
/R|fo(x)’ dx < /[_171] ’fo(x)| d;v+/| - 4z,

z|>1 T

which is finite because A — k < —2.

Definition C.4 (Fourier transform). Let f: R — C be a Schwarz function. Then we define the Fourier
transform to be the function 7f: R — C given by

FN) = [ fae .
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Remark C.5. The integral converges because it absolutely converges: we note

[1s@eme) do = [ |7(a)|do
R R
is finite by Remark C.3. In fact, this shows that F f is bounded.

We now run some quick checks on the Fourier transform.

LemmaC.6. Let f: R — C be a Schwartz function.
(a) Forsome X > 0, define fy(z) :== f(Az). Then fi: R — Cis Schwartz, and (F f)(s) = +(Ff) (£).
(b) Forsome a > 0, define f,(z) :== f(z)e2™%. Then (Ff,)(s) = (Ff)(s + a).
(c) We have (Ff/)(s) = 2mis(Ff)(s).

(d) The function Ff is differentiable, and (Ff)'(s) is the Fourier transform of the function g(z) =
—2miz f(x).

(e) The function Ff is Schwarz.

Proof. We show these one at a time.

(a) Toshow fy is Schwarz, we note £\ (z) = A" £ (Az) for alln > 0, s0 2™ - £ (z) is bounded because
(Az)™ f(")(Az) is. The last equality is a direct computation. We see

FRE) = [ @) da
:/f()\x)e—Zﬂ'i(s/)\)Am dr
R
_ %/ f(l,)e—%ri(s//\)a: dx
R
1 S
=3n(3)-

(b) We quickly verify £, is Schwarz; for brevity, define e,: R — C by e, () := e~ 2™%% so that f, = feq.
Note that induction on n yields el (z) = (—2mia)"e~27% 5o that

el

n)(x)‘ — |27TOé|n |e—27riaz’ — ‘27TOé|n,

so these derivatives are suitably bounded, though e, is not actually Schwarz. As such, because f is
Schwarz, for any nonnegative integer A4, we may find M4 ,, bounding 2 - () (). Now, for any n, the
product rule (used inductively) yields

0P (@)| <37 Mal2mal”,

«

o (feo)@)] < 3 o 1O 0|
k=0

so z? - (feq)™ (z) is in fact bounded, which is what we wanted.
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(0)

It remains to compute the Fourier transform of f,, which is a direct computation. Note
(Fha)s) = [ falw)e > ds
R
_ / f(m)e—QTriaxe—%rsx dx
R
_ / f(x)e—QTri(a—i-s)w dr
R

= (Ff)(s+ ).

Note f’ is Schwarz by Remark C.2, so the statement at least makes sense. Now, by integration by
parts, we see

FPE) = [ e da

_ f($)672ﬂisw

) f/Rf(x) (2mise™>™5") da
= 2mis(Ff)(s).

To justify the last equality, we see that f(z)e 2™* — (0 asz — oo because f is Schwarz: note
| f(x)e™?™%| = | f(x)|, and |z f(z)| is bounded, so there is a constant C such that f(z) < C/|z| for all
x # 0, meaning that | f(z)| — 0as z — +oo.

Note g is the product of infinitely differentiable functions and thus infinitely differentiable. Further, by
induction, derivatives of g are the C-linear of terms of the form 2* f(¥) (x). Thus, for any integers k, £ >
0, the function |z|* | g™ (z)| is a C-linear combination of bounded functions because f is Schwarz, so
it follows that |z|* |¢(¥) (z)| is bounded, so g is Schwarz.

The rest of the proof is a direct computation. For ¢, € R, we see

(oo [ ([ ot ae)

We would like to exchange the two integrals. Well, by Fubini’s theorem, we note that [, |z f(z)| dz <
oo is finite by Remark C.3, so

t/
/ (/ ‘—27Tixf(;v)e_2m”| dx) ds < 2m|t’ —t|/ |z f(z)| dz < 0.
t R R
Thus, we may write
t’ t -
[ Faas= [ ([ omies@e=eas) a
t R \Jt
(1‘) (6727rit'r o 672772'151) dr

:/f
R
= (FNE) = (FNH®).

Thus, by the Fundamental theorem of calculus, we see

Fp o = g FOZFDO _ (tl_t | Fae) ds> ~ Ft).

By Remark C.5, the Fourier transform of a Schwarz function is bounded. Thus, it suffices to note that,
for any nonnegative integers k and ¢, the function s — s*(Ff)()(s) is the Fourier transform of the
function

1 d \® ,
by combining (b) and (c). This completes the proof. |

x'=x
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As an application, we can compute the Fourier transform of the Gaussian.

Exercise C.7 (Gaussian). Define g: R — R by g(z) := e~™*". Then g is Schwarz, and (Fg)(z) = g(x).

Proof. We build a differential equation that Fg solves, and then we solve that differential equation. Namely,
by using Lemma C.6 repeatedly, we see

(.7:9)/(8)Z/R—Qwigcg(x)e_%i”dx

— Z-/gl(x)e—QTrisa: dx
R

=i(Fg')(s)
= —2mz(Fg)(s),

so (Fg) solves the differential equation y’ + 2y = 0. To solve this differential equation, we define f(z) :=
(Fg)(z)e™ and use the differential equation to write

f'(@) = (Fg)(x) - 2mze™ — 2ma(Fg)(x) - €™ = 0.

Thus, f is a constant function, so there exists a € C such that (Fg)(z) = ae~™ forall z € R.
To finish, we need to introduce an initial condition. Well, we compute (Fg)(0) = 1 in the usual way,

writing
F0? = ([ dx)2

://67”(052“’2) dxdy
R JR
2 ) R
:/ / e ™" rdrdf
0 0
27
1
_ / L s
0 271—
=1.

However, surely (Fg)(0) > 0, so we conclude (Fg)(0) = 1. It follows that a = 1, so (Fg)(x) = e~ for all
rz eR. ]

C.2 Fourier Inversion
The goal of this subsection is to prove the Fourier inversion theorem; we continue to roughly follow [SS03b,
Chapter 5]. Roughly speaking, this will follow from understanding the Gaussian. Here are the necessary

tools.

Lemma C.8. Define the Gaussian g: R — R by g(z) := e~™*". Forany § > 0, we have

lim 1/ g(t/e)dt = 0.
[t1>6

e—0t €

Proof. Changing variables, we see

lim g(t/e) = lim g(t)dt = lim g(t) dt,
e=07 Jjt) 26 e=07 Jit1>6/e N=oo Jj =N
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where N = §/e in the last equality. However, g is Schwarz by Exercise C.7, so [; g(t) dt is finite by Re-
mark C.3, so

Jim o(t) dt = /R o(t) dt.

N—o00 ‘t|§N
Rearranging, we see

lim g(t)dt =0,
N—oc0 ‘tlZN

which is what we wanted. ]

Lemma C.9. Define the Gaussiang: R — R by g(z) == e~ For any bounded and continuous function
f: R — R, we have

Proof. The point here is that, for any £ > 0, we have
1
> [atserat= [ gte)it = (Fa)o) = g(0) =1 ()

by Exercise C.7. However, the functions ¢ — ¢(t/¢) concentrateatt = 0ase — 0, so we expect that adding
inan f(t) to our integral will force the output to be f(0).

As an aside, we go ahead and check that these integrals converge for each e > 0. Indeed, they absolutely
converge: because f is bounded, we may find My € R such that | f(z)| < My for each z € R, which gives

/ F(D)g(t/e)] d < M; / olt/e) dt = eMy,
R R

where we have used (C.1).

We now proceed with the proof, which is somewhat technical. For psychological reasons, we set h(z) =
f(z) — f(0) forall z € R. Note h is still bounded and continuous (it's a shift away from f). Further, for each
€ >0, we see

L [ ngteerae = [ swatreae -T2 [ gseae= [ rwgtese ar- o)

9 9

where we have used (C.1) in the last equality, so it suffices to show

.1 2
lim f/Rh(t)g(t/e) dt = 0.

Well, fixany § > 0. Note A is continuous at 0 and has ~(0) = 0, so we may find o > 0 such that |h(¢)| < 6 for
|t| < dp. For the other values of ¢, we note h is bounded, so we may find M}, > 0 such that |h(t)| < M, forall
t. Thus, we upper-bound

1 1 1
L[ morgtese dt\ <! /| gty 2 /  In0ste/e)a
1) M;,
<< / IRCELES - R UCL

1) M,
< [otea+ 22 [ gae)ar
€ JRr € [t]>60

M,
=k / g(t/e) dt.
& JJt|>do
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(As usual, we have used (C.1) in the last equality.) Thus, using Lemma C.8, sending e — 0" shows that

lim
e—0t

I/Rh(t)g(t/e)dt‘ <5

I3

forany d > 0, so sending & — 0™ completes the proof. [ |

And here is our main attraction.

Theorem C.10 (Fourier inversion). Let f: R — R be a Schwarz function. For any z € R, we have

f(@) = / (Ff)(s)e2ias ds.

Proof. Expanding out the definition of F f, we are computing

/]R ( /R f(t)e_%”sdt) 2T ds.

We would like to exchange the two integrals, but we do not have absolute convergence. As such, we employ
a trick: fix some ¢ > 0, and define the integral

fe(z) :://f(t)(32“(gc_t)sta_”‘szs2 dtds.
R JR

Notably, we expect f.(z) — [, (Ff)(s)e*™*dsase — 0T. As such, we compute the behavior of ¢ — 0% in
two ways.

« We integrate over dt first. Namely, we would like to send e — 0T, for which we use the Dominated
convergence theorem. For each € > 0, note that we have the bound

/Rf(t)eQ‘/ri(a:—t)se—Tre2s2 dt‘ < e—7r5252 /]R ‘f(t)|dt

Now, s +— e~™’s” is Schwarz by Exercise C.7 (combined with (a) of Lemma C.6), so we may integrate
the right-hand function overall s € R by Remark C.3.

Thus, our integrand in f.(z) is dominated by an integrable function, so the Dominated convergence
theorem implies

i o) = [ (e [ o) ds = [ e s

e—0t e—0+

« Weintegrate over dsfirst. As such, we begin by justifying our application of Fubini’s theorem: checking

for absolute convergence, we compute
2.2
dtds = (/ |f(t)dt> </ e e’ ds) .
R R

/ / ‘f(t)e27ri(a:7t)sef‘n'5252
RJR

Now, f is Schwarz by hypothesis, asis s — e~™"%" by Exercise C.7, so both of these integrals are finite
by Remark C.3.
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Thus, we may switch the order of our integration. Setting up notation, we let g(x) := e~ denote the
Gaussian (so that (Fg)(s) = g(s) forall s € R) and g.(z) := g(ex). Then we see

I)://f(t)627”'(”57’5)567“252 dsdt
RJR
= / f(t) ( / e m(e8) = 2mili—x) ds) dt
R R

/&umwau—mw

: Joron ()

> [ st an

H*

where we have used part (a) of Lemma C.6 at =. Sending e — 0%, Lemma C.9 tells us that

f(@) = lim f/fter (t/e)dt = lim f.(x).

e—0t

Combining the above two computations completes the proof. |

C.3 Fourier Coefficients
In order to say that we've done some Fourier analysis, we will also say a few things about Fourier series. We
follow [SS03b, Chapter 2].

The idea here is that the functions e,,: © — €2™"* for n € Z form an orthonormal set of continuous
functions R — C, where our (Hermitian) inner product is given by

2m / Ut
Indeed, for any n,m € Z, we see

L ———— Yo 1 ifm=
<en7 €m> = / 627”"$627r1mw dr = / 627”(7”_")I dr = I m n7 (CZ)
0 0 0 ifm#n.

Now, the functions e, are varied enough that we might hope that all sufficiently smooth 1-periodic functions
f: R = C can be written in terms of our orthonormal functions as

— § aneQﬂ'zna:

neZ

for some coefficients a,, € Z. Thus, we might hope we can extract out the nth coefficient by

1
(fen) = [ Fl)e ™ da,
0
This motivates the following definition.

Definition C.11 (Fourier coefficient). Fix a continuous 1-periodic function f: R — C. Then we define
the nth Fourier coefficient as .
= / f(z)e™ 2™ gy,
0

172



C.3. FOURIER COEFFICIENTS 191: ANALYTIC NUMBER THEORY

Remark C.12. Note that the integral defining a,,(f) converges absolutely. Indeed, f is continuous on
[0,1] and hence bounded because [0,1] is compact. Thus, we may find M such that |f(z)|] < M for
x € [0, 1], which implies

1 1
|an(f)\§/0 ’f(z)efQ’ri”ﬂdeM/O dx = M.

Of course, one can weaken the requirement that f be continuous, but we will have no need for these levels
of generality.

Remark C.13. In fact, we note
t+1
wlf)= [ Fa)emnda
t

forany t € R. Because x — f(z)e?™"® is 1-periodic, it suffices to show this for ¢t € [0,1). Then the
integralover [t,t+1) = [t,1)U[1,1+¢) is equal to the integral over [0,¢) LI[¢,1) = [0, 1), where we have
used the 1-periodicity.

Here is some basic arithmetic with these coefficients.

Lemma C.14. Fix continuous 1-periodic functions f,g: R — C.

(@) Foranyz,w € Candn € Z, we see a,(zf + wg) = zan(f) + wan(g)-

(b) Foranyn € Z, we see a,,(f) = a_,(f).
(c) Given zg € R, define g(z) .= f(z + 20). Then a, (g) = e~ 2™"%0q,, (f).

Proof. Here we go.

(a) This follows from the fact that (-, -) is an inner product. Indeed,
anlef+ug) == [ J@e ™ o bw [ gla)e I do = 2an(f) + wanlg).
0 0

(b) We compute

1 1
ni — —27rz'na:d — Qﬂ—irmd =a_, )
enP) = [ F@eran = [ plajemne do = a1
(c) We compute

1 1
Cln(g) _ / f(l‘ + $0)62winm dr = 6727rinmg / f(m + x0)€2ﬂ'in(m+xo) dr = 6727rinzgan(f),
0 0

where the last inequality used Remark C.13. |

Here is a slightly harder computation, still akin to Lemma C.6.

Lemma C.15. Fix a continuously differentiable 1-periodic function f: R — C. Forn # 0, we have

an(f') = —2mina, (f).
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Proof. This is by integration by parts. Indeed, we compute

/ f —271'1771 dx

$)6—2ﬂ77Lx 1 1 1 Coming
— TN d
—2min |, 727rin/0 f(@)e *
1
=0+ 5— an(f),
* om0
which is what we wanted. n

The following is our key result.

Lemma C.16. Fix a continuous 1-periodic function f: R — R such that f(0) # 0. Then a,(f) # 0 for
somen € Z.

Proof. Define the functionp: R — C by p(x) := e=2"*  Roughly speaking, the idea is that a,,(f) = 0 for all
n € Zimplies that any “polynomial in p” named ¢ € C [p, p~!] written as

q:=>_ qup",

neZ

where all but finitely many of the ¢,, vanish, will have

/1/2 f(x)q(z)dx = Z <qn /1/2 f(z)emine dgg> Z gnan(f) =0

—1/2 net, —1/2 nez

by Remark C.13. Indeed, we will be able to build a function ¢ € C [p,p’l] which is “concentrated at 0" so
that f(0) # 0 is incompatible with all these integrals vanishing.

We now proceed with the proof. Quickly, we replace f(x) with f(z)/f(0), which is still continuous, 1-
periodic, and has a,,(f/f(0)) = a,(f)/f(0) foralln € Z, so a,,(f/f(0)) # 0implies a,,(f) # 0. Thus, we may
assume f(0) = 1, and we still want to show a,,(f) # 0 for some n.

We now set up some bounding, in steps.

1. Note f is continuous on the compact set [—1/2,1/2], so we may find some M/ such that | f(z)| < M
forallz € [-1/2,1/2].

2. Because f is continuous, we may find ; > 0 such that | f(z) — 1| < 1/2 for |z] < d;. In particular, we
see f(z) > 1/2 for |z| < 6. By making ¢y smaller if necessary, we will enforce §; < 1/4.

3. Now, define g1 (z) := 2e + p(z) + p(z) ~* = 2e + cos(2nz), for e := 2(1 — cos(2ndy)). Note cos(2mz) is
decreasing in the regionin [§7, 1/2], so in fact

(1 = cos(27z))

oom—l

forx € [0f,1/2]. Rearranging, we see
q1(z) =2e +cos(2mz) <1—¢

foraz € [6f,1/2]. In fact, because g1 (z) > —1 + 2¢, we see that |¢1(x)| < 1 —eforz € [65,1/2]. Lastly,
because ¢; is even, these inequalities hold on [—1/2, —d¢] U [0, 1/2].

4. Lastly, choose §, > 0 such that |¢1(x) — ¢1(0)| < e for |z| < §,. In particular, g1 (z) > 1 — e for |z| < 4.
By making §, smaller if necessary, we may assume §, < d, though this is actually implied.
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To finish, we define ¢i == ¢} for N € N. (Notably, ¢; = ¢i.) The point is that k — oo makes ¢ blow up at 0
around points where f is bounded below by 1/2, but g will vanish elsewhere. Indeed, using Remark C.13,
we compute

1/2
/ BRCIMCES /@q f(@)a () de + /5 o S e / f(@)aw () da

dp<|z|<1/2

1 1 1
>0, (1+)" ~5;B(1—e)".

Thus, as N — oo, the integral goes to +oco. In particular, we can (in theory) find an (explicit) N such that

fiﬁz f(x)gn (z) dz > 0. Now, we may write

N
N = (25+p+p_1)N = Z qnnp"
n=—N

for some coefficients g, € R. Thus,
1/2 N 1/2 ‘ N
o< [ f@av@de= Y (axa [ f@e ) = 30 avaan(),
J-1/2 ne—N —1/2 n=—N

where we have used Remark C.13. Thus, there exists n with |n| < N such that a,,(f) # 0. [ |

Proposition C.17. Fix a continuous 1-periodic function f: R — Csuch thata,(f) = 0foralln € N. Then
f(x) =0forallz € R.

Proof. This follows from Lemma C.16 and the following reductions.
« It suffices to show the result for real-valued functions f. Indeed, we may write f(z) = u(z) +iv(x) for

some real-valued, continuous, and 1-periodic functions u,v: R — R. (Namely,u = Re fandv = Im f,
and each adjective is inherited from f.) However, for each n € N, we use Lemma C.14 to see

o) = (131 = 3 (antn) + ) =0,

and

2 )~ 2 (“n(f) *a—n(f)) = 0.

f—f) 1
2%

an(v) = ap <
Thus, if we can prove the result for real-valued functions, we see a,,(u) = a,(v) = 0foralln € Zforces
u=v=0,s0 f =u+iv=0also.

« It suffices to show that f(0) = 0, which is Lemma C.16. Indeed, for some fixed 2y € R, we define
g(z) = f(x + o). Note g is still continuous and 1-periodic. Further, Lemma C.14 tells us that a,,(¢) =
e?minzoq, (f) = 0foreachn € Z. Thus, Lemma C.16 implies g(0) = 0, so f(xo) = g(0) = 0 follows. W

The point is that we know the linear transformation sending a continuous 1-periodic function f to the tuple

of its coefficients {a,,(f)}nen is injective. We now expect that we can construct a partial inverse map by
sending the tuple of coefficients to the corresponding Fourier series, which is what we show next.
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C.4 Fourier Series

Now that we have our coefficients, we can define our Fourier series. We continue to follow [SS03b, Chap-
ter 2].

Definition C.18 (Fourier series). Fix a continuous 1-periodic function f: R — C. Then we define the
Nth partial sum of the Fourier series of f as

N

Sy n(z) = Z an(f)e* e,

n=—N

The Fourier series is defined as Sy (z) = limy_, Sy n(x), when this limit converges.

The main goal of this subsection is to provide smoothness conditions on f which willimply f(x) = S(z) for
allz e R.
We will begin by figuring out when this series will converge.

Lemma C.19. Fix a twice continuously differentiable 1-periodic function f: R — C. Then the series
S¢(x) converges absolutely and uniformly.

Proof. This follows from Lemma C.15. Indeed, for n # 0, we see that

an(f) = ! : an(f/) = 27;(2{12) :

—2min

Because f” is continuous, Remark C.12 grants M € R such that |a,,(f")| < M, so it follows that |a, (f)]| <
M/ (4m2n?) for n # 0. Thus, we see the series Sy converges absolutely because

2minx 2M = 1
Z |an(f)e | <ao(f) + yrol) i)

nez n=1

< 0

forany z € R. To get the uniform convergence, forany N € N, we compute

. M 2M 1 2M [ 1 2M
_ 2minx — = ——
S1@) = Spv@l=| 3, oD < 3L e =in 2w <im f 2= ey
[n|>N [n|>N n>N
which does vanish as N — oco. u

And in this situation, we can show that our Fourier series is well-behaved.

Theorem C.20. Fix a continuous 1-periodic function f: R — C. If the series Sy converges absolutely
and uniformly, then S¢(z) = f(z) forallz € R.

Proof. The point is to show that a,,(S;) = a,(f) for alln € Z so that the result will follow from Proposi-
tion C.17.

Quickly, note that the uniform convergence provided by hypothesis implies that Sy is a continuous func-
tion because the partial sums Sy y are continuous. Further, Sy is 1-periodic: for any x € R, we see

N N

Sf(gg+ 1) = A}gnoo Z an(f)e%rin(w-i-l) _ A}gnoo Z an(f)e%rina; _ Sf($)
n=—N n=—
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Thus, we are allowed to compute the Fourier coefficients

1
an(Sf) :/O (Z an(f)eQTri(mn)ac> dr

mMEZ

forn € Z. We would like to exchange the sum and the integral, for which we use Fubini's theorem. Indeed,

we see . 1
/O (Z ‘an(f)627fi(7n—n)w ) dx = (/O d:v) S an)l = Y lan(h)l;

meZ meZL me”ZL

which converges because S;(0) converges absolutely by hypothesis. Thus, Fubini’s theorem lets us write

an(Sp) =3 ( / ()i d:c) = au()),

meZ 0

where we have used (C.2) in the last equality. To finish the proof, we note a,,(S; — f) = 0 by Lemma C.14.
As such, Sy — f = 0 by Proposition C.17, which finishes the proof. |
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LIST OF DEFINITIONS

absolutely converges, 147
binary quadratic form, 30

character, 10
conductor, 75, 91

decaying, 25

Dirichlet L-function, 15
Dirichlet character, 15
Dirichlet convolution, 23
discriminant, 31

dual group, 10

elementary factor, 158
equivalent, 30
Euler—Mascheroni constant, 17

Fourier coefficient, 172
Fourier series, 176
Fourier transform, 166

I, 53
Gauss sum, 76

holomorphic, 141
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hyperelliptic curve, 96

imprimitive, 91
induces, 91

Jacobi, 89

Legendre symbol, 73
Mellin transform, 25
u, 103
multiplicative, 7
order, 155

partition, 114

path integral, 142
primitive, 75, 85

quadratic residue, 73

Schwarz, 166
smooth, 138

£, 55
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